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Abstract

In Angluin’s exact-learning framework, equivalence queries can be simulated

by stochastic equivalence testing to achieve a probably approximately correct

identification of an unknown concept. We present an analysis of the number

of samples that need to be generated in the process leading to a theoretical

improvement on an earlier approach. We apply this modification to a previ-

ously known probably approximately correct algorithm for computing implica-

tion bases with an implication oracle and evaluate its performance in terms of

the number of queries to the oracle on artificial and real-world data.
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1. Introduction

An important computational problem in formal concept analysis (FCA) [1] is

finding a representation of the implication theory of a given formal context, i.e.,

the set of attribute implications valid in the context. Solving this problem allows

extracting valuable knowledge from data by discovering hidden dependencies5

between attributes. Since the number of all valid implications over an attribute

set M can be as large as 4|M |, it is reasonable to compute an implication basis,
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i.e., a set of valid implications from which all other valid implications follow.

It is still a hard problem: in general, even the size of a minimum basis can be

exponential in the context size [2, 3]. Furthermore, currently known algorithms10

for computing minimum implication bases take time exponential in the size of

the output in the worst case.

One possible approach is to resort to the approximate computation of impli-

cation bases. In probably approximately correct (PAC) learning introduced by

Valiant, the goal is to learn a good approximation of a target concept with high15

probability [4]. As a related practical example, there have been research efforts

in PAC learning applied to rule discovery and association-rule mining [5, 6].

PAC learning of implication bases has been previously considered in FCA, as

well as in similar settings such as learning Horn formulas [2, 7, 8, 9]. In partic-

ular, Kautz et al. present a PAC algorithm for computing a Horn formula from20

its so-called characteristic models, a problem equivalent to that of computing

an implication basis of a formal context [2]. The algorithm is based on results

obtained in the framework of learning with queries [10, 11]. In this framework,

it is assumed that there is no direct access to data (the formal context, in our

case), but it is possible to interact with a fixed set of oracles, or teachers, or25

domain experts, capable of answering specific types of queries.

The most widely used setting in this framework is that of a minimally

adequate teacher capable of answering so-called membership and equivalence

queries [12]. Equivalence queries are used to check if a learner’s hypothesis is

equivalent to the target concept; if not, the teacher must provide a counterex-30

ample that satisfies the hypothesis but does not fall under the target concept, or

vice versa. Whether an example satisfies the target concept can be checked with

a membership query. A practically relevant alternative to equivalence queries

is stochastic equivalence testing, which makes use of a sampling oracle: a call

to such an oracle returns an example from the domain with an indication of35

whether it falls under the target concept. Provided that a certain number of ex-

amples are considered in simulation of each equivalence query, stochastic testing

makes it possible to achieve a PAC identification of the target concept. Accord-
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ing to the procedure outlined in [10], the number of examples needed to simulate

the ith equivalence query issued by the original algorithm grows linearly with i.40

Our main contribution is a tighter upper bound: we describe a procedure where

this dependence is only logarithmic.

This tighter upper bound is applicable to any algorithm that uses equiva-

lence queries. We apply it to the algorithm for learning a Horn formula with

membership and equivalence queries from [11]. This algorithm runs in time45

polynomial in the number of variables and the size of the formula. Its PAC

version that uses implication queries, i.e., queries to check the validity of a

given implication, instead of membership queries is presented in [9] as a PAC

version of attribute exploration, a well-known knowledge-acquisition procedure

from formal concept analysis [13]. In attribute exploration, one has access to50

the underlying formal context K only through implication queries; the goal is to

learn the implication theory of K. The algorithm in [9] uses the stochastic equiv-

alence testing–procedure from [10] to eliminate equivalence queries. Replacing

this with our improved procedure results in an asymptotically smaller number

of samples that need to be generated during the execution of the algorithm.55

The paper is structured as follows. In Section 2, we introduce the necessary

definitions and state the problem formally. In particular, in Section 2.1, we re-

call the basics of formal concept analysis and implication learning, including the

notion of approximate implication bases. This is followed by a brief introduction

to concept learning with queries and probably approximately correct learning in60

Section 2.2. We then state the problem of approximate learning of implications

with queries precisely and survey the results from previous works in Section 3.

In Section 4, we recall a technique for transforming an exact-learning algorithm

with equivalence queries into a PAC algorithm that does not use equivalence

queries and suggest improvements that make the resulting algorithm asymptoti-65

cally more efficient. We transfer the results from the previous section to learning

implications with queries in Section 5 and present some empirical evaluation of

the original and modified techniques in Section 6.
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2. Preliminaries

2.1. Formal Contexts and Implications70

Let G be a set of objects, M be a finite set of attributes, and I ⊆ G×M be a

binary relation called the incidence relation that indicates which objects possess

which attributes. A formal context is a triple K := (G,M, I). We say that an

object g ∈ G has an attribute m ∈ M if (g,m) ∈ I. Finite formal contexts

are usually represented by cross-tables with object names as row headers and75

attribute names as column headers; see Figure 1 for an example.

For a set of objects A ⊆ G and a set of attributes B ⊆ M , we define the

derivation operators (.)′ in K as follows:

A′ = {m ∈M | ∀g ∈ A : (g,m) ∈ I}

B′ = {g ∈ G | ∀m ∈ B : (g,m) ∈ I}

The consecutive application of the two derivation operators define two clo-

sure operators on objects and attributes:

A 7→ A′′

B 7→ B′′

Sets A′′ and B′′ are called the closures of, respectively, A and B in K.

A pair (A,B) where A ⊆ G and B ⊆ M is called a formal concept of K if

A′ = B and B′ = A. In this case, for the extent A and the intent B of the

formal concept (A,B), the following holds: A = A′′ and B = B′′, and A and80

B are said to be closed. The set IntK ⊆ 2M of all subsets A ⊆ M such that

A = A′′ is called the set of intents of K.

For X ⊆ M and Y ⊆ M , we define an implication over M with premise X

and conclusion Y as the expressionX → Y . We denote the set of all implications

over M with ImpM := {X → Y | X ⊆M,Y ⊆M}.85

A set B ⊆M does not respect (or refutes) the implication X → Y if X ⊆ B

and Y * B. Otherwise, i.e., if either X * B or Y ⊆ B, set B is said to respect

X → Y and to be a model of X → Y .
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Implications are closely related to propositional Horn clauses: a Horn clause

is a disjunction of literals at most one of which is without negation, and every

implication can be represented as a conjunction of Horn clauses with the same

negated variables. More precisely, an implication A → B corresponds to the

following Horn formula: ∧
b∈B

(b ∨
∨
a∈A
¬a)

in the sense that, by setting the variables of a model of A→ B to 1 and all other

variables from M to 0, we obtain a satisfying assignment for the Horn formula,90

and all its satisfying assignments are obtained in this way from the models of

A→ B.

