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Abstract. Axiom pinpointing has been introduced in description logics
(DLs) to help the user understand the reasons why consequences hold
by computing minimal subsets of the knowledge base that have the consequence in question. Until now, the pinpointing approach has only been
applied to the DL ALC and some of its extensions. This paper considers
axiom pinpointing in the less expressive DL EL+ , for which subsumption can be decided in polynomial time. More precisely, we consider an
extension of the pinpointing problem where the knowledge base is divided into a static part, which is always present, and a refutable part, of
which subsets are taken. We describe an extension of the subsumption
algorithm for E L+ that can be used to compute all minimal subsets of
(the refutable part of) a given TBox that imply a certain subsumption
relationship. The worst-case complexity of this algorithm turns out to
be exponential. This is not surprising since we can show that a given
TBox may have exponentially many such minimal subsets. However, we
can also show that the problem is not even output polynomial, i.e., unless P=NP, there cannot be an algorithm computing all such minimal
sets that is polynomial in the size of its input and output. In addition,
we show that ﬁnding out whether there is such a minimal subset within
a given cardinality bound is an NP-complete problem. In contrast to
these negative results, we also show that one such minimal subset can
be computed in polynomial time. Finally, we provide some encouraging
experimental results regarding the performance of a practical algorithm
that computes one (small, but not necessarily minimal) subset that has
a given subsumption relation as consequence.

1

Introduction

Description logics (DLs) [2] are a successful family of logic-based knowledge representation formalisms, which can be used to represent the conceptual knowledge
of an application domain in a structured and formally well-understood way. They
are employed in various application domains, such as natural language processing, conﬁguration, databases, and bio-medical ontologies, but their most notable
success so far is the adoption of the DL-based language OWL [15] as standard
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ontology language for the semantic web. For a developer or user of a DL-based
ontology, it is often quite hard to understand why a certain consequence holds,
and even harder to decide how to change the ontology in case the consequence is
unwanted. For example, in the current version of the medical ontology SNOMED
[24], the concept Amputation-of-Finger is unintendedly classiﬁed as a subconcept
of Amputation-of-Arm. Finding the axioms that are responsible for this among
the more than 350,000 terminological axioms of SNOMED without support by
an automated reasoning tool is not easy.
As a ﬁrst step towards providing such support, Schlobach and Cornet [22]
describe an algorithm for computing all the minimal subsets of a given knowledge base that have a given consequence. In the following, we call such a set
a minimal axiom set (MinA). It helps the user to comprehend why a certain
consequence holds. The knowledge bases considered in [22] are so-called unfoldable ALC-terminologies, and the unwanted consequences are the unsatisﬁability
of concepts. The algorithm is an extension of the known tableau-based satisﬁability algorithm for ALC [23], where labels keep track of which axioms are
responsible for an assertion to be generated during the run of the algorithm.
The authors also coin the name “axiom pinpointing” for the task of computing
these minimal subsets.
The problem of computing MinAs of a DL knowledge base was actually considered earlier in the context of extending DLs by default rules. In [3], Baader and
Hollunder solve this problem by introducing a labeled extension of the tableaubased consistency algorithm for ALC-ABoxes [14], which is very similar to the
one described later in [22]. The main diﬀerence is that the algorithm described
in [3] does not directly compute minimal subsets that have a consequence, but
rather a monotone Boolean formula whose variables correspond to the axioms
of the knowledge bases and whose minimal satisfying valuations correspond to
the MinAs. Another diﬀerence between [3] and [22] is that in the former paper
the ABox is divided into a static and a refutable part, where the elements of the
static part are assumed to be always present, and subsets are built only of the
refutable part of the ABox.
The approach of Schlobach and Cornet [22] was extended by Parsia et al. [20]
to more expressive DLs, and the one of Baader and Hollunder [3] was extended
by Meyer et al. [19] to the case of ALC-terminologies with general concept inclusions (GCIs), which are no longer unfoldable. Axiom pinpointing has also
been considered in other research areas, though usually not under this name.
For example, in the SAT community, people have considered the problem of
computing minimally unsatisﬁable (and maximally satisﬁable) subsets of a set
of propositional formulae. The approaches for computing these sets developed
there include special purpose algorithms that call a SAT solver as a black box
[18, 7], but also algorithms that extend a resolution-based SAT solver directly
[9, 26].
Whereas the previous work on pinpointing in DLs considered fairly expressive
DLs that contain at least ALC, this work is concerned with pinpointing in the
inexpressive DL EL+ , which allows for conjunction, existential restrictions, and
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complex role inclusion axioms. There are several good reasons for considering
EL+ . First, several bio-medical ontologies such as SNOMED [24], the Gene Ontology [25], and large parts of Galen [21] can be expressed in EL+ . In particular,
both SNOMED and Galen require role inclusion axioms. Second, reasoning in
EL+ and some of its extensions remains polynomial even in the presence of GCIs
[1], which are required by Galen. Third, EL+ is the DL currently handled by
our reasoner CEL [5, 4], which behaves quite well on very large ontologies such
as SNOMED.
Although the polynomial-time subsumption algorithm for EL+ described in
[1, 5] is not tableau-based, the ideas for extending tableau-based algorithms to
pinpointing algorithms employed in [3, 22] can also be applied to this algorithm.
However, we will see that the normalization phase employed by this algorithm
introduces an additional problem. We will also consider the complexity of pinpointing in EL+ . In contrast to the case of ALC, where the subsumption problem
is already quite complex (PSpace-complete), subsumption in EL+ is polynomial,
which makes it easier to analyze in how far pinpointing is a source of additional
complexity. Not surprisingly, it turns out that there may be exponentially many
MinAs, which shows that an algorithm for computing all MinAs needs exponential time in the size of the input TBox. Even worse, we can show that it is
not even possible to obtain an algorithm that is polynomial in the size of the
input and the output (unless P=NP). In addition, even testing whether there
is a MinA of cardinality ≤ n for a given natural number n is an NP-complete
problem. On the positive side, one MinA can always be computed in polynomial
time. Finally, we will provide some experimental results regarding the performance of a practical algorithm that computes one (not necessarily minimal) set
that has a given consequence.

