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Preface
Formal models of domain-specific knowledge abound in science and technology.
It is desirable that such models can be managed, exchanged, and interpreted in
computer systems, and the term “ontology” was coined to refer to the respective
modelling artefacts.
A prominent application field for ontologies is the Semantic Web where the
Web Ontology Language OWL is the predominant modelling language. The formal semantics of OWL is largely based on the description logic (DL) family
of knowledge representation formalisms that are well-suited for terminological
modelling. Rule-based knowledge representation languages, in contrast, have a
stronger focus on modelling relationships between instances. Both perspectives
are relevant in applications but the combination of rules and DLs turns out to be
difficult, since vital computational properties such as decidability are lost easily.
The subject of this work is to advance the development of hybrid DL rule languages based on first-order Horn rules. Reasoning for SWRL – the combination of
DLs with (first-order) datalog – is known to be undecidable, and we identify DL
Rules as a novel class of decidable SWRL fragments that is closely related to DLs.
New decidability results for DLs with role constructors let us include simple role
conjunction and concept products into DL Rules. DL Rules are further extended
with DL-safe variables to arrive at DL+safe rules. The latter generalise DL Rules
and the known approaches of DL-safe rules and role-safe recursive CARIN.
This leads to expressive DL rule languages with high computational complexities, motivating the study of more restricted languages. We introduce Horn DLs to
generalise the known DL Horn-SHIQ, and show that many of these DLs exhibit
high reasoning complexities in spite of their low data complexity. DLP has been
proposed as a logic in the “expressive intersection” of DLs and datalog. We question the meaning of this description, and develop formal design criteria for DLP
that let us specify the largest datalog-expressible fragment of description logics.
Combining these insights, we arrive at a new tractable DL rule language ELP
which extends both DLP and the light-weight DL EL++ , although the union of
these languages is intractable. ELP incorporates DL Rules and a form of DL+safe
rules, and we present a reasoning procedure based on a direct reduction to datalog
that preserves the structure of rules. This also lets us derive a new datalog-based
inferencing procedure for the DL SROEL(⊓s , ×) which extends EL++ .
This work advances the understanding of the relationship of rules and description logics, leading to concrete new knowledge representation formalisms of practical relevance. DL+safe rules constitute one of the broadest classes of decidable
SWRL fragments known today. ELP provides a tractable DL rule language that
generalises the novel light-weight ontology languages OWL RL and OWL EL as
standardised by W3C, and that has been adopted as the basis for the WSML-DL
v

v2.0 dialect of the Web Service Modeling Language. Our work also suggests new
rule-based implementation methods for supporting these languages based on a
single inferencing algorithm.
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Chapter 1
Introduction
Ontological modelling is relevant in a number of disciplines – prominent application areas include medicine, the life sciences, and the Semantic Web –, and various
ontology languages have been devised as a suitable conceptual basis. Examples
include CycL [Cyc02], LOOM [MB87], KIF [GF92], KRSS [PSS93], F-Logic
[KLW95], Common Logic [ISO07], but also domain-specific languages such as
OBO [DR06]. A prominent and highly influential representative of such languages
is the Web Ontology Language OWL which became a W3C standard in 2004
[PSHH04] and which has been updated and extended in 2009 [OWL09]. The formal semantics of OWL is largely based on description logics as an expressive
knowledge representation formalism with a particular emphasis on terminological, i.e. schema-level, modelling. Rule languages, in contrast, provide an alternative paradigm for modelling knowledge1 with a stronger focus on instances and
relations between them. The combination of both approaches is desirable but difficult, and – based on a more precise notion of “rule language” – it will be the
main objective of this work.
The following sections provide a wider perspective and motivation for this
work. Section 1.1 gives a short discussion of ontological modelling in the context
of various historical developments, and discusses its relation to the Semantic Web.
An intuitive introduction of description logics and their history is then provided
in Section 1.2. In Section 1.3, we give an overview of popular uses of the term
“rule,” and outline which meaning the term will have within the remainder of this
work. Section 1.4 explicates the aims and objectives of this work, and Section 1.5
offers some guidance for reading it.
1

We generally use the term “knowledge” in the technical sense of “knowledge representation
and reasoning” and especially we do not presuppose or endorse any philosophical theory of knowledge.
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1.1

Ontologies and the Semantic Web

In computer science, an ontology is a description of knowledge about a domain of
interest, the core of which is a machine-processable specification with a formally
defined meaning.2 Approaches to knowledge representation and reasoning, and
especially the formalisms that are discussed within this work, provide the formal
underpinnings for the creation and usage of ontologies in this sense. Application areas of ontologies include geoscience [Goo05, RP05, SWE, FMC+ 09], bioinformatics [Gen00, SAR+ 07, GGPS03], medicine [RGG+ 94, SCC97, dCHS+ 04,
GZB06], electrical engineering [UD07, UG07], service science [SGA07], and –
maybe most prominently – the Semantic Web [BLHL01].
The modern usage of ontologies marks the convergence of two strands of scientific and technological development: the description of the world in terms of
abstract models, and the automated calculation with formally specified knowledge. Scientific modelling, the former of the two aspects, can be traced back to
ancient philosophy, and indeed started with fundamental questions that initiated
the philosophical field of Ontology [Sow00]. Yet, the advent of rigorous scientific
models started only in the 18th century with the systematic study of natural phenomena. Classical models include, e.g., the biological classification of the Linnean
taxonomy, the International Classification of Diseases (ICD), or the Dewey Decimal Classification (DDC) for library organisation. These examples also highlight
a development toward using models for communication – the ICD was initially
created for enabling international exchange of mortality statistics – and for organisation and search – an important goal of DDC is to allow users to find a book
in a library. Both aspects have gained further importance in modern information
technologies.
Today, formal models abound in science and technology, and standards have
been devised for their specification. A typical example from computer science
is the Unified Modelling Language UML.3 Models thus also have become computational artefacts that are stored and processed in computer systems, and the
requirement for more “intelligent” automatic evaluation of models was a natural
consequence. In many cases, “intelligent evaluation” has been interpreted as the
capability to draw logical inferences from the given information, which is where
knowledge representation and reasoning comes to the fore as the second main
component of ontology-based applications.
The idea of formal inferencing as a means for simulating and augmenting human reasoning has a long history which involves Aristotle’s syllogisms, Ramon
2

The term is derived from the philosophical discipline of Ontology – the study of existence and
being – since a basic purpose of ontologies in computer science is to describe the existing entities
and their inter-relation.
3
http://www.uml.org/
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Llull’s “Ars generalis ultima,” and the visionary ideas of Gottfried Leibniz; see
[Sow00] for details. Yet, significant progress toward that goal happened only in the
late 19th century with the systematic development of formal logic. Although the
seminal results of Gödel [Göd31] and Turing [Tur37] revealed principal boundaries both of logical deduction and of practical computation, the development of
electronic computers renewed the interest in knowledge representation and (automated) reasoning, and the field of Artificial Intelligence (AI) provided the environment for extended research activities in that area; see, e.g., [RN03] for an
introduction.
It was soon discovered that computational complexity is a major limiting factor for automated deduction, destroying the hope that the rapid growth of computing power would suffice to solve all practically relevant reasoning problems as
long as they were at least decidable. Continued research revealed the fundamental
conflict between maximising the expressive power of a knowledge representation
formalism on the one side, and minimising the computational complexity of the
relevant reasoning problems for this formalism on the other. This basic trade-off
between expressiveness and computational feasibility has consequences for the
design of modelling languages, and thus relates knowledge representation and
reasoning to formal modelling.
Ontological modelling – though not always with that particular name – has
been done in various contexts and applications. The expert systems of the 1980s
were mostly based on rule languages for modelling knowledge, whereas Cyc became known as a major effort for creating a huge and complex ontology based
on a more expressive knowledge representation language [LG90]. Notable modelling efforts have also been made in life sciences and medicine, leading to ontologies of significant practical impact. Prominent clinical and health care ontologies include GALEN (around 25,000 atomic concepts [RGG+ 94]), SNOMED-CT
(around 300,000 atomic concepts [JS08]), and the NCI Thesaurus of the US National Cancer Institute (around 25,000 concepts [dCHS+ 04]). However, the most
prominent use of ontologies to date relates to a more recent activity of establishing
a Semantic Web.
The Semantic Web has been conceived as an extension of the World Wide Web
that allows computers to intelligently search, combine, and process Web content
based on the meaning that this content has to humans [BLHL01, SBLH06]. In
the absence of human-level artificial intelligence, this can only be accomplished
if the intended meaning (i.e. the semantics) of Web resources is explicitly specified in a format that is processable by computers. For this it is not enough to
store data in a machine-processable syntax – every HTML page on the Web is
machine-processable in a sense – but it is also required that this data is endowed
with a formal semantics that clearly specifies which conclusions should be drawn
3
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from the collected information.4 Clearly, this would be an impossible endeavour
when aiming at all human knowledge found on the Web, given that it is often
hard enough for humans to even agree on the contents of a certain document, not
to mention formalising it in a way that is meaningful to computers. In reality,
of course, the purpose of the Semantic Web is rather to enable machines to access more information that hitherto required human time and attention to be used.
While this is a reasonable goal from a practical viewpoint, it also means that “Semantic Web” does not refer to a concrete extension of the World Wide Web, but
rather to an ideal toward which the Web evolves over time. At the same time, any
progress in this field can similarly be useful in applications that are not closely
related to the Web.
Realising the above-mentioned goals makes it necessary to address a number of difficult challenges that are not addressed by classical Web technologies.
This is where topics of formal modelling and automated deduction come into
play. Expressing human knowledge in a formally specified language is a classical modelling task. The rich experiences gathered within this domain throughout history are an important guide in identifying relevant modelling structures up
to the present day. The most recently developed Semantic Web language OWL
2 (see below), for instance, has been influenced by feature requests from modelling use cases in life sciences. Moreover, semantic technologies can draw from
modelling methodologies, software applications, and corresponding user-interface
paradigms that have been developed for supporting humans in the task of constructing models.
How knowledge is to be modelled also depends, of course, on the intended
usage of the constructed model. On the Semantic Web, one would like computer
programs to draw conclusions from given information, so that aspects of formal
knowledge representation and reasoning become relevant. In the first place, the
insights gathered in this field help in understanding the fundamental difficulties
and limits that one has to be aware of when constructing reasoning systems. On
the practical side, semantic technologies can build on algorithms and tools that
were developed for solving relevant inferencing problems.
The above discussion views the development of the Semantic Web as an approach of incorporating knowledge modelling and automatic deduction into the
Web. Conversely, it is also true that semantic technologies introduce aspects and
features of Web applications into the domain of formal modelling and knowledge representation. Most basically, the Web introduces a notion of distributed,
4