A set B ⊆M respects (or is a model of) the set of implications L ⊆ ImpM

if it respects all the implications from L. The set of all models of L is denoted

by ModL. A set of implications L over M defines a closure operator on M95

mapping B ⊆ M to the unique inclusion-minimal model A ∈ ModL such that

B ⊆ A, which is called the closure of B under L and is denoted by L(B).

The implication X → Y ∈ ImpM is valid in a context K = (G,M, I) if,

for any g ∈ G, its object intent {g}′ respects X → Y . It can be shown that

X → Y is valid in K iff Y ⊆ X ′′ or, equivalently, X ′ ⊆ Y ′ [1]. A set ThK of all100

implications valid in K is called the theory of K.

Let L ⊆ ImpM be a set of implications and K = (G,M, I) be a formal

context. We say that L is valid in K if L ⊆ ThK.

An implication X → Y ∈ ImpM follows from L if every subset B ⊆M that

respects L, respects X → Y as well. In this case, we write L |= X → Y .105

Two implication sets L1 and L2 are called equivalent if every implication of

L2 follows from L1 and vice versa, or, equivalently, if ModL1 = ModL2.

If all implications following from L are contained in L, then L is called closed.

If every implication valid in K follows from L, then L is complete for K.

An implication set L is called an implication basis of K if it is complete for110

K and valid in K. In other words, L is a basis of K if L is equivalent to ThK.

A basis L of K is non-redundant if there is no L′ ⊂ L such that L′ is also a
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basis. Sometimes, non-redundancy is considered to be a part of the definition

of an implication basis. A basis L of K is minimum if there is no basis L′ such

that |L′| < |L|.115

We say that a subset P ⊆M is a pseudo-intent of K if P 6= P ′′ and Q′′ ⊆ P

for any pseudo-intent Q ⊂ P . The canonical (or Duquenne–Guigues) basis

Can(K) of K is defined as a set of all implications of the form P → P ′′ where

P is a pseudo-intent of K [14].

2.2. Queries and Concept Learning120

Our goal in this paper is to provide algorithms that efficiently learn a Horn

approximation of a formal context in a setting when the context is not given

explicitly but is accessible only through queries of certain types. We introduce

the general setting of learning with queries [10] in this subsection and use it to

formally state our problem in the following subsection.125

Let U be a universal set of objects. A subset C ⊆ U is called a concept over

U . A concept class over U is a set of concepts over U .

The problem of concept learning can be formulated as follows: we need to

identify an unknown concept C ⊆ U from a finite or countable set of concepts

H called the set of hypotheses [10]. We assume that U is finite and H = 2U .130

Besides, we have access to a number of oracles that can answer certain types of

queries. These may include, in particular, the following oracles for a concept C:

• Equivalence oracle. The input is a hypothesis H ⊆ U . The output is True

if H = C. Otherwise, the output is a counterexample x ∈ H 4 C, where

4 denotes the symmetric difference. A counterexample x ∈ U is called135

positive if x ∈ C \H and negative if x ∈ H \ C.

• Membership oracle. The input is an object x ∈ U . The output is True if

x ∈ C. Otherwise, the output is False.

• Sampling oracle EX. Given an unknown distribution D on U , the oracle

EX takes no input and returns an object x ∈ U generated according to140

the distribution D with an indication of whether x belongs to C.
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A learning algorithm having access to certain oracles for a concept C exactly

identifies C if it always halts and outputs C. A concept class C is exactly

learnable with certain oracles if there is an algorithm that, when given access

to such oracles for an arbitrary concept C ∈ C, exactly identifies C.145

Besides exact identification, probably approximately correct (PAC) identi-

fication is considered. The criterion of PAC identification, first introduced by

[4], can be summarised as follows.

Let D be a probability distribution on the universal set U and let C ⊆ 2U

be a concept class. We define the distance between two concepts C1, C2 ∈ C as

the probability that an object x ∈ U is drawn according to the distribution D

is in C1 4 C2:

dist(C1, C2) = Pr
D

(x ∈ C1 4 C2).

For 0 < ε ≤ 1/2, we call H ⊆ U an ε-approximation of C ⊆ U if dist(H,C) ≤ ε.

A concept class C is PAC learnable if there is an algorithm A such that, for150

every C ∈ C, every distribution D on U , and arbitrary 0 < ε ≤ 1/2 and

0 < δ ≤ 1/2, it uses EX for C and D to compute, with probability at least

1− δ, an ε-approximation of C. It is usually required that the number of calls

that the algorithm makes to EX is bounded by a polynomial in 1/ε and 1/δ.

If the algorithm performs in time polynomial in 1/ε, 1/δ, and the size of the155

representation of C, we call the concept class C efficiently PAC learnable.

3. Learning Implications with Queries

3.1. Horn Approximation

We define the Horn distance between an implication set L and a context K

as the normalized size of the symmetric difference between ModL and IntK:

dist(L,K) :=
|ModL4 IntK|

2|M |
.

The strong Horn distance between L and K is defined as follows:

diststrong(L,K) :=
|{A ⊆M |A′′ 6= L(A)}|

2|M |
.
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It reflects the difference between L and K in terms of the number of attribute

subsets with different closures in K and under L.160

For 0 < ε < 1, we say that an implication set H is an ε-Horn approxi-

mation of K if dist(H,K) ≤ ε and an ε-strong Horn approximation of K if

diststrong(H,K) ≤ ε [9].

When IntK and ModH are small in comparison with 2|M |, the Horn distance

between them is also small no matter how different they are. In this case,165

H = {∅→M} is likely to be an ε-Horn approximation even for a rather small

ε, because |ModH| = 1 and the distance dist(H,K) ≤ | IntK|+ |ModH|
2|M |

is

small since
| IntK|
2|M |

is small.