2

The Description Logic EL+

In DLs, concept descriptions are inductively deﬁned with the help of a set of
constructors, starting with a set NC of concept names and a set NR of role
names. EL+ concept descriptions are formed using the three constructors shown
in the upper part of Table 1. An EL+ ontology or TBox is a ﬁnite set of general
concept inclusion (GCI) and role inclusion (RI) axioms, whose syntax is shown
in the lower part of Table 1. The sublanguage of EL+ that does not allow for
RIs is called EL. We will also use the name HL for the sublanguage of EL that
does not allow for existential restrictions. This name is motivated by the fact
that GCIs involving HL concepts are basically propositional Horn clauses.
The semantics of EL+ is deﬁned in terms of interpretations I = (ΔI , ·I ),
where the domain ΔI is a non-empty set of individuals, and the interpretation
function ·I maps each concept name A ∈ NC to a subset AI of ΔI and each role
name r ∈ NR to a binary relation rI on ΔI . The extension of ·I to arbitrary
concept descriptions is inductively deﬁned, as shown in the semantics column of
Table 1. An interpretation I is a model of a TBox T if, for each inclusion axiom
in T , the conditions given in the semantics column of Table 1 are satisﬁed.
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Table 1. Syntax and semantics of EL+
Name

Syntax

Semantics

top
conjunction
exists restriction


C D
∃r.C

ΔI
C I ∩ DI
{x ∈ ΔI | ∃y ∈ ΔI : (x, y) ∈ r I ∧ y ∈ C I }

GCI
RI

CD
r1 ◦ · · · ◦ rn  s

C I ⊆ DI
r1I ◦ · · · ◦ rnI ⊆ sI

Since there is no constructor in EL+ that can cause logical inconsistencies,
satisﬁability of concepts or consistency of the TBox are not interesting inference
problems. The main inference problem for EL+ is the subsumption problem:
Definition 1 (concept subsumption). Given two EL+ concept descriptions
C, D and an EL+ TBox T , C is subsumed by D w.r.t. T (written C T D) if
C I ⊆ DI in every model I of T .
In the following, we will restrict the attention to subsumption between concept
names. This is justiﬁed by the fact that subsumption between concept descriptions can be reduced to subsumption between concept names: we have C T D
iﬀ A T ∪{AC,DB} B where A, B are new concept names not occurring in C, D
and T .
In order to describe our pinpointing algorithm for subsumption in EL+ , we
must brieﬂy recall the known polynomial-time subsumption algorithm for EL+
[1, 5].1 First, this algorithm transforms a given TBox into a normal form where
all GCIs have one of the following forms: A1 . . .An  B, A  ∃r.B, ∃r.A  B,
and where all RIs are of the form r  s or r◦r  s, where r, r , s ∈ NR , n ≥ 1, and
A, A1 , . . . , An , B are elements of N
.
C , i.e, concepts names or the top concept
This transformation can be achieved in linear time using simple transformation
rules, which basically break down complex GCIs into simpler ones (see [1] for
details).
Given a TBox T in normal form over the concept names NC and role names
NR , the subsumption algorithm for EL+ employs completion rules to extend
an initial set of assertions until no more assertions can be added. Assertions
are of the form (A, B) or (A, r, B) where A, B ∈ N
C , and r ∈ NR . Intuitively,
the assertion (A, B) expresses that A T B holds and (A, r, B) expresses that
A T ∃r.B holds. The algorithm starts with a set of assertions A that contains
(A, ) and (A, A) for every concept name A, and then uses the rules shown in
Fig. 1 to extend A. Note that such a rule is only applied if it really extends A,
i.e., if the assertion added by the rule is not yet contained in A. The following
theorem, which is shown in [1], summarizes the important properties of this
algorithm.
1