Note that, indeed, the term “semantics” occurs with two distinct interpretations in the previous
two sentences. In the first sense, it refers to the meaning that texts in a human language have: this
is the usage common in linguistics. In the second sense, it refers to the formal interpretation of a
computer language: this is the usage common in computer science. Both notions of the term are
found in discussions of the Semantic Web.
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heterogeneous, yet inter-linked information that is novel to the other disciplines.
Whereas Web data is indeed independently published and maintained in many
sources, it is still universally accessible based on global addressing schemes and
standardised protocols. More specifically, the Web emphasises the importance of
clearly specified, standardised languages that can be used to exchange data across
software boundaries. Although there are some examples of earlier standardisation activities around knowledge representation formalisms,5 the Semantic Web
clearly has increased the practical importance of standardisation in this area. These
activities have also facilitated tool interoperability and information exchange in
application areas beyond the Web.
As of today, the most prominent standards for semantic technologies are the
Resource Description Framework RDF [MM04, KC04, Bec04, Hay04], enabling
the exchange of factual data, the SPARQL language for querying such data [PS08,
BB08, CFT08], and the Web Ontology Language OWL for modelling complex
schematic knowledge [OWL09]. As the name suggests, OWL is most relevant
for ontological modelling, although some of its modelling features were already
introduced by RDF Schema [BG04]. This work is closely related to the knowledge
representation formalism that provides the formal underpinning for a significant
part of the OWL standard – description logics (DLs) – which will be introduced
in more detail in Section 1.2.
The OWL standard has first been published in 2004, and an updated and extended version has recently been released under the name OWL 2.6 The new standard is fully compatible with the old one, i.e. with “OWL 1,” but it provides a
number of additional features both on the technical and on the logical level. We
will not introduce the syntactic details and formal intricacies of OWL 2 herein,
see [HKP+ 09, HKR09, HKRS08] for a detailed introduction. This work relates to
the so-called direct semantics of OWL 2 which is based on the description logic
SROIQ, and it is generally more convenient to use the syntax of DL or first-order
logic for our purposes.
A particular aspect that is worth special emphasis, however, is the inclusion of
tractable sub-languages – so-called profiles – into OWL 2 [MCH+ 09]. The three
profiles that are provided are called OWL EL, OWL RL, and OWL QL. Their
purpose is to provide “maximal” sub-languages of OWL 2 for which standard
reasoning problems can be solved in polynomial time. It should be noted that the
union of any two of the languages does no longer have this property. The fact that
these profiles have been introduced in OWL 2 witnesses the increased demand
for tractable formalisms, and it illustrates the practical impact that research on
5

The most prominent example is the logic programming language Prolog that is covered by
the ISO/IEC 13211 standard, cf. [DEDC96].
6
See [OWL09] for an overview; the main technical specifications are [MPSP09, MPSC09,
SHKG09, PSM09, Sch09b, MCH+ 09]
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the worst-case complexity of important reasoning problems has within this field.
Establishing complexity results for new and extended knowledge representation
languages will also be a major topic of this work.

1.2

Description Logics

Description logics (DLs) are among the most important formalisms for ontological modelling today, which is also due to their central rôle for the semantics of the
Web Ontology Language OWL. DLs have developed as a family of related knowledge representation languages ranging from light-weight formalisms for which
common inference tasks can be solved in polynomial time to highly expressive
logics for which reasoning is undecidable. A major design goal for description
logics, however, typically is to retain decidability of standard inferencing tasks
such as checking knowledge base satisfiability. Another common feature of the
overwhelming majority of today’s description logics is that they can be considered as fragments of first-order logic (with equality),7 although a different syntax
is commonly used for DLs.
Theories of a DL are usually called knowledge bases, which specifically avoids
any informal connotations that the general term “ontology” often has, as discussed
in Section 1.1. DL knowledge bases describe models that are based on individual
elements, classes of which elements can be instances, and binary relationships
between the elements. These three types of semantic entities are syntactically denoted by means of individual names, concept names, and role names, which essentially correspond to constants, and unary and binary predicates in first-order
logic.8 Some DLs have been extended with datatypes, thus introducing notions of
sorted logic, but these approaches will not be considered within this work.
Basic statements that can be formulated with this vocabulary include:
– assertions such as City(ulm) (“The element denoted by ulm is in the class
denoted by city” i.e. “Ulm is a city”), or locatedIn(dresden, germany)
(“Dresden is located in Germany”),
– concept inclusions such as Capital ⊑ City (“capitals are cities”), and
– role inclusions such as captialOf ⊑ locatedIn (“a capital of some country
is always located within this country”).
7

Exceptions include, e.g., DLs that include operators for specifying transitive closure that are
rarely considered today.
8
Some application areas use other terms, and especially OWL uses the terms “class” and “property” to refer to concepts and roles. In this work,“class” always refers to the semantic entity that a
concept describes, i.e. to a set of individuals within a model.
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Here we adopt the convention of capitalising concept names. In addition, DLs
provide many operators for combining concept names into complex concept expressions, the semantics of which is derived from the semantics of the individual
components. Basic operators include the Boolean constructors ⊓ (intersection), ⊔
(union), and ¬ (negation). Role restrictions further allow us to describe classes
based on binary relationships of individual elements. For example, the concept
∃ citizenOf.EUCountry describes the class of all things that are citizens of some
EU country, while ∀ citizenOf.EUCountry refers to those things that are citizens of nothing but EU countries (including, as usual in first-order logic, the things
that are not citizens of anything). Combining these expressive features, it can be
stated that people who have nothing but EU citizenships are either EU citizens or
have no citizenship at all:
Person ⊓ ∀ citizenOf.EUCountry ⊑ EUCitizen ⊔ ¬∃ citizenOf.⊤.
Here, the operator ⊤ denotes the class of all elements, so ¬∃ citizenOf.⊤ refers
to things without any citizenship. Further constructors are introduced in Chapter 3.
DLs typically provide much less features for creating complex role expressions
than for creating complex concept expressions. A basic example are inverse roles,
as in the concept expression ∃ citizenOf− .Person that describes the class of all
things that have some citizen who is a person. More advanced role constructors
are less common, but will be relevant for various parts of this work; see Chapter 5
for a detailed discussion. A construct that is available in many modern DLs, and
in particular in (all profiles of) OWL 2, are so-called complex role inclusions that
allow us to state that, whenever two individuals are connected with a chain of
relations, they must also be directly related by some other relation. For example,
we can formulate that the brother of someone’s father is her uncle:
hasFather ◦ hasBrother ⊑ hasUncle.
Expressions of this kind significantly increase the modelling power of DLs, and
can easily lead to higher reasoning complexities or even to undecidability. At the
same time, complex role inclusions provide an important basis for some of the
approaches of modelling rules in description logics that are discussed in this work.
Historically, description logics developed out of semantic networks [Qui68]
and frame logics [Min74] in the mid-1980s. The knowledge representation language KL-ONE [BS85] and the frame logic FL [BL84] are often considered to
be the first description logics. However, it was soon discovered that KL-ONE
leads to undecidable inferencing problems [SS89], and that fundamental reasoning tasks tend to be computationally intractable even in very simple DLs like ALC
[SSS91]; see [DLNS96, BCM+ 07] for an overview of related results.
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Yet, the actual implementation of inferencing engines has been a major goal of
DL research since its early days, and numerous systems have been proposed. The
initial implementation for KL-ONE was soon succeeded by various early DL reasoners such as Loom [MB87], Krypton [BPL85], Nikl [KBR86], Back [QK90],
Classic [BBMR89], and Kris [BH91]. Many of these early systems were not only
very efficient and scalable but also, unfortunately, incomplete. Namely, the structural inferencing algorithms that they applied are insufficient for discovering all
logical inferences in all but the most basic DLs. Later implementations overcame
this problem by employing tableaux algorithms. Examples of modern systems that
are based on this idea include FaCT++ [TH06], Pellet [SPG+ 07], and RacerPro
[HM01]. In spite of the high worst-case complexities of the underlying reasoning
problems, it turned out that many practical problems can be solved by using such
highly optimised and well-engineered implementations. More recently, alternative
approaches have been proposed to address common problems in tableau-based
systems, such as the relatively poor handling of large amounts of instance data.
Examples include resolution-based algorithms as in KAON2 [MS06], the hypertableau system HermiT [MSH07, MSH08], approaches based on type elimination
[RKH08d, RKH08c], and recent “consequence-based” approaches [Kaz09a].
Moreover, a number of light-weight description logics have been studied in recent years to address the emerging requirements for reasoning with very large ontologies. Notable approaches include the description logics EL++ [BBL05], DLLite [CGL+ 07], and DLP [GHVD03] which provide the formal background for
the OWL 2 profiles OWL EL, OWL QL, and OWL RL, respectively. Both EL++
and DLP are studied and extended within this work as part of the general struggle for more expressive yet tractable knowledge representation languages. DLP
– Description Logic Programs – are of additional interest since they have been
proposed as a language within the “intersection” of description logics and rule
languages. We will see that the actual relationship between DL and rules is significantly more complicated – the term “intersection” is rather not adequate here –,
but DLP still provides an inspiration for our studies.