A common practical case when K has a relatively small set of intents is

categorical data sets transformed into binary ones using one-hot encoding (or,170

in FCA terms, nominally scaled many-valued contexts): a categorical feature is

replaced by a number of binary attributes each corresponding to a single value

of the categorical attribute. Such attributes derived from a single feature will

be mutually exclusive. Consider, for example, the Zoo data set, where there are

101 objects (animals) described by 16 binary features and 2 categorical features175

(the number of legs and the type of the animal) [15]. After one-hot encoding,

the attributes legs = 0, legs = 2, legs = 4, legs = 5, legs = 6, and legs = 8

are mutually exclusive, and so are the attributes type = 1, type = 2, type =

3, type = 4, type = 5, type = 6, and type = 7. It means that an attribute

subset chosen uniformly at random is not an intent of K with probability at180

least 1− 6 · 7
26+7

≈ 0.995; in other words, at most ≈ 0.5% of all attribute subsets

are concept intents. Hence, for ε-Horn approximation to be meaningful, we have

to set ε at 0.005 at most.

The strong Horn distance is designed to alleviate this issue. Since dist(H,K) ≤

diststrong(H,K) for any H and K, an ε-strong Horn approximation is always an185

ε-Horn approximation, but the reverse is not necessarily true.
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3.2. Problem Statement: The Case of Implication Theories

Our goal is to be able to efficiently learn implication bases of formal contexts

or their approximations in a setting when we are not given the context explicitly

but can gain some information about it via queries. Let M be a known finite190

set of attributes, K = (G,M, I) be an unknown formal context, and L be its

canonical basis (also unknown). To represent our problem in terms of query

learning, we treat 2M as the universal set and identify implication sets with sets

of their models. Consider the following oracles:

• Equivalence oracle. The input is a set of implications H (hypothesis).195

The output is True if H forms an implication basis of K. Otherwise, the

output is a counterexample X ∈ ModH 4ModL = ModH 4 IntK. A

counterexample X is called positive if X ∈ IntK \ModH and negative if

X ∈ ModH \ IntK.

• Membership oracle. The input is a subset X ⊆M . The output is True if200

X ∈ ModL or, equivalently, if X = X ′′. Otherwise, the output is False.

• Implication oracle. The input is an implication A → B ∈ ImpM . The

output is True if A → B is valid in K. Otherwise, the output is False

(restricted version) or a counterexample X ⊆M from {{g}′ | g ∈ G} such

that X does not respect A→ B (full version).205

An algorithm, Horn1, for learning Horn formulas with equivalence and mem-

bership queries is described in [11], where it is proved that it requires time

polynomial in the number of variables, n, and the number of clauses, m, of

the target Horn formula, making O(mn) equivalence queries and O(m2n) mem-

bership queries in the process. This algorithm is straightforwardly translated210

into our setting by replacing the target Horn formula by the canonical basis

of the unknown formal context K. Interestingly, the output of the algorithm

is not just any implication set equivalent to the canonical basis: it is always

precisely the canonical basis [16]. Hence, if membership and equivalence queries
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are available, the canonical basis can be computed in total polynomial time,215

that is, time polynomial in the combined size of input and output.

It is easy to show that the membership query for X ⊆ M can be simulated

by means of at most |M | − |X| (restricted) implication queries [17, 9]. One

possible procedure is described in Algorithm 1. A different procedure requiring

a full version of the implication oracle is presented in [8].220

Algorithm 1 Membership query simulated with implication queries
Require: A set M , its subset X, and the implication oracle IsValid for a context over at-

tribute set M

1: function IsMember(X, IsValid, M)

2: for m ∈M \X do

3: if IsValid(X → {m}) then

4: return False

5: return True

Therefore, if equivalence and implication oracles for context K are available,

the canonical basis of K can be learned in total polynomial time.

In the setting when only the implication oracle is available, formal concept

analysis offers a technique called attribute exploration [13]. Its implementation

is usually based on a modification of NextClosure, a standard algorithm for225

computing the canonical basis of an explicitly given formal context [18]. Un-

fortunately, the algorithm may require time exponential not only in the size of

the context but also in the number of implications in its canonical basis. No

total–polynomial time algorithm is known for the case when the context is given

explicitly; designing such an algorithm is a major open question related to other230

important problems such as enumerating minimal transversals in a hypergraph

[19, 20].

A total–polynomial time algorithm that uses only implication queries would

solve this problem since implication queries can be simulated in polynomial

time if the context is available, but, of course, no such algorithm is known. In235

this paper, we consider approximate computation of the canonical basis with

implication queries, thus aiming at an efficient probably approximately correct
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version of attribute exploration. More precisely, our problem is as follows:

Given a (restricted) implication oracle for a context K = (G,M, I)

and parameters 0 < ε ≤ 1 and 0 < δ ≤ 1, compute, with probability240

at least 1− δ, an ε- or ε-strong Horn approximation of K.

It is known that this problem is solvable in total polynomial time [9, 8]. The solu-

tion is based on a general technique from [10] for transforming an exact-learning

algorithm using equivalence queries into a PAC algorithm without equivalence

queries. The idea is to use a random-sampling strategy to search for a coun-245

terexample instead of relying on equivalence queries to provide such counterex-

amples. As described in [10], the number of samples required to simulate an ith

equivalence query grows linearly with i. We recall this technique in Section 4,

and then, using tighter analysis, we show that, in fact, the number of queries

logarithmic in i is sufficient. Note that this result is not specific to learning250

implications; it is applicable to any algorithm with equivalence queries. Our

experiments in Section 6 provide first evidence that, applied to the problem of

learning implications with implication queries, an improved sampling strategy

can make it possible to significantly reduce the overall number of queries.

4. Stochastic Equivalence Testing255

Consider an algorithm that uses the equivalence oracle for an unknown con-

cept C and exactly identifies C. Its simplified schema is shown in Algorithm 2.

Algorithm 2 Exact concept identification using an equivalence oracle
Require: The equivalence oracle IsEquivalent for an unknown concept C, . . .

1: function Identify(IsEquivalent, . . . )

2: H ← H0 . where H0 is some initial hypothesis

3: while IsEquivalent(H, . . . ) returns a counterexample x do

4: Modify(H, x, . . . )

5: return H

A polynomial-time algorithm using equivalence queries can be transformed

into a PAC algorithm for the same learning problem [10]. The idea is that, in-
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stead of using an equivalence oracle to check if a hypothesis H is identical to the260

target concept C, we call the sampling oracle EX a number of times and check

if any of the objects it returns belongs to H4C. If so, such an object is returned

as a counterexample. Otherwise, in case none of the generated samples belongs

to H 4 C, the distance between H and C is assumed small enough and the al-

gorithm is terminated. This is achieved by replacing calls to the IsEquivalent265

function in Algorithm 2 with calls to the IsApproximatelyEquivalent function

given in Algorithm 3.