A polynomial-time subsumption algorithm for EL with GCIs was ﬁrst presented
in [8], and subsumption in HL with GCIs is basically the implication problem for
propositional Horn clauses, which is known to be solvable in linear time [10].
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If A1  . . .  An  B ∈ T and {(X, A1 ), . . . , (X, An )} ⊆ A then add (X, B) to A.
If A  ∃r.B ∈ T

and (X, A) ∈ A

then add (X, r, B) to A.

If ∃r.A  B ∈ T

and {(X, r, Y ), (Y, A)} ⊆ A

then add (X, B) to A.

If r  s ∈ T

and (X, r, Y ) ∈ A

then add (X, s, Y ) to A.





If r ◦ r  s ∈ T

and {(X, r, Y ), (Y, r , Z)} ⊆ A

then add (X, s, Z) to A.

Fig. 1. Completion rules for subsumption in EL+

Theorem 1. Given an EL+ ontology T in normal form, the subsumption algorithm terminates in time polynomial in the size of T . After termination, the
resulting set of assertions A satisﬁes A T B iﬀ (A, B) ∈ A, for all concept
names A, B occurring in T .

3

A Pinpointing Algorithm for EL+

In many applications, it makes sense to distinguish two kinds of axioms in an
ontology: trusted ones whose correctness is no longer doubted, and refutable
ones for which the designer or user of the ontology is not yet sure whether they
are correct. For example, if an already well-established ontology is extended, one
might view the newly added GCIs as refutable, but trust the GCIs of the existing
ontology. From now on, we assume that TBoxes are of the form T = (Ts Tr ),
i.e., they are a disjoint union of a static TBox Ts (whose axioms are irrefutable)
and a refutable TBox Tr .
Definition 2 (MinA). Let T = (Ts Tr ) be an EL+ TBox and A, B concept
names occurring in it such that A T B. Then, a minimal axiom set (MinA)
for T w.r.t. A  B is a subset S of Tr such that A Ts ∪S B, but A Ts ∪S  B
for all strict subsets S  ⊂ S.
If Ts = ∅, then all axioms are assumed to be refutable. This is the case considered,
e.g., in [22]. As an example, consider the TBox T = (∅ Tr ) consisting of the
(refutable) GCIs
ax1 : A  ∃r.A,

ax2 : A  Y,

ax3 : ∃r.Y  B,

ax4 : Y  B.

(1)