1.3

What is a Rule?

Rule-based modelling has a long tradition in knowledge representation and reasoning, and a plethora of different rule formalisms have been proposed. What
these formalisms have in common is not so much their formal background – of
which some rule languages have very little – but rather a common metaphor for
modelling knowledge. In the broadest sense, a rule could be any statement which
says that a certain conclusion must be valid whenever a certain premise is satisfied, i.e. any statement that could be read as a sentence of the form “if . . . then
8
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. . . ”9 Typical representatives are rules in logic programming, association rules in
databases, or production rules as they occur in various business rules systems. In
this work, we will confine ourselves to concrete kinds of first-order Horn logic
rules that will be defined more accurately. Yet it is worth noting that the term
“rule” as such refers rather to a knowledge modelling paradigm than to a particular formalism or language. And it is also this paradigm that makes rules attractive in many applications, since users sometimes find it more natural to formulate
knowledge in terms of rules than in terms of other kinds of ontological axioms.
But the difference between rules and ontologies is not merely pedagogical. In
the cases we consider, rules can often help to express knowledge that cannot be
formulated in description logics. At the same time, there are also various features
of DL that rule languages do not provide, so a natural question to ask is how the
strengths of DL and of rules can be combined. It turns out that this is indeed possible, but that the added power often also comes at the price of higher complexity
and more difficult implementation.
It has been noted that rules of any type should consist at least of a premise and
a conclusion, with the intuitive meaning that in any situation where the premise
applies the conclusion must also hold. Such a general description comprises some,
if not all, DL axioms. Consider, e.g., the “rule” that, if a person is the author of a
book then she is a (member of the class) book author. This can surely be expressed
in DL: using the syntax introduced in Section 1.2, we can write
Person ⊓ ∃authorOf.Book ⊑ Bookauthor.
It has already been mentioned that DLs can usually be considered as fragments of
first-order predicate logic. Indeed, it turns out that we can equivalently write the
above statement as a predicate logic formula (see Section 3.2 for formal details):


∀x. Person(x) ∧ ∃y. authorOf(x, y) ∧ Book(y) → Bookauthor(x) .

Using standard semantic equivalences of first-order logic, we thus obtain:

∀x∀y. Person(x) ∧ authorOf(x, y) ∧ Book(y) → Bookauthor(x) .

This formula is a logical implication with universally quantified variables, hence
it comes close to our vague idea of a “rule.” The universal quantifiers express the
fact that the implication is applicable to all individuals that satisfy the premise.
But defining “first-order logic rules” to be arbitrary first-order logic implications
would not say much since every first-order logic formula can be rewritten to fit
9

Instead of the terms “premise” and “conclusion” it is also common to speak of “precondition”
and “postcondition,” “body” and “head,” or “precedent” and “antecedent” of a rule. We use these
terms interchangeably.
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that syntactic form. One therefore typically restricts to so-called Horn rules: implications with conjunctions of atomic formulae as their body and head. Using
the term “rule” as a synonym for “first-order Horn implication” has become common practice in connection with the Semantic Web, as witnessed by formalisms
such as the Semantic Web Rule Language [HPSB+ 04], Description Logic Rules
[KRH08a], DL-safe rules [MSS05], and the Rule Interchange Format (RIF-Core
[BHK+ 09]), most of which will also be discussed in more detail within this work.
While a main focus of this work are (extensions of) the rule languages mentioned above, it should be noted that there are a number of rather different interpretations of the term “rule” outside of first-order logic. Among the most popular rule
formalisms in computer science is certainly logic programming [Llo88], which is
closely associated with the Prolog programming language and its various derivatives and extensions [DEDC96, CM03]. At first glance, Prolog rules appear to be
very similar to first-order logic implications that merely use a slightly different
syntax, putting the precondition to the right of the rule. The example above would
read as follows in Prolog:
Bookauthor(X) :- Person(X), authorOf(X, Y), Book(Y).
Basic Prolog indeed has the same expressiveness as first-order Horn logic, and
can equivalently be interpreted under a first-order logic semantics. But there are
many extensions of Prolog that introduce features beyond first-order logic, such as
operational plug-ins (e.g., for arithmetic functions) and non-monotonic inferences
which derive new results from the fact that something else can not be derived.
Logic programming in this form, as the name suggests, has been conceived as a
way of specifying and controlling powerful computations, and not as an ontology
language for direct interchange on the Web. Two ontologies from different sources
can usually be merged simply by taking the union of their axioms (meaningful or
not), whereas two independent Prolog programs can hardly be combined without
carefully checking manually that the result is still a program that can be successfully executed by the employed logic programming engine. The use of logic
programming in combination with ontologies can still be quite useful, but most of
the research that has been conducted in this field is beyond the scope of this work
(see Section 4.3 for an overview).
A related rule formalism that has also been proposed as an ontology language is F-Logic [KLW95]. While F-Logic incorporates a Prolog-like rule syntax that is evaluated under a non-monotonic semantics in current systems, its core
is the frame syntax for defining classes and instances from which it derives its
name. F-Logic is closely related to the upcoming Rule Interchange Format, especially to the Basic Logic Dialect RIF-BLD [BK09]. The latter does not include
non-monotonic features, and can be evaluated under a first-order logic seman10
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tics that allows for a combination of RIF-BLD with OWL and the rule-based extensions considered within this work (see also [dB09]). We are more interested
in (onto)logical expressiveness, and will not discuss the technical details of this
combination within this work.
Yet another kind of rules that is very relevant in practice is known as production rules, such as Event Condition Action Rules or business rules. Rule languages
of this type apply a more operational interpretation of rules, i.e. they view rules
as program statements that can be executed actively. For ontology languages like
OWL, the semantics of an ontology is not affected by the order in which ontological axioms are considered. In contrast, for rules with an operational semantics it
can be crucial to know which rule is executed first, and part of the semantics of
production rules is concerned with the question of precedence between rules. A
popular evaluation strategy for production rule systems is known as the Rete Algorithm [For82]. Many different kinds of production rule engines are used in practice
and many rule engines implement their own customised semantic interpretations
of rules that do not follow a shared published semantics. As such, production rules
again are hard to interchange between different systems, and the ongoing work on
the W3C Rule Interchange Format is among the first efforts to allow for the kind
of interoperability that a common semantic standard can offer [dSMPH09]. Yet
it is currently unclear how production rule engines should best be combined with
ontology-based systems, and we shall not pursue this endeavour in the remainder
of this work.
Besides the interpretation of “rule” in these diverse approaches, the term can
also have an even more general meaning in the context of knowledge representation. In particular, a “deduction rule” or “rule of inference” is sometimes understood as an instruction of how to derive additional conclusions from a logical
theory. In this sense, the rule is not part of the encoded knowledge, but rather a
component of algorithms that are used to process this knowledge. It can be argued
that the deduction rules of virtually any calculus could be expressed as logical
rules of some suitable logic. But this logic is typically required to be very expressive, making it difficult or impossible to implement general-purpose reasoners that
can process the logical theory that was derived from a set of deduction rules. Since
we are interested in semantic technologies that represent knowledge in a machineprocessable way, the topic of this work is rules in the earlier sense, i.e. axioms for
representing ontological knowledge in the form of a rule.