Algorithm 3 Approximate-equivalence testing
Require: A hypothesis H, the sampling oracle EX for an unknown concept C, and qi ∈ N

1: function IsApproximatelyEquivalent(H, EX, qi)

2: for qi times do

3: (x, `)← EX() . ` ∈ {True, False} indicates if x ∈ C

4: if ` 6≡ (x ∈ H) then

5: return x

6: return True

Angluin shows in [10] that, to obtain an ε-approximation of C with prob-

ability at least 1 − δ, it is sufficient to replace the ith equivalence query by

qi =

⌈
1

ε
(ln

1

δ
+ i ln 2)

⌉
(1)

calls to the EX oracle and terminate the algorithm if none of them returns a

counterexample.

We derive this upper bound from a more general result that we prove next.270

We then provide a better bound.

4.1. How Many Calls to EX Are Sufficient?

The following theorem shows how to choose the number qi of calls to EX

to simulate the ith equivalence query so that the probability of obtaining an

ε-approximation of C is at least 1− δ.275
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Theorem 1. Given 0 < ε ≤ 1/2 and 0 < δ ≤ 1/2, let {λi(δ)}i≥1 be an arbitrary

sequence satisfying the following conditions:

+∞∑
i=1

λi(δ) ≤ δ;

∀i ∈ N : λi(δ) > 0.

(2)

Set

qi :=
⌈
log1−ε λi(δ)

⌉
.

Suppose that there is an exact-learning algorithm using equivalence queries with

respect to a target concept C ⊆ U . We modify it by replacing the ith equivalence

query by qi calls to the sampling oracle EX for C. We claim that, with proba-

bility at least 1−δ, the outcome of the modified algorithm is an ε-approximation

of the target concept C.280

Proof. We refer to the sequence of calls to EX replacing a particular equiva-

lence query as a simulated equivalence query. Denote by N the random variable

representing the number of simulated equivalence queries performed by the al-

gorithm and by Hi the hypothesis obtained after the ith simulated query. It

is reasonable to assume that the exact-learning algorithm terminates as soon285

as the equivalence oracle confirms that the current hypothesis is equal to the

target concept. Then, in our simulation, HN−1 = HN = H, the outcome of the

algorithm.

Let pn be the probability that the algorithm terminates after at most n sim-

ulated queries and returns H ⊆ U such that dist(H,C) > ε. Assuming that the

original exact-learning algorithm always makes at least one equivalence query

(as this may be the only way for it to check the correctness of its hypothesis),

we have p0 = 0 and, for n ≥ 1,

pn = Pr(N ≤ n, dist(H,C) > ε)

= Pr(N ≤ n− 1,dist(H,C) > ε) + Pr(N = n, dist(H,C) > ε)

= pn−1 + Pr(N = n, dist(H,C) > ε |N ≥ n) Pr(N ≥ n).
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Note that

Pr(N = n,dist(H,C) > ε |N ≥ n) = Pr(N = n, dist(Hn−1, C) > ε |N ≥ n)

≤ Pr(N = n |N ≥ n, dist(Hn−1, C) > ε)

=: δn

and

Pr(N ≥ n) = 1−Pr(N ≤ n−1) ≤ 1−Pr(N ≤ n−1,dist(H,C) > ε) = 1−pn−1.

Thus,

pn ≤ pn−1 + δn(1− pn−1).

We have

δn = Pr(N = n |N ≥ n, dist(Hn−1, C) > ε)

= (1− Pr(EX() ∈ Hn−1 4 C |N ≥ n,dist(Hn−1, C) > ε))
qn

< (1− ε)qn .

By setting qn :=
⌈
log1−ε λn(δ)

⌉
, we ensure δn < λn(δ):

δn < (1− ε)qn = (1− ε)dlog1−ε λn(δ)e ≤ λn(δ).

Hence,

pn < pn−1 + λn(δ)(1− pn−1) ≤ pn−1 + λn(δ) ≤
n∑
i=1

λi(δ)

and

Pr(dist(H,C) > ε) = lim
n→+∞

pn ≤
+∞∑
i=1

λi(δ) ≤ δ.

290

It is instructive to think of λi(δ) in Theorem 1 as an upper bound on the

probability of failing to find a counterexample with the ith simulated equivalence

query given that there are still enough (w.r.t. ε) counterexamples at the time

of the simulation. Proposition 1 gives a lower bound on the probability of

computing an ε-approximation in terms of λi(δ).295
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Proposition 1. In the setting of Theorem 1, the probability that the algorithm

returns an ε-approximation of the target concept C is at least
+∞∏
i=1

(1− λi(δ)).

Proof. The sequence of probabilities {pn}n≥1 from the proof of Theorem 1 is

bounded by the sequence {xn}n≥1 defined as xn = xn−1 +λn(δ)(1−xn−1) with

x1 = λ1(δ). Thus,300

Pr(dist(H,C) > ε) = lim
n→+∞

pn ≤ lim
n→+∞

xn.

From the definition of {xn}n≥1:

1− xn
1− x1

=

n∏
i=2

1− xi
1− xi−1

=

n∏
i=2

(1− λi(δ)).

Therefore, xn = 1−
n∏
i=1

(1− λi(δ)) and lim
n→+∞

xn = 1−
+∞∏
i=1

(1− λi(δ)) meaning

that

Pr(dist(H,C) ≤ ε) ≥
+∞∏
i=1

(1− λi(δ)).

Even though this limit can hardly be calculated in general, in some particular

cases, it is possible. For example, for λn(δ) =
6δ

π2n2
Weierstrass factorization305

theorem provides a closed form for the infinite product: 1−
+∞∏
i=1

(
1− 6δ

π2n2

)
=

1− sin(
√

6δ)√
6δ

.

An immediate consequence of Theorem 1 is that the number of calls to the

EX oracle given in (1), as suggested in [10], is indeed sufficient for transform-

ing an exact-learning algorithm with equivalence queries into a PAC-learning310

algorithm without them. We obtain this bound by using λi(δ) =
δ

2i
, in which

case,

qi =

⌈
log1−ε

δ

2i

⌉
=

⌈
ln δ

2i

ln(1− ε)

⌉
=

⌈
ln 2i

δ

− ln(1− ε)

⌉
≤
⌈

1

ε

(
ln 2i + ln

1

δ

)⌉
=

⌈
1

ε

(
ln

1

δ
+ i ln 2

)⌉
.
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The inequality is due to − ln(1− ε) ≥ ε.