We have A T B, and it is easy to see that {ax2 , ax4 } and {ax1 , ax2 , ax3 } are
the MinAs for T w.r.t A  B.
In the following, we show how the polynomial-time subsumption algorithm
presented in the previous section can be modiﬁed to a pinpointing algorithm.
However, instead of computing the MinAs directly, we follow the approach introduced in [3] that computes a monotone Boolean formula from which the MinAs
can be derived. To deﬁne this formula, which we will call pinpointing formula
in the following, we assume that every refutable axiom t ∈ Tr is labeled with a
unique propositional variable, lab(t); axioms t ∈ Ts are labeled with lab(t) := t
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(for truth). Let lab(T ) be the set of all propositional variables labeling axioms
in Tr . A monotone Boolean formula over lab(T ) is a Boolean formula using
(some of) the variables in lab(T ) and only the binary connectives conjunction
and disjunction and the nullary connective t (for truth). As usual, we identify a
propositional valuation with the set of propositional variables made true by this
valuation. For a valuation V ⊆ lab(T ), let TV := {t ∈ Tr | lab(t) ∈ V}.
Definition 3 (pinpointing formula). Given an EL+ TBox T = (Ts Tr )
and concept names A, B occurring in it, the monotone Boolean formula φ over
lab(T ) is a pinpointing formula for T w.r.t A  B if the following holds for
every valuation V ⊆ lab(T ): A Ts ∪TV B iﬀ V satisﬁes φ.
In our example, we can take lab(T ) = {ax1 , . . . , ax4 } as set of propositional
variables. It is easy to see that ax2 ∧ (ax4 ∨ (ax1 ∧ ax3 )) is a pinpointing formula
for T w.r.t. A  B.
If we order valuations by set inclusion, then we obviously have the following
relation between MinAs and minimal satisfying valuations of the pinpointing
formula.
Proposition 1. Let φ be a pinpointing formula for T w.r.t A  B. Then
{TV | V is a minimal valuation satisfying φ}
is the set of all MinAs for T w.r.t A  B.
This shows that it is enough to design an algorithm for computing a pinpointing
formula to obtain all MinAs. For example, one possibility is to bring φ into
disjunctive normal form and then remove disjuncts implying other disjuncts.
Note that this may cause an exponential blowup, which means that, in some
cases, the pinpointing formula provides us with a compact representation of the
set of all MinAs. Also note that this blowup is not really in the size of the
pinpointing formula but rather in the number of variables. Thus, if the size of
the pinpointing formula is already exponential in the size of the TBox T (which
may well happen), computing all MinAs from it is still “only” exponential in
the size of T . More about the complexity of computing all MinAs from a given
pinpointing formula can be found in Section 4.
For the moment, let us assume that the TBox T = (Ts Tr ) is already in
normal form. Recall that the axioms in Tr have a unique propositional variable
as label, whereas the axioms in Ts have label t. In the pinpointing extension
of the subsumption algorithm for EL+ , assertions a are labeled with monotone
Boolean formulae lab(a). The initial assertions (A, ) and (A, A) receive label
t. The deﬁnition of rule application is modiﬁed as follows. Assume that the preconditions of a rule from Fig. 1 are satisﬁed for the set of assertions A w.r.t.
the TBox T . Let φ be the conjunction of the labels of the GCIs from T and
the assertions from A occurring in the precondition. If the assertion in the consequence of the rule does not yet belong to A, then it is added with label φ. If
the assertion is already there with label ψ, then its label is changed to ψ ∨ φ if
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this formula is not equivalent to ψ; otherwise (i.e., if φ implies ψ) the rule is not
applied.
It is easy to see that this modiﬁed algorithm always terminates, though not
necessarily in polynomial time. In fact, there are polynomially many assertions
that can be added to A. If the label of an assertion is changed, then the new
label is a more general monotone Boolean formula, i.e., it has more models than
the original label. Since there are only exponentially many models, the label of a
given assertion can be changed only exponentially often. Accordingly, the size of
the label of an assertion can grow only exponentially. Equivalence of monotone
Boolean formulae is an NP-complete problem. However, given formulae over n
propositional variables whose size is exponential in n, equivalence can be tested
in time exponential in n. Thus, there are at most exponentially many rule applications, each of which takes at most exponential time. This yields an exponential
time bound for the execution of the pinpointing algorithm.
Regarding correctness of the pinpointing algorithm, it is easy to see that the
set of assertions A obtained after termination is identical to the one obtained
by the unmodiﬁed algorithm. In addition, we can show that, for all assertions
(A, B) ∈ A, the formula lab((A, B)) is a pinpointing formula for T w.r.t A  B.2
Theorem 2. Given an EL+ TBox T = (Ts Tr ) in normal form, the pinpointing
algorithm terminates in time exponential in the size of T . After termination, the
resulting set of assertions A satisﬁes the following two properties for all concept
names A, B occurring in T :
1. A T B iﬀ (A, B) ∈ A, and
2. lab((A, B)) is a pinpointing formula for T w.r.t A  B.
As an example, consider the TBox T consisting of the refutable GCIs given in
(1) and of no irrefutable axioms. The pinpointing algorithm proceeds as follows.
Since ax2 : A  Y ∈ T and (A, A) ∈ A with label t, the assertion (A, Y ) is added
to A with label ax2 (actually with label ax2 ∧t, which is equivalent to ax2 ). Since
ax1 : A  ∃r.A ∈ T and (A, A) ∈ A with label t, (A, r, A) is added to A with
label ax1 . Since ax4 : Y  B ∈ T and (A, Y ) ∈ A with label ax2 , (A, B) is added
to A with label ax2 ∧ ax4 . Finally, since ax3 : ∃r.Y  B ∈ T , (A, Y ) ∈ A with
label ax2 , and (A, r, A) ∈ A with label ax1 , the label of (A, B) ∈ A is modiﬁed
from ax2 ∧ ax4 to (ax2 ∧ ax4 ) ∨ (ax1 ∧ ax2 ∧ ax3 ). This ﬁnal label of (A, B) is a
pinpointing formula for T w.r.t. A  B.
As described until now, our pinpointing algorithm for EL+ can only deal with
normalized TBoxes, i.e., the pinpointing formula φ it yields contains propositional variables corresponding to the normalized GCIs. We now show that the
algorithm for computing pinpointing formulae can easily be extended to one
dealing also with non-normalized TBoxes. First, note that the relationship between original axioms and normalized axioms is many to many: one axiom in
the original TBox can give rise to several axioms in the normalized one, and
one axiom in the normalized TBox can come from several axioms in the original
2