1.4

Aims and Objectives

The discussion in Section 1.3 illustrates that rule-based formalisms are highly relevant in various application areas of formal or semi-formal knowledge modelling.
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In spite of the rather wide interpretation of the term “rule” that is common in
various areas, many of these approaches – especially the ones that are related to
logic programming and deductive databases – also provide a clearly defined formal semantics with well-understood relationships to first- and higher-order logic.
It therefore seems natural to apply selected rule-based approaches to ontological
modelling tasks as discussed in Section 1.1, e.g. in the context of the Semantic
Web.
This simple conclusion, however, disregards the fact that a large part of today’s ontological models are based on description logics as introduced in Section 1.2. There are various reasons why DLs have become a predominant modelling formalism in many areas, including their strong focus on terminological,
i.e. schema-level, modelling. Rule languages, in contrast, are typically superior
for modelling relationships between instances, and more scalable when handling
large data sets. Much research has been conducted in recent years to reconcile
both approaches,10 yet many basic questions remain open even when restricting to
rules with a first-order semantics.
The principal objective of this work therefore is to advance the development
of hybrid knowledge representation formalisms that combine aspects of rules and
description logics. The two main motivations underlying this goal are apparent
from the above discussion:
1. Extending the expressiveness and practical applicability of DL-based ontology languages by incorporating features of rule-based formalisms
2. Increasing the interoperability between rule languages and description logics
It has been mentioned before that there is often a trade-off between expressiveness
and practical applicability, and we therefore must aim for a suitable balance between the two. Indeed, the combination of function-free first-order Horn logic – a
simple rule language known as (monotonic) datalog [AHV94] – with description
logics has been proposed as (the logical core of) the Semantic Web Rule Language
(SWRL) [HPSB+ 04], but reasoning in SWRL already turns out to be undecidable.
To address these challenges within this work, we pursue three related, and often intertwined, strands of research which define concrete goals for the remainder
of this work:
Discovering and extending decidable fragments of SWRL While reasoning in
the unrestricted combination of DL and datalog is generally undecidable,
SWRL still defines a fragment of first-order logic that is useful as a framework for studying rule extensions of description logics. A concrete research
10

See Section 4.3 for a general overview.
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question then is: Which non-trivial fragments of SWRL allow for decidable reasoning, and what is the worst-case complexity of reasoning in these
cases?
Identifying and characterising rule fragments of DLs A further approach that
is dual to the first one in a certain sense is to study the commonalities of
description logics and rules. Related research questions in this case are:
How can DLs be restricted so as to recover certain positive characteristics
of first-order Horn logic? How does this restriction affect reasoning complexities? Is it possible to characterise the “intersection” of DL and datalog
as a fragment of first-order logic? These questions relate to Horn DLs and
Description Logic Programs (DLP).
Developing tractable hybrid knowledge representation languages Recent applications of ontologies face an ever increasing amount of data which has inspired research on tractable knowledge representation formalisms for which
reasoning can be achieved in polynomial time. Given the additional focus
on instance data that rules provide, the search for tractable yet expressive
formalisms is of special importance in this context.
A summary of our contributions in each of these areas is given in Chapter 10.
Studying worst-case complexities in the context of this work allows us to compare hardness – in a computational sense – of standard inference tasks to hardness
of well-known description logics, and thus helps to understand the theoretical expressivity of our approaches in relation to other knowledge representation languages. To some extent, complexity measures can also hint at the feasibility of
implementing efficient reasoning algorithms in practice, though worst-case complexity is generally too coarse a measure to obtain conclusive results in this respect.

1.5

Guide to the Reader

An overview of the chapters of this work and their mutual dependencies is given
below. Many chapters provide extensive informal discussions to augment the rigorous formal parts. Nevertheless, intuitive explanations are generally in danger of
over-simplification and ambiguity, and the reader is thus advised to refer to the
according definitions, theorems, or – for material beyond the scope of this work –
to the given literature for precise authoritative statements. We also explicitly point
out if a section is largely introductory in nature, so that experts might want to skip
it and refer back to it if needed. A comprehensive index is provided to support this
style of reading.
13
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Figure 1.1: Dependencies between chapters and relation to main objectives
This work contains proofs. Readers who are only interested in the results can
safely skip these parts by continuing with the narrative beyond the subsequent
 symbol. Moreover, a number of complex proofs have been split into separate
lemmata which can also be skipped as parts of the proof. Statements that are
marked as theorem or proposition, in contrast, are considered to be interesting as
results in their own right.
The dependencies between the individual chapters, and the relationship to the
main objectives as explained in Section 1.4 is illustrated in Fig. 1.1. The synopsis
of the chapters is as follows:
Chapter 2 This chapter briefly reviews first-order logic and makes some remarks
on complexity theory that can safely be skipped by knowledgeable readers. However, Section 2.2 introduces emulation as a new notion that conveniently describes semantic correspondences encountered throughout this
work.
Chapter 3 This chapter formally introduces DLs by presenting the description
logic SROIQ (and our notation for it) as a basis for large parts of this
work. We also clarify the relationship of DLs to first-order logic and other
logics, and give an overview of DL nomenclature.
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Chapter 4 This chapter introduces datalog as a first-order rule language and defines its combination with SROIQ that we will call SWRL throughout this
work. Moreover, an extended summary of related works is provided in Section 4.3 and 4.4.
Chapter 5 The topic of this chapter are extensions of description logics with role
constructors, which also play an important rôle for aligning the expressiveness of rules and DLs. New results are derived for highly expressive DLs,
but also for the tractable description logic SROEL(⊓s , ×) for which reasoning is reduced to inferencing in datalog.
Chapter 6 This chapter provides a general definition of Horn description logics based on existing work for Horn-SHIQ, and establishes a number of
complexity results for Horn DLs. The related proofs – a PSpace tableaux
procedure and various reductions of halting problems for (alternating) Turing machines – are among the technically most interesting arguments in
this work. We also discuss the light-weight Horn DL RL which is closely
related to OWL 2 RL [MCH+ 09].
Chapter 7 This chapter characterises the largest datalog-expressible fragment of
SROIQ, thus extending the existing DLP formalism [GHVD03]. An extended discussion is provided to arrive at a suitable definition of “largest”
and “datalog-expressible.” Establishing either property for the defined language DLP requires intricate proofs that utilise model-theoretic properties
that distinguish datalog from Horn logic with function symbols.
Chapter 8 Description Logic Rules are defined and studied within this chapter.
DL Rules provide an interesting family of decidable SWRL fragments that
can be expressed in description logics by means of computationally simple
yet not necessarily obvious encodings. This new approach is generalised to
a large class of DLs, including DLs with the additional role operators of
Chapter 5.
Chapter 9 DL Rules are applied within this chapter to arrive at a generalisation of DL-safe rules [MSS05] which we call DL+safe rules. We study the
complexity of this extended formalism and introduce the tractable hybrid
knowledge representation language ELP.
Chapter 10 This final chapter concludes by summarising and discussing the obtained results, and by providing an outlook to future work.
We point out that there is a clear distinction between chapters that provide
introductory or preliminary information – Chapters 1, 2, 3, 4, and 10 –, and chapters that contain novel results – Chapters 5, 6, 7, 8, 9. Each chapter starts with a
15
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more detailed overview of its contents, and chapters with novel results provide a
concluding summary and a discussion of related works.
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Chapter 2
Basic Definitions
This chapter mostly introduces basic definitions and results that are required in
later parts of this work, but it also introduces a novel notion of emulation that we
will use frequently for describing a particular kind of semantic correspondence
between logical theories or knowledge bases.
We begin by recalling first-order logic with equality in Section 2.1, discuss important types of logical correspondences in Section 2.2, and conclude with some
brief remarks on complexity theory in Section 2.3.

2.1

First-Order Logic with Equality

In this section, we give a brief introduction to first-order logic with equality (denoted as FOL≈ ) which constitutes the overarching semantic framework for the
knowledge representation formalisms that are studied within this work. Our main
goal is to provide a concise reference for basic notions and notations that are used
in later chapters. Readers without prior knowledge on first-order logic may wish
to consider a more extended introductory text, e.g. the textbook [Fit96].
Definition 2.1.1 A signature hI, F, P, Vi of first-order logic with equality (FOL≈ )
consists of a set of individual names (or constant symbols or simply constants) I,
a set of function symbols F, a set of predicate names (or predicate symbols or just
predicates) P, and a set of variable names V, all of which are mutually disjoint
and finite. The function ar : F ∪ P → N associates a natural number ar(p) with
each function or predicate symbol p ∈ F ∪ P that defines the (unique) arity of p.
Based on a FOL≈ signature hI, F, P, Vi, we define the following notions. The
set of terms is defined to be the smallest set such that
– if t ∈ I ∪ V, then t is a term, and
17
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– if f ∈ F with ar( f ) = n, and if t1 , . . . , tn are terms, then f (t1 , . . . , tn ) is also a
term.
Terms are used as arguments for predicates to form atomic formulae. An atom is
an expression of the form P(t1 , . . . , tn ) with P ∈ P and ar(P) = n, or an expression
of the form t ≈ s, where t1 , . . . , tn , t, s are terms. The set of FOL≈ formulae is
defined to be the smallest set that contains all atoms, and such that:
– ⊤ and ⊥ are formulae,
– if ϕ is a formula, then so is ¬ϕ (negation),
– if ϕ and ψ are formulae, then so are (ϕ ∧ ψ) (conjunction), (ϕ ∨ ψ) (disjunction),
and (ϕ → ψ) (implication),
– if ϕ is a formula, and x ∈ V, then ∀x.ϕ (universal quantification) and ∃x.ϕ
(existential quantification) are formulae.