A smaller bound is obtained when using λi(δ) =
δ

i(i+ 1)
. Note that this

sequence satisfies conditions (2). In this case,

qi =

⌈
log1−ε

δ

i(i+ 1)

⌉
=

⌈
ln i(i+1)

δ

− ln(1− ε)

⌉
≤
⌈

1

ε

(
ln(i(i+ 1)) + ln

1

δ

)⌉
= O

(
1

ε

(
ln

1

δ
+ ln i

))
.

Therefore, the number of calls to EX needed to simulate the ith equivalence

query depends on i only logarithmically rather than linearly, as suggested by315

the previously known bound (1). As the following theorem shows, using λi(δ) =
δ

i(i+ 1)
instead of λi(δ) =

δ

2i
also leads to an asymptotically smaller bound on

the total number of samples needed.

Theorem 2. Assume the notation and conditions of Theorem 1. Suppose that

the exact learning algorithm requires at most k calls to the equivalence oracle320

on a particular input (and, therefore, the modified algorithm makes at most k

simulated queries). Then, on this input,

1. if λi(δ) =
δ

2i
, the total number of calls to EX in the modified algorithm

in the worst case is

Θ

(
k

ε

(
k + log

1

δ

))
;

2. if λi(δ) =
δ

i(i+ 1)
, the total number of calls to EX in the modified algo-

rithm in the worst case is

Θ

(
k

ε

(
log k + log

1

δ

))
.

Proof. In the worst case, the modified algorithm makes k simulated queries and

the ith query requires precisely qi calls to EX with only the last call within

each simulated query returning a counterexample. Therefore, the total number325

of calls to EX in the worst case is
k∑
i=1

qi.

Define Pk(λ) :=
k∏
i=1

λn(δ). The total number of samples generated in the
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modified algorithm is bounded by

k∑
i=1

qi =

k∑
i=1

⌈
log1−ε λi(δ)

⌉
≥

k∑
i=1

log1−ε λi(δ) = log1−ε

(
k∏
i=1

λi(δ)

)
= log1−ε Pk(λ) =: Qk(λ).

From the above, it also follows that

Qk(λ) ≤
k∑
i=1

qi ≤ Qk(λ) + k

The lower bound can be restated as follows:

Qk(λ) = log1−ε Pk(λ) =
1

ln(1− ε)
lnPk(λ) ∼ −1

ε
lnPk(λ)

We show futher in Section 4.2 that k = o(− lnPk(λ)). Assuming that for now,

we have:

k∑
i=1

qi ∼ Qk(λ) ∼ −1

ε
lnPk(λ)

Now we consider two cases:

1. If λi(δ) =
δ

2i
, we have

Pk(λ) =

k∏
i=1

λi(δ) =

k∏
i=1

δ

2i
= δk2−

k(k+1)
2

It implies that

k∑
i=1

qi ∼
1

ε

(
k(k + 1) ln 2

2
+ k ln

1

δ

)
= Θ

(
k

ε

(
k + log

1

δ

))

2. If λi(δ) =
δ

i(i+ 1)
, we have

Pk(λ) =

k∏
i=1

λi(δ) =

k∏
i=1

δ

i(i+ 1)
= δk

1

(k!)2(k + 1)

Then

k∑
i=1

qi ∼
1

ε

(
ln
(
(k!)2(k + 1)

)
+ k ln

1

δ

)
∼ 1

ε

(
2k ln k + k ln

1

δ

)
= Θ

(
k

ε

(
log k + log

1

δ

))
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An important question is whether we can find an optimal sequence {λn(δ)}n≥1
that minimizes the number of generated samples in the expected worst-case sce-330

nario, when we still make qi queries to EX at the ith step but treat the number

of stochastic equivalence queries N as a random variable. Since
N∑
i=1

qi ∼ QN (λ),

we can aim at minimizing the expectation of QN (λ). We provide details in the

following theorem.

Theorem 3. For a given 0 < ε ≤ 1/2, let N be a random variable with prob-

ability distribution Pr representing the number of simulated equivalence queries

performed by the algorithm. Then the minimum value of EQN (λ) is reached for

the sequence {λn(δ)}n≥1 defined as

λn(δ) :=
δ Pr(N ≥ n)

EN
.

Proof.

EQN (λ) =

+∞∑
n=1

Pr(N = n)Qn(λ) =

+∞∑
n=1

(
Pr(N = n) log1−ε

n∏
i=1

λi(δ)

)
Our goal is to minimize EQN (λ), so we can write down the following constrained

optimization problem:

max
λ

+∞∑
n=1

(
Pr(N = n) ln

n∏
i=1

λi(δ)

)
s.t.

+∞∑
n=1

λn(δ) = δ

∀n ∈ N ∀δ ∈ (0, 1/2] : λn(δ) > 0

We find the solution using the method of Lagrange multipliers, subject to

only the first condition. The Lagrangian function is as follows:

L(λ, µ) =

+∞∑
n=1

(
Pr(N = n)

n∑
i=1

lnλi(δ)

)
− µ

(
+∞∑
i=1

λn(δ)− δ

)
We require that all the partial derivatives of the unconstrained problem are

equal to 0:

∂L
∂λj

=
1

λj(δ)

+∞∑
n=j

Pr(N = n)− µ = 0⇒ λj(δ) =
1

µ
Pr(N ≥ j)
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Hence, the first condition can be expressed as follows:

δ =

+∞∑
n=1

λn(δ) =
1

µ

+∞∑
n=1

Pr(N ≥ n) =
EN
µ

Thus,

λn(δ) =
δ Pr(N ≥ n)

EN

To complete the proof, we shall note that λn(δ) > 0, so the obtained solution335

is feasible indeed.

4.2. Can We Do Better?

It can be proved that it is not possible to choose the sequence {λi(δ)}i≥1 so

as to get an asymptotically better upper bound than the one obtained in the

second part of Theorem 2. Indeed, by the inequality of arithmetic and geometric

means, for any sequence {λi(δ)}i≥1 satisfying the constraints (2), we have

Pk(λ) =

k∏
i=1

λi(δ) ≤

(
1

k

k∑
i=1

λi(δ)

)k
≤
(
δ

k

)k
. (3)

Using this inequality and notation from the proof of Theorem 2, we obtain

k∑
i=1

qi ≥ Qk(λ) = log1−ε Pk(λ) > −1

ε
lnPk(λ) ≥ 1

ε

(
k ln k + k ln

1

δ

)
.