A proof of this fact in a more general setting can be found in [6].
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TBox. For example, consider the GCIs A  B1  B2 , A  B2  B3 , which are
normalized to A  B1 , A  B2 , A  B3 . Each original GCI gives rise to two
normalized ones, and the normalized GCI A  B2 has two sources, i.e., it is
present in the normalized TBox if the ﬁrst or the second original GCI is present
in the input TBox.
Now, assume that T is an unnormalized input TBox, and that T is the corresponding normalized TBox where we view all axioms in T as being refutable. Let
φ be a pinpointing formula for T w.r.t. A  B, where A, B are concept names
occurring in T (and thus also in T ). We can now modify φ to a pinpointing
formula for the original TBox T as follows. Assume that the refutable axioms in
T are associated with unique propositional variables, and the irrefutable ones in
T with t. Each normalized axiom in T has a ﬁnite number of original axioms as
sources. We modify φ by replacing the propositional variable for each normalized
axiom by the disjunction of the labels of its sources. Note, in particular, that
the propositional variable of a normalized axiom that has an irrefutable axiom
as source is replaced by a formula that is equivalent to t.

4

The Complexity of Computing All MinAs

In this section we will show several hardness results regarding the computation
of all MinAs. We can actually show all of them already for the sublanguage HL
of EL+ . Of course, these results then also hold for EL and EL+ .
If we want to compute all MinAs, then in the worst case an exponential
runtime cannot be avoided since there may be exponentially many MinAs for a
given TBox. The following example shows that this is already the case for HL
TBoxes.
Example 1. For all n ≥ 1, the size of the HL TBox
Tn := {Bi−1  Pi  Qi , Pi  Bi , Qi  Bi | 1 ≤ i ≤ n}
is linear in n, and we have B0 Tn Bn . Assume that all axioms in Tn are refutable.
Then, there are 2n MinAs for Tn w.r.t. B0  Bn since, for each i, 1 ≤ i ≤ n, it
is enough to have Pi  Bi or Qi  Bi in the set.
In Section 5 we will show that a single MinA can be computed in polynomial
time. However, as soon as we want to know more about the properties of the set
of all MinAs, this cannot be achieved in polynomial time (unless P=NP). For
example, determining whether there is a MinA whose cardinality is bounded by
a given natural number n is NP-hard.
Theorem 3. Given an HL TBox T = (Ts Tr ), concept names A, B occurring
in T , and a natural number n, it is NP-complete to decide whether or not there
is a MinA for T w.r.t. A  B of cardinality ≤ n. This already holds in the case
where Ts = ∅.
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Proof. The problem is in NP since one can simply guess a subset S of Tr with
cardinality n, and then check in polynomial time whether A Ts ∪S B. Clearly,
such a set exists iﬀ there is a MinA of cardinality ≤ n.
NP-hardness can be shown by a reduction of the NP-hard hitting set problem
[13]: given a collection S1 , . . . Sk of sets and a natural number n, is there a set
S of cardinality ≤ n such that S ∩ Si = ∅ for i = 1, . . . , k. Such a set S is
called a hitting set. In the reduction, we use a concept name P for every element
p ∈ S1 ∪ . . . ∪ Sn as well as the additional concept names A, B, Q1 , . . . , Qk . Given
S1 = {p11 , . . . , p11 }, . . . , Sk = {pk1 , . . . , pkk }, we deﬁne the TBox T = (∅ Tr )
with
Tr := {Pij  Qi | 1 ≤ i ≤ k, 1 ≤ j ≤ i } ∪
{A  Pij | 1 ≤ i ≤ k, 1 ≤ j ≤ i } ∪ {Q1  . . .  Qk  B}.
It is easy to see that S1 , . . . , Sk has a hitting set of cardinality ≤ n iﬀ there is a
MinA for T w.r.t. A  B of cardinality ≤ n + k + 1.