A literal is an atom or the negation of an atom.
A subformula is a substring of a formula that is again a formula. An occurrence
of a variable x in a formula ϕ is bound if it is contained in a subformula of the
form Q x.ψ of ϕ with Q ∈ {∃, ∀}. A sentence (or closed formula) is a formula
that contains only bound occurrences of variables. A theory of FOL≈ is a set of
sentences.
We explicitly introduce ⊤ and ⊥ to represent true and false syntactically. As
usual, parentheses will be omitted when no confusion is likely. Moreover, we will
often not mention the signature explicitly if irrelevant or clear from the context.
Note that we assume variables to be part of the signature, and that we generally
assume signatures to be finite. This is relevant when studying the worst-case complexity of related reasoning problems, since Turing machines – the primary vehicles for complexity considerations – require finite alphabets for representing inputs. This does not imply that we cannot introduce additional symbols as needed,
and in particular we assume that the underlying signature is extended whenever
new symbols are required in a syntactic construction. The semantics of first-order
logic is defined as follows.
Definition 2.1.2 A FOL≈ interpretation I is a tuple h∆I , ·I i, consisting of a nonempty interpretation domain ∆I and an interpretation function ·I . The domain is
a set of individuals that defines the (abstract) world within which all symbols are
interpreted. Symbols of the signature are interpreted as follows:
– If a ∈ I is an individual name, then aI ∈ ∆I .
– If f ∈ F is a function symbol of arity ar( f ) = n, then f I is a function from
(∆I )n to ∆I .
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– If P ∈ P is a predicate of arity ar(P) = n, then PI ⊆ (∆I )n .
Here, (∆I )n denotes the set of n-tuples of elements of ∆I . A variable assignment
Z for I is a mapping Z : V → ∆I . Given an element δ ∈ ∆I and a variable x ∈ V,
we write Z{x 7→ δ} to denote the variable assignment that assigns x to δ, and that
agrees with Z on all other variables.
Given an interpretation I and a variable assignment Z for I, the interpretation
tI,Z of a term t is inductively defined as follows:
– If t ∈ I then tI,Z ≔ tI .
– If t ∈ V then tI,Z ≔ Z(t).
– If t = f (t1 , . . . , tn ) then tI,Z ≔ f I (t1I,Z , . . . , tnI,Z ).
The truth value ϕI,Z of a formula ϕ is defined as follows:
– Set ⊤I,Z ≔ true and ⊥I,Z ≔ false.
– For ϕ = P(t1 , . . . , tn ), set ϕI,Z ≔ true if ht1I,Z , . . . , tnI,Z i ∈ PI , and ϕI,Z ≔ false
otherwise.
– For ϕ = t1 ≈ t2 , set ϕI,Z ≔ true if t1I,Z = t2I,Z , and ϕI,Z ≔ false otherwise.
– For ϕ = ¬ψ, define ϕI,Z ≔ true if ψI,Z = false, and ϕI,Z ≔ false otherwise.
– For ϕ = (ψ1 ∧ ψ2 ), define ϕI,Z ≔ true if ψiI,Z = true for all i ∈ {1, 2}, and
ϕI,Z ≔ false otherwise.
– For ϕ = (ψ1 ∨ ψ2 ), define ϕI,Z ≔ true if ψiI,Z = true for some i ∈ {1, 2}, and
ϕI,Z ≔ false otherwise.
– For ϕ = (ψ1 → ψ2 ), define ϕI,Z ≔ true if ψ1I,Z = false or ψ2I,Z = true, and
ϕI,Z ≔ false otherwise.
– For ϕ = ∃x.ψ, define ϕI,Z ≔ true if there is some δ ∈ ∆I such that ψI,Z{x7→δ} =
true, and set ϕI,Z ≔ false otherwise.
– For ϕ = ∀x.ψ, define ϕI,Z ≔ true if, for all δ ∈ ∆I , we find that ψI,Z{x7→δ} =
true, and set ϕI,Z ≔ false otherwise.



The truth value of sentences does not depend on any variable assignment, so we
can omit assignments in this case. A sentence ϕ is satisfied (or modelled) by I if
ϕI = true, and a theory T is satisfied (or modelled) by I if I satisfies all elements
of T . We write I |= ϕ and I |= T in these cases, and say that I is a model of ϕ and
T , respectively.
This model theory leads to the well-known notions of logical consistency and
entailment:
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Definition 2.1.3 Consider theories T and T ′ .
– T is consistent (or satisfiable) if it has a model and inconsistent (or unsatisfiable) otherwise,
– T entails T ′ , written T |= T ′ , if all models of T are also models of T ′ .



This terminology is extended to formulae by treating them as singleton theories.
A theory or formula that is entailed is also called a logical consequence.
The inclusion of equality in FOL≈ has semantic effects, but does not significantly increase expressiveness. A related discussion can be found in Section 4.1.3.

2.2

Semantic Correspondences between Logical
Theories

An important motive for basing knowledge representation languages on formal
logic is the increased level of semantic interoperability that this enables. Indeed, a
formal semantics effectively provides a declarative, implementation-independent
specification of the conclusions that can be drawn from a given logical theory, thus
acting as a standard for tool developers and practitioners. Ideally, logical theories
can thus be used in different tools and in combination with different other theories,
while still preserving their intended meaning. Moreover, even if two theories are
not identical, it is possible that they are equally suitable for a given purpose. In
this section, we formalise conditions that describe various levels of semantic correspondence between two theories, and we discuss when these correspondences
can be relevant in practice.
The most well-known notion of semantic correspondence is semantic equivalence: two theories of first-order logic are semantically equivalent (or simply
equivalent) if they have the same models. This very strong condition also implies
that equivalent theories have exactly the same logical consequences, and thus represent exactly the same knowledge in terms of formal knowledge representation.
Semantic equivalence in first-order logic is also a modular property in the following sense. Given a theory T with a subtheory T 1 ⊆ T such that T 1 is equivalent to
T 2 , we find that T is equivalent to (T \ T 1 ) ∪ T 2 . A typical application of semantic
equivalence are syntactic transformations on logical theories, e.g. when replacing (p → q) by (¬p ∨ q). It is common to extend the notion of equivalence to
(sub)formulae, and we can thus state that the latter two formulae are semantically
equivalent.
A much weaker form of correspondence is equisatisfiability: two theories are
equisatisfiable if they are either both satisfiable or both unsatisfiable. Obviously,
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equivalent theories are also equisatisfiable, while the converse is not true. Indeed,
equisatisfiability provides only a very loose correspondence between theories, and
it certainly does not preserve logical consequences. For example, every logical
theory is equisatisfiable to {} (the empty theory) or to {p ∧ ¬p} (an inconsistent theory). Equisatisfiability thus is not useful for exchanging formally encoded
knowledge, but rather for devising algorithms for satisfiability checking. If an inference engine is only interested in a theory’s satisfiability then it is viable to apply
satisfiability-preserving transformations to simplify the problem, even if semantic
equivalence is not preserved. Common inference tasks such as query answering
or entailment checking can often be reduced to satisfiability checking, so that equisatisfiability plays an important rôle in many inferencing algorithms.
Equivalence and equisatisfiability constitute the two main types of correspondences that are typically considered in formal logic. This classification of semantic
correspondences, however, is arguably too coarse for capturing various levels of
semantic similarity. In particular, many syntactical transformations introduce auxiliary signature symbols that are not used in any of the considered theories – we
will typically call such symbols fresh. As a classical example, the Skolemisation
of the formula ∃x.P(c, x) is the formula P(c, sc ), where sc is a fresh (Skolem) constant. It is well-known that the original formula and the Skolemised version are
equisatisfiable, but the same could be said for the empty theory. A more accurate
description of the situation would be to say that both theories are “semantically
equivalent up to the interpretation of sc ” – this is the idea underlying the next
definition that is closely related to the well-known concept of a conservative extension.
Definition 2.2.1 Given FOL≈ theories T and T ′ with signatures S and S ′ , then
T ′ semantically emulates T if
(1) S ′ extends S , i.e. the sets of constants, functions, predicates, and variables
of S ′ are (not necessarily proper) supersets of the respective sets of S ,
(2) every model of T ′ becomes a model of T when restricted to the interpretations of symbols from S , and



(3) for every model J of T there is a model I of T ′ that has the same domain
as J, and that coincides with J on all symbols of S .
Note that, in contrast to equivalence and equisatisfiability, semantic emulation
is not a symmetric relation, since one of the theories introduces additional “internal” symbols to its signature. It would be possible to establish more general
notions that are based on arbitrary incomplete mappings between two signatures,
but we found the basic definition above to be adequate to cover a large amount of
semantic correspondences that occur within this work. It is usually not necessary
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to mention the signatures of T and T ′ explicitly, since it is always possible to find
minimal signatures for T and T ′ that satisfy condition (1) of Definition 2.2.1.
Our notion of semantic emulation closely relates to the well-known concept
of semantic conservative extensions: one could indeed say that T ′ semantically
emulates T iff T ′ is semantically conservative over T . We use another terminology herein since it is more naturally extended to related concepts below, and
since it avoids confusion with a stricter version of conservative extension that assumes a theory to be a (syntactic) superset of the theory it extends conservatively
[LWW07].
Given a situation as in Definition 2.2.1, we find that a first-order formula ϕ
over S is a logical consequence of T if and only if it is a logical consequence
of T ′ . This illustrates how strong this form of correspondence is, and it hints at
the practical relevance of this condition for knowledge representation: whenever
a theory T ′ semantically emulates a theory T , we find that T ′ and T encode the
same information about the symbols in T , and in particular that T ′ cannot be
distinguished from T in any application that restricts to those symbols. In a sense,
T ′ thus really “simulates” the behaviour of T in arbitrary contexts, but possibly
by means of rather different syntactic structures.1 If the required “interface” is
restricted not only to a particular set of symbols but also to a particular logic, then
the following definition may seem more natural.