This lower bound for
k∑
i=1

qi has the same growth rate as the second sequence

from Theorem 2, which means that the latter is optimal in that it ensures the340

asymptotically smallest number of sampling queries.

It is also worth noting that there is no sequence {λi(δ)}i≥1 such that Pk(λ) =(
δ

k

)k
if k is unknown in advance. Moreover, there is no sequence λ such that

for any other valid sequence λ′ and any large enough k, Pk(λ) ≥ Pk(λ′). Let us

provide a constructive proof.345

Proposition 2. Let Λ be the set of all sequences satisfying the constraints from

(2). For two sequences {λn(δ)}n≥1 ∈ Λ and {λ′n(δ)}n≥1 ∈ Λ, we say that λ ≺ λ′
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if ∃K ∈ N ∀k > K : Pk(λ) < Pk(λ′). Then, for any sequence λ ∈ Λ, there exists

λ′ ∈ Λ such that λ ≺ λ′.

Proof. The series
+∞∑
i=1

λi(δ) converges and consists of positive numbers; so there

must exist K ∈ N such that, among the first K numbers of {λn(δ)}n≥1, at least

two are distinct. Let us construct a new sequence {λ′n(δ)}n≥1 as follows:

∀i ≤ K : λ′i(δ) :=
1

K

K∑
i=1

λi(δ)

∀i > K : λ′i(δ) := λi(δ)

Then, for k > K, we have Pk(λ) < Pk(λ′) since, by the inequality of arith-

metic and geometric means,

K∏
i=1

λi(δ) <

(
1

K

K∑
i=1

λi(δ)

)K
.

Therefore, λ ≺ λ′.350

Even though the upper bound in (3) is unattainable, it may be possible to

decrease the hidden constant in the obtained estimate of
k∑
i=1

qi. In Theorem

2, the constant before k ln k is 2. We reduce it by considering the telescoping

sequence λn(δ) = δ(n−r − (n+ 1)−r) for some 0 < r ≤ 1:

Pk(λ) =

k∏
n=1

δ(n−r − (n+ 1)−r) = δk(k!)−r
k∏

n=1

(
1−

(
1 +

1

n

)−r)
.

Here we can note that according to a generalized version of Bernoulli’s inequal-

ity: (
1 +

1

n

)−r
=

(
1− 1

n+ 1

)r
≤ 1− r

n+ 1

Therefore,

Pk(λ) ≥ δk(k!)−r
k∏

n=1

r

n+ 1
= δk(k!)−r−1

rk

k + 1

20



Finally,

k∑
i=1

qi ∼ Qk(λ) ∼ −1

ε
lnPk(λ)

≤ −1

ε
ln

(
δk(k!)−r−1

rk

k + 1

)
∼ 1

ε

(
k ln

1

δ
+ (r + 1)k ln k + k ln

1

r

)
Thus, we obtained that the constant before k ln k can be set arbitrarily close

to 1 by selecting r close enough to 0. However, note that this lower constant

before the term k ln k comes at the price of adding the term k ln
1

r
, which grows

with r decreasing.

5. Probably Approximately Correct Learning of Implication Bases355

As explained in Section 2.1, implications are closely related to Horn clauses.

An algorithm, called Horn1, capable of learning conjunctions of Horn clauses

through membership and equivalence queries was proposed in [11]. It was later

shown that the implication set corresponding to the output of the algorithm is

the canonical basis of the underlying formal context [16]. A PAC version of this360

algorithm using an implication oracle instead a membership oracle is presented

below as Algorithm 4 adapted from [9]. There, UEX 〈M, IsV alid〉 is a function

that generates a subset of M uniformly at random and checks if this subset is

closed in the context underlying the implication oracle IsV alid. Since it uses an

implication oracle, Algorithm 4 can be regarded as a probably approximately365

correct version of attribute exploration [13].

A notation-related clarification would be in order. In line 4 of Algorithm 3,

we check if x ∈ H, which should be read as ‘object x satisfies hypothesis H’

rather than as ‘x belongs to H’. Here, H is some representation of a hypothetical

concept, but it may be given in a form different from the set of objects belonging370

to the concept. In the case of implication learning, H is a set of implications

representing a set of models, and x ∈ H should be read as ‘attribute set X is a

model of the implication set H’.
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Algorithm 4 PAC identification of an implication basis with implication queries
Require: An attribute set M ; the implication oracle IsValid for a formal context over M ;

0 < ε < 1 and 0 < δ < 1

1: function HornApproximation(M , IsValid, ε, δ)

2: H ← []

3: i← 1

4: while IsApproximatelyEquivalent(H, UEX 〈M, IsV alid〉, qi(ε, δ)) returns C do

5: if C |= H then

6: found← False

7: for A→ B ∈ H do

8: if A 6⊆ C and not IsMember(A ∩ C, IsValid, M) then

9: found← True

10: replace A→ B by A ∩ C → B in H

11: exit for

12: if not found then

13: append C →M to the end of H

14: else

15: for A→ B ∈ H do

16: if C 6|= A→ B then

17: replace A→ B by A→ B ∩ C

18: i← i+ 1

19: return H

Algorithm 5 A simulated sampling oracle that generates a subset of M uni-

formly at random and returns it together with an indication whether it is closed

in the underlying context
Require: A attribute set M and the implication oracle IsValid for a formal context over M

1: function UEX 〈M, IsV alid〉( )

2: generate X ⊆M uniformly at random

3: return (X, IsMember(X, IsV alid,M))
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In the previous section, we showed that, if the sequence {qi(ε, δ)}+∞i=1 is given

by qi(ε, δ) :=

⌈
log1−ε

δ

i(i+ 1)

⌉
, then Θ

(
k

ε

(
log k + log

1

δ

))
samples will be375

generated in total, where k is the maximum number of counterexamples used

by the exact-learning algorithm. For the Horn1 algorithm, it was shown in

[11] that k = O(|Ĥ||M |), where Ĥ is the value of H upon termination of the

algorithm. In equivalence testing, we use one simulated membership query

IsMember(·, ·, ·) per simulated sampling query UEX 〈·, ·〉(). Besides, in cases380

when a negative counterexample is returned, at most |Ĥ| ≤ |L| simulated mem-

bership queries are issued inside the while loop. So, in total, Algorithm 4 re-

quires O

(
k|Ĥ|+ k

ε

(
log k + log

1

δ

))
= O

(
|Ĥ|2|M |+ |Ĥ||M |

ε
log
|Ĥ||M |
δ

)
=

O

(
|Ĥ||M |

(
|Ĥ|+ 1

ε
log
|Ĥ||M |
δ

))
simulated membership queries or, equiva-

lently, O

(
|Ĥ||M |2

(
|Ĥ|+ 1

ε
log
|Ĥ||M |
δ

))
implication queries to achieve PAC385

identification. We obtain the following theorem:

Theorem 4. Let 0 < ε < 1 and 0 < δ < 1. Define

qi(ε, δ) :=

⌈
log1−ε

δ

i(i+ 1)

⌉
.

