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Let g1, g5, and g5 be defined as follows:

_Is if s x is even
918 = :
undef otherwise
g, 5 — S if sz is a prime
28 = .
undef otherwise
gss =25

1. Determine the ordering between these partial functions.

2. Determine a partial function g, such that g, C ¢;, g, C g5, and g, C g5 (i.e., g, is a lower
bound of {g;, g, 93 }).

3. Determine a partial function g5 such that g; C g:, g5 C g5, and g5 C g5 but g5 is distinct
from g,, g, and g5.
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(a) Consider the ccpo (N, C). Determine which of the following functions in N — N are mo-
notone:

i X=N\X
fo X = X U{27}
fs X=XnN{7,9,13}
fi X ={n € X |nis a prime}
fs X={2-n|ne X}
(b) Which of the following functionals of
(State < State) — (State — State)

are monotone:
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Fog=g

if g =
Flg:{gl g =g

g, otherwise

gsifsx #0

s ifsx=0

(Fp9)s = {

(c) Show that F, is even continuous.
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Exercise 3.1: A Case for Rule Induction

Lemma 1: The natural semantics is deterministic.
Proof: Exercise i

Theorem 2: The semantic function of the natural semantics § .[-] : Stm — (State <
State) given by

3 [[S]]s:{sl if (S,s) = s’

undef otherwise

exists (and is well-defined).
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Exercise 3.2: An Equivalence Result

Theorem 3: The natural semantics and the direct style semantics coincide, that is
CS’ds [[S]] — ‘Sns [[S]]

for all statements S of the While-language.

Proof: Exercise O
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Exercise 3.3: The Semantic Function of SOS

Lemma 4: The structural operational semantics is deterministic.

3 [[S]]s:{sl if (S,s) =>*s’

undef otherwise

Theorem 5: For all statements S, S_.[S] = 8...[S].

Direct Consequence: All three semantics are equivalent.
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The Direct Style Semantics in One Slide

[z :=a] s:=s[x — A[a] s]

[skip] := id

¢+ SasllS1 5 Sal = SaslS1] 0 SaslSil

e S [if b then S, else S,] := cond( B[b], 54 [51], 54 [55])
[while b do S| s =FIX F

where F' g = cond( B[b] ,go S4[S] ,id)
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The Natural Semantics in One Slide

[ass,] [skip,] (S1,8) = 8" (Sy,5") = s
(x:=a, s) = s|z — Ala] s] (skip, s) =+ s [seqs] (S, S,, 8) = &’
[iftt) P = if B[B] s = tt

(if b then S, else S,, s) = s’

(5p,8) = &'
(if b then S, else S,, s) = s’

[ifff] if B[b] s = £f
S,s)=s" (whilebdo S,s’) = s”

(while b do S, s) =+ s”

[whilel!] if B[b] s = ££f
(while bdo S, s) = s”

[whilett] if B[B] s = tt
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The Structural Operational Semantics (SOS) in One Slide

I
(2% (x:=a, s) = s|x > Ala] s] ipcs (skip, s) = s

<Sl,8>:><51,8/> [seq2 ] <Slas>:>8/
(81:95,8) = (51:5,,5") (81:95,8) = (5,,5")

[seqigos ]

[ift" ] if B[b] s = tt
(if b then Sy else S,, s) = (S, s)

[ifff] if B[b] s = £f
(if b then Sy else S,, s) = (95, s)

[while

SOS]

(while b do S, s) = (if b then S;while b do S else skip, s)
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