Definition 2.2.2 Let T and T ′ be two FOL≈ theories, let S be the signature over
which T is defined, and let L be some fragment of FOL≈ . We say that T ′ Lemulates T if for every L formula ϕ over S , we find that T ′ ∪ {ϕ} and T ∪ {ϕ} are
equisatisfiable.
In particular, this provides us with a notion of FOL≈ -emulation that describes
a situation where two theories behave equivalent in the context of any first-order
theory over the given signature, thus coinciding with the well-known notion of
conservative extension. To avoid confusion, formal results will always be explicit
about the intended type of emulation, although we will sometimes speak of “emulation” to refer to semantic emulation in informal discussions. It is not hard to see
that semantic emulation implies FOL≈ -emulation.
Proposition 2.2.3 For any fragment L of first-order logic with equality and theories T and T ′ , if T ′ semantically emulates T then T ′ L-emulates T .
Proof. It suffices to show the claim for the case that L is FOL≈ . Consider two
theories T ′ and T such that T ′ semantically emulates T . We need to show that
T ′ FOL≈ -emulates T . A simple induction on the structure of FOL≈ formulae
1

We generally avoid the term “simulation” here since it is already common in the context of
model-theoretic relationships in modal logic [BvBW06].
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can be used to show that the validity of a FOL≈ formula ϕ w.r.t. any first-order
interpretation is independent of the interpretation of the signature elements not
occurring in ϕ (†). To show the claim, suppose the conditions of Definition 2.2.1
hold but T does not FOL≈ -emulate T ′ . Hence, there is a FOL≈ formula ϕ over
S such that T ∪ {ϕ} and T ′ ∪ {ϕ} are not equisatisfiable. However, if T ∪ {ϕ} has
some model I, then we can apply condition (3) of Definition 2.2.1 to obtain an
extended model I′ such that I′ |= T ′ . But since ϕ contains only symbols that are
interpreted in the same way by I and I′ , we obtain I′ |= ϕ from (†). Conversely,
if T ′ ∪ {ϕ} has a model J, then condition (2) implies that the restriction I of J to
the signature of T is such that J |= T . As before, (†) implies J |= ϕ.

For completeness, we also show that semantic emulation is strictly stronger
that FOL≈ -emulation in general. Establishing this result requires some form of
existential statements, and indeed semantic emulation and FOL≈ -emulation coincide on universal formulae that do not include function symbols [Sch09a].
Proposition 2.2.4 There are signatures Σ0 ⊆ Σ1 and sets T i of sentences over Σi
such that T 1 FOL≈ -emulates T 0 , and T 1 does not semantically emulate T 0 .
Proof. Let Σ0 be a signature containing a binary predicate R, nullary function
symbol 0, and a unary function symbol f . Let Σ1 denote the extension of Σ0 that
additionally contains a nullary function symbol ω and a unary predicate symbol
B.
Now let T 0 denote the set of the following sentences:
(1) ∀x.R(x, f (x))
(2) ∀x.∀y.∀z.R(x, y) ∧ R(y, z) → R(x, z)
(3) ∀x.¬R(x, x)
Let T 1 denote the set of sentences with T 0 ⊆ T 1 , and containing the following
additional sentences:
(4) B(0)
(5) ∀x.B(x) → B( f (x))
(6) ¬B(ω)
For the first part of the claim, consider an arbitrary first-order sentence ϕ over
Σ0 . The claim is established by showing that T 0 ∪ {ϕ} is satisfiable iff T 1 ∪ {ϕ}
is. The “if” direction is immediate from T 0 ⊆ T 1 . For the “only if” direction, we
show that every model of T 0 ∪ {ϕ} can be extended to a model of T 1 ∪ {ϕ}.
Let S denote the infinite set of Σ1 sentences S ≔ {R( f i (0), ω) | i ≥ 0} where f i
denotes the i-fold application of f (with f 0 (0) = 0). Then T 0 ∪{ϕ}∪S is satisfiable
by models over Σ1 . To see this, note that T 0 ∪ {ϕ} is satisfiable over Σ1 (by the
Coincidence Lemma) and that the interpretation of ω is arbitrary for the according
models. Therefore, for any finite set F ⊆ S , there is a model MF = (M, I) of
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T 0 ∪ {ϕ} with ωI = ( f k+1 (0))I where k = maxi (R( f i (0), ω) ∈ F). But then MF
is also a model of T 0 ∪ {ϕ} ∪ F. By compactness of first-order logic [CK90], we
conclude that T 0 ∪ {ϕ} ∪ S is also satisfiable.
Thus, let N = (N, J) be a model of T 0 ∪ {ϕ} ∪ S . Since B does not occur in
T 0 ∪ {ϕ} ∪ S , we can select N such that BJ = {( f i (0))I | i ≥ 0}. We claim that N is
a model of T 1 ∪{ϕ}. By construction, it satisfies T 0 , ϕ, and the formulae (4) and (5)
of T 1 . To see that it also satisfies formula (6), it suffices to note that ω J , ( f i (0)) J
for all i ≥ 0, which can be shown by a simple induction over i using the fact that
N |= S . We thus constructed a model of T 1 ∪ {ϕ} as required.
For the second part of the claim, let M = (M, I) be the structure with M =
{i | i ≥ 0} and f I (i) = i + 1 and RI = {(i, j) | i < j}. It is easy to see that M is a
model of T 0 . However, M cannot be expanded to a model of T 1 since for (4) and
(5) together imply that BI = M so that (6) cannot be satisfied.

In many cases that are considered herein, it is possible to establish semantic
emulation between two theories. There are, however, also interesting examples of
transformation procedures that establish L-emulation for some logical fragment
L that is significantly smaller than FOL≈ . For example, a typical result is that two
theories entail the same ground facts, i.e. atomic formulae without variable symbols, even though they may not be semantically equivalent. This correspondence
extends to arbitrary Boolean combinations of ground facts, i.e. to all formulae of
variable-free first-order logic FOLground
. In this work, examples of transformations
≈
ground
that establish FOL≈
-emulation can be found in Section 5.4 and in Section 8.5.

2.3

Computational Complexity

Giving an introduction to computational complexity is beyond the scope of this
work, and interested readers are referred to [Pap94] for an extensive textbook
treatment. In this section, we merely point out some basic assumptions, and introduce the main complexity classes that appear in later chapters.
Within this work, complexity is always considered as a characteristic of a class
of decision problems (as opposed, e.g., to counting problems), which in our case
will typically relate to an inference task. The complexity of a class of problems
is measured in terms of the amount of certain resources that are required to solve
problems of that class based on a certain abstract computational model. The classical model of computation used in this context is the Turing machine – we will
encounter deterministic, non-deterministic, and alternating specimen in this work
– and the most common types of resources are time (the number of computation
steps needed) and space (the number of memory cells that are used).
Any single problem is trivially solved by a suitable Turing machine without
using any resources, by simply returning the answer to that problem as a constant
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output. Hence, one normally considers infinite classes of problems and general
approaches for solving them. In this case, the required amount of resources typically depends on the size of the input problem. When speaking of the size of a
logical theory we simply refer to the minimal number of symbols that is required
to write this theory in the alphabet provided by its signature, the additional logical operators, and auxiliary symbols such as parentheses. Description logics (see
Chapter 3) also include numbers; unless otherwise noted, we assume them to be
written in binary notation when calculating the size of a theory.2
The complexity classes considered in this work mainly are P, NP, PSpace,
ExpTime, NExpTime, and N2ExpTime. It is known that these classes subsume each
other in the given order, e.g. all problems in P are also in NP, while it is unknown
whether or not any of these (direct) inclusions is strict, although this is commonly conjectured. It is known, however, that P ( ExpTime, NP ( NExpTime,
and NExpTime ( N2ExpTime. In any case, experience shows that problems of
higher complexity classes are often significantly harder to implement efficiently
in practice.
Roughly speaking, a class of problems is hard for another class of problems
if any problem of the second class can be solved by reducing it to a problem
of the first class, and where this reduction is “significantly easier” than solving
the problem directly. Since the overwhelming majority of complexities that are
studied within this work are above NP, we will mostly consider polynomial-time
reductions for showing hardness. To establish hardness for P, reductions must be
restricted to those running in LogSpace, but this will rarely be required and usually
be easy to verify.
Further formal definitions, such as the specification of relevant Turing machines, are provided within the respective sections.

2

The use of unary encoding of numbers increases the size of the input exponentially, and hence
may have significant effect on complexity measures; however, most results that we will use have
by now been established for binary coding of numbers.
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Chapter 3
Introduction to Description Logics
The basic expressive features of description logics have already been introduced
in Section 1.2. In this chapter, we provide a more formal introduction to the field,
focussing on the very expressive DL SROIQ that provides a basis for many of
our subsequent investigations. While this chapter provides a sufficient background
for understanding the remaining parts of this work, there are also a number of
more extensive treatments of description logics available that the reader may want
to consult for a more easy-paced introduction. In particular, [BCM+ 07] provides
introductory and advanced material on many aspects of DL research, while a textbook introduction to description logics in the context of Semantic Web technologies can be found in [HKR09]. The latter also explains the exact relationship between DL and OWL (2) that is not detailed here.
Section 3.1 begins this chapter by introducing the syntax and semantics of
SROIQ, and by discussing simplifications and normal forms that are relevant
within this work. The relationship of SROIQ to various other logics, especially to
first-order logic with equality, is explicated in Section 3.2. Based on these considerations, we can then derive a number of other DLs and their names as explained
in Section 3.3.