Algorithm 4 takes an implication oracle for a formal context K and computes

Ĥ, which, with probability at least 1−δ, is an ε-Horn approximation of K, using

O

(
|Ĥ||M |2

(
|Ĥ|+ 1

ε
log
|Ĥ||M |
δ

))
implication queries.

Example 1. The formal context “Living Beings and Water” from [1] shown in390

Figure 1. In this context, eight living organisms are described by nine attributes.

Its canonical basis and the basis returned by Algorithm 4 using the IsValid

oracle corresponding to this context with ε = 0.05, δ = 0.1, and qi(ε, δ) =⌈
log1−ε λn(δ)

⌉
, where λi(δ) =

δ√
i
− δ√

i+ 1
, are presented in Figure 2. The

sequence λ was selected to be a telescoping sequence λi(δ) = δ(i−r − (i+ 1)−r)395

with r = 1/2, in accordance with our discussion in Section 4.2.

The Horn distance between this formal context and its PAC basis from

Figure 2 is 0.0078125, which means that only 4 out of 512 possible subsets
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Fish leech × × ×

Bream × × × ×

Frog × × × × ×

Dog × × × × ×

Water weeds × × × ×

Reed × × × × ×

Bean × × × ×

Corn × × × ×

Figure 1: Formal context “Living Beings and Water”

Canonical basis PAC basis

1. ∅→ {a}

2. {a, b, d} → {f}

3. {a, d, g} → {b, c, e, f, h, i}

4. {a, f} → {d}

5. {a, h} → {g}

6. {a, e} → {c, d}

7. {a, i} → {c, g, h}

8. {a, b, c, g, h, i} → {d, e, f}

9. {a, c, d, e, f} → {b, g, h, i}

10. {a, c, g} → {h}

1. ∅→ {a}

2. {a, b, d} → {f}

3. {a, d, g} → {b, c, e, f, h, i}

4. {a, f} → {d}

5. {a, h} → {g}

6. {a, e} → {b, c, d, f, g, h, i}

7. {a, i} → {b, c, d, e, f, g, h}

Figure 2: The canonical basis and a PAC basis of the formal context from Figure 1
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of M disprove the theory we obtained: {a, c, d, e} and {a, c, g, h, i} are posi-

tive counterexamples to the PAC basis (they are concept intents refuting some400

implications in the PAC basis), while {a, c, g} and {a, b, c, g} are negative coun-

terexamples (closed under the PAC basis but not in the context). To compute

this basis, the algorithm ran for 25 iterations (equivalence testing) and made

637 membership queries that were simulated by 951 implication queries.

6. Experiments405

Let us now examine different modifications of the PAC learning algorithm1.

Within the experiments we need to compare the following approaches:

• equivalence testing with different sequences λn(δ). We consider λn(δ) =

δ(n−q − (n+ 1)−q) for q = 1, 0.5, 0.25 and λn(δ) =
δ

2n

• strong approximation in stochastic equivalence testing [9]410

• the attribute exploration algorithm

The metrics we focus on are as follows:

• the total number of implication queries

• the number of iterations in Horn1 (equivalence testing)

• Horn distance415

First, let us test different modifications in artificially generated datasets. We

generated 80 formal contexts with 10-18 attributes and 30-80 objects. For every

context, the number of attributes and objects was selected uniformly, and the

incidence relation I was selected so that for each object g and each attribute

m the indicator (g,m) ∈ I is true with probability 0.5 (uniform distribution420

over the set of all contexts with given sets of attributes and objects). Figures

1The source code and examples of usage are publicly available at https://github.com/

Ramil0/pac-basis
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Figure 3: Distribution of the number of implication queries for different sequences (in thou-

sands).

λn = δ/2n q = 1 q = 0.5 q = 0.25

Horn Approximation (restricted)

mean 91248.7 44027.5 41650.1 41436.2

std 25905 16621.8 15224.4 15204.1

Strong version of Horn Approximation

mean 124940.7 43689.6 42870.8 41130.3

std 34310.6 17023.6 16368.9 15257.1

Table 1: Mean and standard deviation of the number of implication queries for different

sequences λn = δ(n−q − (n+ 1)−q)
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ε = 0.01 ε = 0.05 ε = 0.1

Setting Nq Nit Nq Nit Nq Nit

Attribute Exploration 101 - 101 - 101 -

λn = δ/2n 248305 201 13523 66 54279 147

λn = δ/2n (strong) 172352 292 133801 272 83640 299

q = 1 45836 137 3041 40 3372 40

q = 1 (strong) 67263 263 28092 197 16422 146

q = 0.5 19905 90 2374 28 1792 32

q = 0.5 (strong) 56163 276 31025 232 22067 176

q = 0.25 35372 120 2655 31 1826 28

q = 0.25 (strong) 46934 241 14305 147 12758 135

Table 2: Results for the Zoo dataset, δ = 0.1. Number of implication queries (Nq), number

of iterations (Nit).

2 illustrates the distribution of the number of implication queries performed by

the algorithms depending on the sequence λn(δ) selected. Mean and standard

deviation values of these distributions are shown in Table 1.

We shall also examine the behavior of the learning algorithms in real datasets.425

First, we consider the Zoo dataset, but because of the previously mentioned is-

sue with one-hot encoding of multi-valued features, we drop the categorical

features (legs and type) from the data and leave only the binary ones. Table

2 demonstrates the performance of the considered algorithms on this dataset.

The Horn distance in all of the setups was observed to be in the [0.00003, 0.003],430

[0.00003, 0.02], [0.00028, 0.02] intervals for ε = 0.01, ε = 0.05, and ε = 0.1 re-

spectively, with minimal value in the cases with λn = δ/2n.