Given the fact that a TBox may have exponentially many MinAs, it is clear that
it is not possible to enumerate all MinAs in time polynomial in the size of the
input. However, in complexity theory one also considers other kinds of complexity
measures for the complexity of enumeration problems [16]. One possibility is to
ask whether there is an algorithm that enumerates all MinAs in time polynomial
in the size of the input and the output, i.e., in the size of the TBox and the number
of MinAs. We will call such an algorithm output polynomial. One advantage of
an output polynomial algorithm is that it runs in polynomial time in case there
are only polynomially many outputs.
The pinpointing algorithm for EL+ described in Section 3 uses as a subprocedure the enumeration of all minimal valuations satisfying a given monotone
Boolean formula. Unfortunately, already this problem is known not to have an
output polynomial solution (unless P=NP). A proof of this fact can be found in
the technical report [11]; since this result is not included in the corresponding
journal paper [12], we provide our own proof for the sake of completeness.
Theorem 4. There is no output polynomial algorithm for computing all minimal satisfying valuations of monotone Boolean formulae, unless P=NP.
To prove this theorem, it is enough to show (see [17]) that the following decision
problem is NP-hard:
Lemma 1. Given a monotone Boolean formula φ and a set M of minimal valuations satisfying φ, deciding whether there exists a minimal valuation V ∈
/M
satisfying φ is NP-hard in the size of φ and M.
Proof. The proof is by reduction of the NP-hard hypergraph 2-coloring problem
[13]: given a collection H = {E1 , . . . , Em } of subsets of a set of vertices V , each
of them of size 3, is there a set C such that C ∩ Ei = ∅ and (V \ C) ∩ Ei = ∅ for
i = 1, . . . , m.3
3

In other words, both C and its complement must be hitting sets for E1 , . . . , Em .
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Let V = {v1 , . . . , vn } and Ei = {vi1 , vi2 , vi3 } for all i = 1, . . . , m. We represent
every vi ∈ V by a 
propositional variable pi , and construct the monotone Boolean
m
formula φ := ψ ∨ i=1 ψi , where
ψ=

m


pi1 ∨ pi2 ∨ pi3

and ψi = pi1 ∧ pi2 ∧ pi3

i=1

and the set M := {Vi := {pi1 , pi2 , pi3 } | 1 ≤ i ≤ m and no strict subset of Vi
satisﬁes ψ}.
It is easy to see that the formula φ as well as the set M can be constructed
in time polynomial in the size of V and H. Moreover, every valuation Vi ∈ M
satisﬁes the formula ψi , and hence also φ. It is minimal since no strict subset
of Vi satisﬁes (i) any of the ψj (which require valuations of size at least 3 to be
satisﬁed) nor (ii) ψ since otherwise the condition in the deﬁnition of M would
be violated. This shows that φ and M indeed form an instance of the problem
considered in the lemma.
To complete the proof of NP-hardness of this problem, it remains to be shown
that there is a minimal valuation V ∈ M satisfying φ iﬀ there is a set C ⊆ V
such that C ∩ Ei = ∅ and (V \ C) ∩ Ei = ∅ for all 1 ≤ i ≤ m.
For the if direction, let C be such a set, which we assume without loss of
generality to be minimal with respect to set inclusion. We deﬁne the valuation
VC := {pi | vi ∈ C} and claim that it is the minimal valuation we are looking
for. For every 1 ≤ i ≤ m, C ∩ Ei = ∅ implies that there is a 1 ≤ j ≤ 3 such
that vij ∈ C, which means that pij ∈ VC . This shows that VC satisﬁes ψ and
thus also φ. In addition, since (V \ C) ∩ Ei = ∅, there is a 1 ≤ k ≤ 3 such that
vik ∈
/ C. Thus, VC is diﬀerent from all the valuations Vi ∈ M, and it does not
satisfy any of the formulae ψi .
To show that VC is minimal, assume that V  ⊂ VC . Since C is minimal, the
set C  := {vi | pi ∈ V  } ⊂ C is such that there is a 1 ≤ i ≤ m with C  ∩ Ei = ∅.
This implies that V  does not satisfy pi1 ∨ pi2 ∨ pi3 , and hence it does not satisfy
ψ. As a subset of VC , it also does not satisfy any of the formulae ψi , and thus it
does not satisfy φ. This shows that VC is a minimal valuation satisfying φ that
does not belong to M.
For the only-if direction, assume that there is a minimal valuation V ∈ M
satisfying φ. This valuation cannot satisfy any of the formulae ψi . Indeed, (i) for
Vi ∈ M this would imply that V is a superset of one of the valuations in M,
which contradicts either the minimality of V or the fact that it does not belong
to M; (ii) for Vi ∈ M there would be a smaller valuation satisfying ψ, which
contradicts the minimality of V.
Since V is a model of φ, it must thus satisfy ψ. Deﬁne the set CV := {vi |
pi ∈ V}. Since V satisﬁes ψ, for every 1 ≤ i ≤ m there is a 1 ≤ j ≤ 3 such that
pij ∈ V, and thus vij ∈ CV ∩ Ei . On the other hand, since V does not satisfy
any of the formulae ψi , for every 1 ≤ i ≤ m there must also be a 1 ≤ l ≤ 3 such
that pi,k ∈
/ V, which means that Ei ⊆ CV and hence (V \ C) ∩ Ei = ∅.