3.1

The Description Logic SROIQ

We now formally define the syntax and semantics of the widely used description
logic SROIQ that is the basis for many investigations within this work. SROIQ
requires a number of additional structural restrictions to ensure that standard reasoning problems remain decidable. Since those restrictions are not relevant in all
DLs that are considered in this work, we first define a more general description
logic SROIQfree to which no such restrictions apply.
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3.1.1 Syntax
SROIQfree and all other DLs considered herein are based on three disjoint sets of
individual names I, concept names A, and role names N. Throughout this work,
we assume that these basic sets are finite, and consider them to be part of the given
knowledge base when speaking about the “size of a knowledge base.” We further
assume N to be the union of two disjoint sets of simple roles Ns and non-simple
roles Nn . Later on, the use of simple roles in conclusions of logical axioms will be
restricted to ensure, intuitively speaking, that relationships of these roles are not
implied by chains of other role relationships. In exchange, simple roles might be
used in SROIQ axioms where non-simple roles might lead to undecidability.
The approach we take here assumes an a priori declaration of simple and nonsimple role names. A common alternative approach is to derive a maximal set
of simple roles from the structure of a given DL knowledge base. This a posteriori approach of determining the sets Nn or Ns is more adequate in practical
applications where it is often not viable to declare simplicity of roles in advance.
Especially if ontologies are dynamic, simplicity of roles may need to be changed
over time to suit the overall structure of axioms. For the investigation of theoretical properties, however, pre-supposing complete knowledge about the names of
simple and non-simple roles can simplify many definitions significantly.
Definition 3.1.1 Consider a DL signature S = hI, A, Ni with N = Ns ∪ Nn . The
set R of SROIQfree role expressions (or simply roles) for S is defined by the
following grammar:
R F U | N | N−
where U is called the universal role. The set Rs ⊆ R of all simple role expressions
is defined to contain all role expressions that contain no non-simple role names.
The set Rn of non-simple role expressions is Rn ≔ R \ Rs . A bijective function
Inv : R → R is defined by setting Inv(R) ≔ R− , Inv(R− ) ≔ R, and Inv(U) ≔ U
for all R ∈ N.
The set C of SROIQfree concept expressions (or simply concepts) for S is
defined by the following grammar:
C F ⊤ | ⊥ | A | {I} | ∃R.Self | ¬C | (C ⊓ C) | (C ⊔ C) | ∀R.C | ∃R.C | >n R.C | 6n R.C



where n is a non-negative integer.

Concepts are used to model classes while roles represent binary relationships.
In some application areas of description logics, especially in relation to the Web
Ontology Language OWL, “class” is used as a synonym for “concept.” We will
reserve the former notion for talking about syntactic constructs, and use the latter for semantic considerations only. For example, a subconcept is a substring of
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a concept expression that is again a concept, while a subclass is a class that is
semantically subsumed by another class, i.e. that describes a subset of instances.
Similarly, it is also common to use the term “property” as a synonym for “role” in
some contexts, but we will not make use of this terminology in this work.
Parentheses are typically omitted if the exact structure of a given concept expression is clear or irrelevant. Also, we will commonly assume a signature and
according sets of concept and role expressions to be given using the notation of
Definition 3.1.1, mentioning it explicitly only to distinguish multiple signatures
if necessary. Using these conventions, role and concept expressions can be combined into axioms:
Definition 3.1.2 A SROIQfree RBox axiom is an expression of one of the following forms:
– R1 ◦ . . . ◦ Rn ⊑ R where R1 , . . . , Rn , R ∈ R and where R < Rn only if n = 1 and
R1 ∈ Rs ,
– Ref(R) (reflexivity), Tra(R) (transitivity), Irr(R) (irreflexivity), Dis(R, R′ ) (role
disjointness), Sym(R) (symmetry), Asy(R) (asymmetry), where R, R′ ∈ R.



A SROIQfree TBox axiom is an expression of the form C ⊑ D or C ≡ D with
C, D ∈ C. A SROIQfree ABox axiom is an expression of the form C(a), R(a, b), or
a ≈ b where C ∈ C, R ∈ R, and a, b ∈ I.
RBox axioms of the form R1 ◦ . . . ◦ Rn ⊑ R are also known as role inclusion
axioms (RIAs), and a RIA is said to be complex if n > 1. Expressions such as
Ref(R) are called role characteristics. Note that, in our formulation, the universal
role U is introduced as a constant (or nullary operator) on roles, and not as a
“special” role name. In effect, U ∈ R \ Nn and in particular U ∈ Rs . Treating
U as a simple role deviates from earlier works on SROIQ, but it can be shown
that U can typically be allowed in axioms that are often restricted to simple roles
(cf. Definition 3.1.4) without leading to undecidability or increased worst-case
complexity of reasoning; see Chapter 5 for details. TBox axioms are also known
as terminological axioms or schema axioms, and expressions of the form C ⊑ D
are known as generalised concept inclusions (GCIs). ABox axioms are also called
assertional axioms, where axioms C(a) are concept assertions, axioms R(a, b) are
role assertions, and axioms a ≈ b are equality assertions.
Many of the above types of axioms can be expressed in terms of other axioms,
so that substantial syntactic simplifications are possible in many DLs. Relevant
abbreviations are discussed in Section 3.1.3 below. Logical theories in description
logic are called knowledge bases:
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Definition 3.1.3 A SROIQfree RBox (TBox, ABox) is a set of SROIQfree RBox
axioms (TBox axioms, ABox axioms). A SROIQfree knowledge base is the union
of a (possibly empty) SROIQfree RBox, TBox, and ABox.
The above definitions still disregard some additional restrictions that are relevant for ensuring decidability of common reasoning tasks. The next definition
therefore introduces SROIQ as a decidable sublanguage of SROIQfree .
Definition 3.1.4 A SROIQ role expression is a SROIQfree role expression. A
SROIQ concept expression C is a SROIQfree concept expression such that all
subconcepts D of C that are of the form ∃S .Self, >n S .E, or 6n S .E are such that
S ∈ Rs is simple.
A SROIQfree RBox is regular if there is a strict (irreflexive) total order ≺ on
R such that
– for R < {S , Inv(S )}, we find S ≺ R iff Inv(S ) ≺ R, and
– every RIA is of one of the forms:
R ◦ R ⊑ R,
R1 ◦ . . . ◦ Rn ⊑ R,

Inv(R) ⊑ R,

R ◦ R1 ◦ . . . ◦ Rn ⊑ R,

R1 ◦ . . . ◦ Rn ◦ R ⊑ R

such that R, R1 , . . . , Rn ∈ R, and Ri ≺ R for i = 1, . . . , n.



A SROIQ RBox is a regular SROIQfree RBox that contains role characteristics
of the forms Irr(S ), Dis(S , T ), and Asy(S ) only for simple role names S , T ∈ Ns . A
SROIQ TBox (ABox) is a SROIQfree TBox (ABox) that contains only SROIQ
concept expressions. A SROIQ knowledge base is the union of a SROIQ RBox,
TBox, and ABox.
A SROIQ (RBox, TBox, or ABox) axiom is an axiom that occurs within
some SROIQ knowledge base (in the RBox, TBox, or ABox). Note that some
SROIQfree role inclusion axioms like, e.g., R ◦ S ◦ R ⊑ R cannot be part of any
regular RBox.

3.1.2 Semantics and Inferencing
The semantics of description logics is typically specified by providing a model
theory from which notions like logical consistency and entailment can be derived
in the usual way. These notions are again specified for the most general case of
SROIQfree but they can readily be applied to SROIQ as well. The basis for this
approach is the definition of a DL interpretation:
Definition 3.1.5 An interpretation I for a SROIQfree signature S = hI, A, Ni
is a pair I = h∆I , ·I i, where ∆I is a non-empty set and ·I is a mapping with the
following properties:
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Name

Syntax Semantics

inverse role
universal role

R−
U

{hx, yi ∈ ∆I × ∆I | hy, xi ∈ RI }
∆I × ∆I

top
bottom
negation
conjunction
disjunction
nominals
univ. restriction
exist. restriction
Self concept
qualified number
restriction

⊤
⊥
¬C
C⊓D
C⊔D
{a}
∀R.C
∃R.C
∃S .Self
6n S .C
>n S .C

∆I
∅
∆I \ C I
C I ∩ DI
C I ∪ DI
{aI }
{x ∈ ∆I | hx, yi ∈ RI implies y ∈ C I }
{x ∈ ∆I | for some y ∈ ∆I , hx, yi ∈ RI and y ∈ C I }
{x ∈ ∆I | hx, xi ∈ S I }
{x ∈ ∆I | #{y ∈ ∆I | hx, yi ∈ S I and y ∈ C I } ≤ n}
{x ∈ ∆I | #{y ∈ ∆I | hx, yi ∈ S I and y ∈ C I } ≥ n}

Figure 3.1: Semantics of role and concept expressions in SROIQfree for an interpretation I with domain ∆I
– if a ∈ I then aI ∈ ∆I ,
– if A ∈ A then AI ⊆ ∆I ,
– if R ∈ N then RI ⊆ ∆I × ∆I .



The mapping ·I is extended to arbitrary role and concept expressions as specified
in Fig. 3.1.
The set ∆I is called the domain of I. We often do not mention an interpretation’s signature S explicitly if it is irrelevant or clear from the context. We can
now define when an interpretation is a model for some DL axiom.