For this dataset, for ε = 0.01, the algorithm returned PAC bases containing

29.4 implications on average (with 6.24 as a standard deviation) after 5 trials

performed, while the exact canonical basis consists of 58 implications.435

The results above demonstrate that the number of implication queries λn(δ) =

δ(n−q− (n+ 1)−q) is quite close for different q, apparently because the contexts

used were too small to notice a difference. However, λn(δ) =
δ

2n
works fairly

worse than the other sequences. We can also note that the strong versions usu-

ally ask more queries if compared with the corresponding restricted versions.440

Attribute exploration asked significantly fewer queries than all the considered
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Example 1 Example 2

n λn = δ/2n q = 0.25 AE λn = δ/2n q = 0.25 AE

2 1048.8± 43.6 730.8± 53.8 10 145.2 93.2 10

3 159.4± 36.5 105.0± 18.6 36 282.2 109.0 17

4 346.0± 22.9 248.6± 39.2 268 572.0 216.0 28

5 66.0± 2.5 56.0± 8.48 1417.8 3140 232.4 47

6 2559.6± 936.6 1943.8± 497.09 46674 3524.0 248.2 82

7 - - - 5068.2 414.2 149

8 - - - 10776.6 219.2 280

9 - - - 21688.6 67.4 539

Table 3: Results for contexts from Example 1 and Example 2 for different n and attribute

exploration (AE).

modifications of Horn1. However, if the number of pseudo-intents of the context

or the number of objects is large enough, attribute exploration may perform

worse since it has to issue at least |G| + |L| implication queries where L is the

canonical basis. We consider contexts of the following two types:445

1. Example 1 [13]. A context with nn objects and n2 attributes M1∪· · ·∪Mn

with |Mi| = n,Mi∩Mj = ∅ for all 1 ≤ i < j ≤ n, where the object intents

{g}′ are all possible subsets of the attribute set such that |{g}′∩Mi| = n−1

for all 1 ≤ i ≤ n. This context has only n implications in its canonical

basis, namely, all implications of the type Mi →
⋃
jMj for 1 ≤ i ≤ n.450

2. Example 2 [3]. A context with 3n objects g1, g2, . . . , g3n and 2n + 1 at-

tributes m0,m1, . . . ,m2n, where object gi has attribute mj if i ≤ n, j 6=

0, j 6= i, and j 6= i+ n, or if i > n and j 6= i− n. This context has exactly

2n pseudo-intents of the form {mi1 ,mi2 , . . . ,min} where ij ∈ {j, j + n}.

The results for these contexts are presented in the Table 3.455

7. Summary and Outlook

Our analysis of a general technique for transforming an arbitrary exact-

learning algorithm using equivalence queries into a PAC algorithm without

equivalence queries has revealed that the asymptotic number of samples needed

for simulating equivalence queries is lower than it was suggested previously: it460
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is sufficient to use the number of samples logarithmic in i for simulating the ith

equivalence query as opposed to the number that depends on i linearly as sug-

gested in [10]. This leads to an asymptotically lower overall number of samples

needed during the execution of the algorithm.

Based on these results, we suggested several sampling strategies and ex-465

perimentally compared them, along with the strategy from [10], in application

to the problem of computing probably approximately correct implication bases

through implication queries with respect to artificial and real-world data sets.

Although our improvements significantly reduce the number of samples that

have to be generated and, consequently, the number of queries to the oracle,470

the latter is still often much higher than needed by attribute exploration, a

technique from formal concept analysis that makes it possible to learn the ba-

sis through implication queries exactly. One of the reasons for this is that

attribute exploration stores all counterexamples obtained from the oracle in a

formal context that is part of the underlying context K and uses them to falsify475

an implication before attempting to confirm it with the oracle. A similar ap-

proach can be easily integrated into our algorithm: it is possible to maintain a

context composed of intents of K generated along the way (either in the approx-

imate equivalence–testing procedure or during the search for an implication to

be refined in the if part of the main loop of Algorithm 4). Since the algorithm480

runs in time polynomial in all relevant quantities, the number of such intents is

also polynomial.

It may also be worthwhile to cache implications confirmed by the oracle

since not all of them would follow from the current hypothesis H at every

subsequent step of the algorithm. Not only they will help answer some of the485

implication queries without resorting to the oracle; they can also be used to

generate negative counterexamples without resorting to the potentially costly

sampling procedure: if a valid implication A→ B does not follow from H, then

H(A) is a negative counterexample to H.

As a possible next step, it would be interesting to explore some other notions

of approximation. Horn distance and strong Horn distance as defined in Section
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3.1 assume the universal distribution over attribute subsets, which may not al-

ways be appropriate, in particular, when there are only few closed attribute sets

(see the discussion in the end of the same section). The inter-concept distance

from Section 2.2 is compatible with an arbitrary distribution over objects from

the universal set. Similarly, one may assume an arbitrary distribution D over

attribute subsets A ⊆ M and generalize the definitions of Horn distance and

strong Horn distance as follows:

dist(L,K) := Pr
D

(A ∈ ModL4 IntK)

and

diststrong(L,K) := Pr
D

(A′′ 6= L(A)).

For example, one may assume that attribute subsets are distributed accord-

ing to their frequency. For a context K = (G,M, I) with finite G and A ⊆ M ,

this means

Pr(A) =
|A′|∑

B⊆M |B′|
.

Plugging this distribution into the generalized definition of (strong) Horn dis-490

tance, one obtains a sort of frequency-aware approximation of K: it is biased

towards ensuring the correct status w.r.t. being closed (or, in case of strong

approximation, the correct closure) of subsets A with large support |A′|. In par-

ticular, sets A containing mutually exclusive attributes will have no effect on

the quality of approximation, since Pr(A) = 0 for such A. As discussed in Sec-495

tion 3.1, such sets form the bulk of all attribute subsets in contexts K obtained

through one-hot encoding, which makes {∅→M} a trivial ε-Horn approxima-

tion of K even for small ε. Using frequency-aware approximation instead solves

the problem.

Algorithm 4 can be modified to produce frequency-aware approximations by500

substituting an oracle generating attribute subsets according to their frequency

for the UEX algorithm, which generates subsets uniformly at random. When

the context is available, this oracle can be simulated by polynomial-time Algo-

rithm 1 from [21], resulting in a total–polynomial time PAC algorithm for com-

puting frequent implications, also known as exact association rules. Whether505
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this approach is competitive with other algorithms for computing implications

and association rules is a matter of further research.
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