Theorem 4 follows from this lemma since an output polynomial algorithm whose
runtime is bounded by the polynomial P (|φ|, |M|) (where φ is the input and M
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Algorithm 1. Compute one MinA for T = (∅
1:
2:
3:
4:
5:
6:
7:

{t1 , . . . , tn }) w.r.t. A  B.

if A T B then
return no MinA
S := {t1 , . . . , tn }
for 1 ≤ i ≤ n do
if A S\{ti } B then
S := S \ {ti }
return S

the output) could be used to decide the problem introduced in the lemma in
polynomial time as follows: given φ and M, run the algorithm for time at most
P (|φ|, |M|) and check whether the generated valuations are exactly those in M.
Theorem 4 shows that an algorithm for computing all MinAs based on computing the pinpointing formula and then producing its minimal satisfying valuations cannot be output polynomial. However, we can also use Theorem 4 to
show that there cannot be any algorithm for computing MinAs that is output
polynomial.
Theorem 5. There is no output polynomial algorithm that computes, for a given
HL TBox T = (Ts Tr ) and concept names A, B occurring in T , all MinAs for
T w.r.t. A  B, unless P=NP.
Proof. We show that the problem of computing minimal valuations of monotone
Boolean formulae can be reduced in polynomial time to the problem of computing MinAs of an HL TBox. Given a monotone Boolean formula φ, we introduce
one concept name Bψ for every subformula of ψ of φ, and one additional concept name A. We deﬁne TBoxes Tψ for the subformulae ψ of φ by induction: if
ψ = p is a propositional variable, then Tψ := {A  Bp }; if ψ = ψ1 ∧ ψ2 , then
Tψ := {Bψ1  Bψ2  Bψ }; if ψ = ψ1 ∨ ψ2 , then Tψ := {Bψ1  Bψ , Bψ2  Bψ }.
Obviously, the size of Tφ is linear in the size of φ. In Tφ , we declare the GCIs
A  Bp with p a propositional variable to be refutable, and the other GCIs to
be irrefutable. With this division of Tφ into a static and a refutable part, it is
easy to see that there is a 1–1-correspondence between the minimal satisfying
valuations of φ and the MinAs for Tφ w.r.t. A  Bφ . In particular, given a MinA
S, the corresponding valuation VS consists of all p such that A  Bp ∈ S. Thus,
if we could compute all MinAs with an output polynomial algorithm, we could
do the same for all minimal satisfying valuations.



5

Computing One MinA

For the sake of simplicity, we restrict the attention in this section to the case
where all axioms in the TBox are assumed to be refutable. Note, however, the
results could easily be extended to the general case.
A single MinA can be computed in polynomial time by the simple Algorithm 1,
which goes through all axioms (in a given ﬁxed order) and throws away those
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that are not needed to obtain the desired subsumption relationship. Since the
algorithm performs n + 1 subsumption tests (where n is the cardinality of T ),
and each such test takes only polynomial time, the overall complexity of this
algorithm is polynomial. It is easy to see that its output (in case A T B) is
indeed a MinA for T w.r.t. A  B.
Theorem 6. Given an EL+ TBox T = (∅ Tr ), Algorithm 1 terminates in time
polynomial in the size of T , and yields a MinA for T w.r.t. A  B if A T B.
Although it requires only polynomial time, computing one MinA using Algorithm 1 may still be impractical for very large TBoxes like SNOMED. In fact,
the algorithm has to make as many calls of the subsumption algorithm as there
are axioms in the TBox (in the case of SNOMED, more than 350,000). Here
we propose an improved algorithm that proceeds in two steps: (i) ﬁrst compute
a small (though not necessarily minimal) subset of the TBox from which the
subsumption relationship follows; (ii) then minimize this set using Algorithm 1.
Of course, this approach makes sense only if the algorithm used in step (i) is eﬃcient and produces fairly small sets. It wouldn’t help to use the trivial algorithm
that always produces the whole TBox. In the following, we denote by nMinA
such a (not necessarily minimal) subset obtained by step (i).
An algorithm that realize step (i) and runs in polynomial time can easily be
obtained from the pinpointing algorithm sketched in Section 3 by strengthening
the preconditions of rule applicability. The only modiﬁcation is the following:
if an assertion in the consequence of a rule already belongs to the current set
of assertions, then this rule is not applied, i.e., once an assertion is there with
some label, the label remains unchanged. Thus, every assertion (A, B) in the
ﬁnal set has a conjunction of propositional variables as its label, which clearly
corresponds to a subset of the TBox from which the subsumption relationship
A  B follows. In general, this subset is not minimal, however. (Because of the
space constraints, we cannot give an example demonstrating this.)
As described until now, this modiﬁed algorithm works on normalized TBoxes.
To get an appropriate subset of the original axioms, one can use a greedy strategy
for producing a set of original axioms that covers a given set S of normalized
axioms in the following sense. For each original axiom t, let St be the set of
normalized
axioms t gives rise to. The set T  of original axioms covers S if

S ⊆ t∈T  St . The use of a greedy strategy adds another possible source of
non-minimality. (We use a non-optimal greedy strategy to keep the algorithm
polynomial. In fact, even determining whether there is a cover set of size ≤ n is
another NP-complete problem [13].)
Our preliminary experimental results conﬁrm that this algorithm is indeed
more practical than Algorithm 1. Based on the reﬁned algorithm underlying
the CEL reasoner [5, 4], we have implemented the practical algorithm described
above for computing exactly one MinA for each subsumption relationship in
EL+ . The experiments were run on a variant of the Galen Medical Knowledge
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Fig. 2. Statistical data on the sizes of all computed axiom sets

Base [21],4 which is a TBox consisting of more than 4,000 axioms. On the normalized version of this TBox, CEL needs about 14 sec to compute all subsumption
relationships between concept names occurring in this TBox. Overall, over 27,000
subsumption relationships are computed. The overhead for computing for all of
these subsumption relationships (possibly non-minimal) subsets from which they
already follow was a bit more than 50%: the modiﬁed pinpointing algorithm described above needed about 23 sec. Going from the nMinAs for the normalized
TBox to the corresponding nMinAs for the original Galen TBox with the greedy
strategy took 0.27 sec. Finally, the overall time required for minimizing these
sets using Algorithm 1 (with CEL [4] as the subsumption reasoner) was 9:45 min.
For these last two numbers one should take into account, however, that these
involved treating more than 27,000 such sets. For a single such set, the average
post-processing time was negligible (on average 21 milliseconds). Also note that
applying Algorithm 1 directly to the whole TBox for just one subsumption relationship (between Renal-Artery and Artery-Which-Has-Laterality) took more
than 7 hours.
Thus, from the point of view of runtime, our practical algorithm behaves
quite well on Galen. The same can be said about the quality of its results.
Figure 2 displays the distribution graphs of the sizes of all computed nMinAs and
their corresponding MinAs. The average size of an axiom set computed by the
algorithm before using Algorithm 1 to minimize it was 5 (with maximum size 31),
4

Since Galen uses expressivity not available in EL+ , we have simpliﬁed it by removing
inverse role axioms and treating functional roles as ordinary ones.
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which is quite small and thus means that this set can directly be given to the user
as an explanation for the subsumption relationship. Also, the computed nMinAs
were almost minimal: on average, the possibly non-minimal sets computed by
the algorithm were only 2.59% larger than the minimal ones. When considering
the normalized TBox (i.e., without translating back to the original TBox), this
number was even better (0.1%). This means that in most cases it is probably not
necessary to further minimize the sets using Algorithm 1. If demanded by the
user for a speciﬁc subsumption relationship it can still be done without taking
much time.

6

Additional and Future Work on Pinpointing

The pinpointing extension of the subsumption algorithm for EL described in
Section 3 as well as the pinpointing algorithm for ALC described in [3] are instances of a general approach for modifying “tableau-like” reasoning procedures
to pinpointing procedures [6].
Instead of computing minimal subsets that have a given consequence, one
sometimes also wants to compute maximal subsets that do not have a given
consequence. Given the pinpointing formula φ, these sets correspond to maximal
valuations that do not satisfy φ. The complexity results from Section 4 hold
accordingly for such maximal sets. However, we currently do not know how to
obtain a practical algorithm computing one such set (i.e., the results of Section 5
cannot be transferred to the case of maximal sets). Another open problem is the
question of whether Theorem 5 also holds in the special case where the static
TBox is empty.
Finally, space optimizations shall be studied to cater for large ontologies such
as SNOMED with up to ten million subsumptions, and thus nMinAs.
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