Definition 3.1.6 Given an interpretation I and a SROIQfree (RBox, TBox, or
ABox) axiom α, we say that I satisfies (or models) α, written I |= α, if the
respective conditions of Fig. 3.2 are satisfied. I satisfies (or models) a SROIQfree
knowledge base KB, denoted as I |= KB, if it satisfies all of its axioms. In these
situations, we also say that I is a model of the given axiom or knowledge base.
This allows us to derive standard model-theoretic notions as follows:
Definition 3.1.7 Consider SROIQfree knowledge bases KB and KB′ .
– KB is consistent (satisfiable) if it has a model and inconsistent (unsatisfiable)
otherwise,
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Axiom α

Condition for I |= α

R1 ◦ . . . ◦ Rn ⊑ R
Tra(R)
Ref(R)
Irr(S )
Dis(S , T )
Sym(R)
Asy(S )

RI1 ◦ . . . ◦ RIn ⊆ RI
if RI ◦ RI ⊆ RI
hx, xi ∈ RI for all x ∈ ∆I
hx, xi < S I for all x ∈ ∆I
if hx, yi ∈ S I then hx, yi < T I for all x, y ∈ ∆I
if hx, yi ∈ RI then hy, xi ∈ RI for all x, y ∈ ∆I
if hx, yi ∈ S I then hy, xi < S I for all x, y ∈ ∆I

C⊑D

C I ⊆ DI

C(a)
aI ∈ C I
R(a, b)
haI , bI i ∈ RI
a≈b
aI = bI
◦ on the right-hand side denotes standard composition of binary relations:
RI ◦ T I ≔ {hx, zi | hx, yi ∈ RI , hy, zi ∈ T I }
Figure 3.2: Semantics of SROIQfree axioms for an interpretation I with domain
∆I
– KB entails KB′ , written KB |= KB′ , if all models of KB are also models of
KB′ .



This terminology is extended to axioms by treating them as singleton knowledge
bases. A knowledge base or axiom that is entailed is also called a logical consequence.
Applying this terminology, we can state, e.g., that the axiom ⊤ ⊑ ⊥ is inconsistent, and that the knowledge base {A ⊑ B, B ⊑ C} entails the axiom A ⊑ C.
Various common properties of first-order logic are readily seen to hold for description logics as well. DLs are monotonic logics: the more axioms a knowledge base
contains, the less models it has, and the more axioms are logical consequences.
In other words, adding information never reduces the amount of logical consequences. A related property is the general intolerance to logical inconsistencies: a
knowledge base that has no models entails all possible axioms.
When description logics are applied as an ontology modelling language, it is
important to discover logical consequences. The (typically automatic) process of
deriving logical consequences is called reasoning or inferencing, and a number of
standard reasoning tasks play a central rôle in DLs.
Definition 3.1.8 Consider a SROIQfree knowledge base KB. The standard reasoning tasks of description logics are described as follows:
– Inconsistency checking: Is KB inconsistent?
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– Concept subsumption: Given concepts C, D, does KB |= C ⊑ D hold?
– Instance checking: Given a concept C and individual name a, does KB |= C(a)
hold?



– Concept unsatisfiability: Given a concept C, is there no model I |= KB such
that C I , ∅?
Further reasoning tasks are considered as “standard” in some works. Common
problems include instance retrieval (finding all instances of a concept) and classification (computing all subsumptions between concept names). We restrict our
selection here to ensure that all standard reasoning tasks can be viewed as decision
problems that have a common worst-case complexity for all logics studied within
this work.
Proposition 3.1.9 The standard reasoning tasks in SROIQfree can be reduced to
each other in linear time, and this is possible in any fragment of SROIQfree that
includes axioms of the form A(a) and A ⊓ C ⊑ ⊥.
Proof. We find that KB is inconsistent if the concept ⊤ is unsatisfiable. C is
unsatisfiable in KB if KB |= C ⊑ ⊥. Given a fresh individual name a, we obtain
KB |= C ⊑ D if KB ∪ {C(a)} |= D(a). For a fresh concept name A, KB |= C(a)
if KB ∪ {A(a), A ⊓ C ⊑ ⊥} is inconsistent. This cyclic reduction shows that all
reasoning problems can be reduced to one another.

A number of other “non-standard” reasoning tasks have been studied in description logics. Examples include the computation of explanations for logical
entailments [Kal06, HPS08], and of least common subsumer concepts that generalise given concept expressions in description logics where union of concepts
is not available [Baa03, BST07]. Another practically relevant inference tasks is
conjunctive query answering, as discussed in Section 4.4.

3.1.3 Simplifications and Normal Forms
Description logics have a very rich syntax that often provides many different ways
of expressing equivalent statements. In this section, we introduce a number of simplifications and normal form transformations that allow us to simplify subsequent
presentations. We start by considering simplification for TBox axioms and conclude with remarks on simplification of RBox and ABox axioms.
Every SROIQfree GCI C ⊑ D can be expressed as ⊤ ⊑ ¬C ⊔ D, i.e. by stating
that the concept ¬C ⊔ D is universally valid. In the following, we will often tacitly
assume that GCIs are expressed as universally valid concepts, and we will use
concept expressions C to express axioms ⊤ ⊑ C. Nonetheless, we still use ⊑
whenever this notation appears to be more natural for a given purpose. Likewise,
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we consider C ≡ D as an abbreviation for {C ⊑ D, D ⊑ C}, and omit ≡ as an
atomic constructor for axioms.
It is well known that many DL constructs can be considered as “syntactic
sugar” in the sense that they can readily be expressed in terms of other operators.
Examples are found by applying basic propositional equivalences such as A ⊔
B ≡ ¬(¬A ⊓ ¬B) or ⊤ ≡ A ⊔ ¬A. These simplifications are applicable when
dealing with DLs that are characterised by a set of operators which can freely be
combined to form concept expressions. In this work, however, we derive more
complex syntactic restrictions to arrive at DLs that are not closed under typical
propositional equivalences – concrete examples are found in Chapter 6 and 7. We
thus do not exclude any operators from our considerations at this stage, and will
introduce simplifications based on applicable equivalences in later chapters only.
There still are some general simplifications that we can endorse for all parts of
this work:
– Whenever a DL features counting quantifiers, we use >1 R.C instead of ∃R.C,
and 60 R.¬C instead of ∀R.C.
– We exploit commutativity and associativity of ⊓, as given by the equivalences
A ⊓ B ≡ B ⊓ A and A ⊓ (B ⊓C) ≡ (A ⊓ B) ⊓C, to generally disregard nesting and
ordering of conjuncts. For example, “a concept of the form ∃R.A ⊓ C with C
arbitrary” is used to refer to concept expressions B ⊓ ∃R.A (C = B) or B ⊓ (B′ ⊓
∃R.A) (C = B ⊓ B′ ). This convention introduces some non-determinism, e.g.
if B′ = ∃R.A in the previous example, but the choice will never be essential in
our arguments.
– We exploit commutativity and associativity of ⊔ as in the case of ⊓.
These conventions greatly reduce the amount of cases that need to be considered in
definitions. All additional simplifying assumptions will be stated explicitly when
applicable, usually by syntactically transforming axioms. For example, we do respect the nesting structure of ⊓ and ⊔, but we define a normal form transformation
that exploits distributivity to normalise axioms. Namely, the disjunctive normal
form (DNF) of a concept C is obtained by exhaustively replacing subconcepts of
the form (C ⊔ D)⊓ E with (C ⊓ E)⊔(D⊓ E). Note that we do not distribute Boolean
concept constructors over role restrictions, i.e. our DNF may still contain complex
nested concepts. Moreover, this simple transformation may lead to an exponential
blow-up in the size of the axiom. It is well-known that this can be prevented by
decomposing nested concepts first, but we will not require this for the cases where
we use the disjunctive normal form.
Another well-known normal form is the negation normal form (NNF). While
this standard transformation normalises the uses of negation in concept expressions, it does often not contribute significantly to a simplified presentation. The
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C
⊤, ⊥, A, ¬A, {a}, ¬{a},
∃R.Self, ¬∃R.Self
¬⊤
¬⊥
¬¬D
D1 ⊓ D2
D1 ⊔ D2
¬(D1 ⊓ D2 )
¬(D1 ⊔ D2 )
6n R.D
¬6n R.D
>n R.D
¬>0 R.D
¬>n R.D (n > 1)

NNF(C)

pNNF(C)

C

C

⊥
⊤
NNF(D)
NNF(D1 ) ⊓ NNF(D2 )
NNF(D1 ) ⊔ NNF(D2 )
NNF(¬D1 ) ⊔ NNF(¬D2 )
NNF(¬D1 ) ⊓ NNF(¬D2 )
6n R.NNF(D)
>(n + 1) R.NNF(¬D)
>n R.NNF(D)
⊥
6(n − 1) R.NNF(D)

⊥
⊤
pNNF(D)
pNNF(D1 ) ⊓ pNNF(D2 )
pNNF(D1 ) ⊔ pNNF(D2 )
pNNF(¬D1 ) ⊔ pNNF(¬D2 )
pNNF(¬D1 ) ⊓ pNNF(¬D2 )
6n R.¬pNNF(¬D)
>(n + 1) R.pNNF(¬D)
>n R.pNNF(D)
⊥
6(n − 1) R.¬pNNF(¬D)

A a concept name, a an individual name, R a role name, D(i) concept expressions

Figure 3.3: Negation normal form transformations for DL concept expressions
reason is that concepts D in expressions 6n R.D also occur under a negative polarity, i.e. they behave like negated subexpressions; see also Section 6.1. Therefore a
modified version of negation normal form is more effective for simplifying formal
arguments. Here we define both notions for comparison.
Definition 3.1.10 A SROIQfree concept expression C is in negation normal form
(NNF) if all subconcepts ¬D of C are such that D is of the form ¬A (A a concept
name), ¬{a}, or ¬∃R.Self.
A SROIQfree concept C is in positive negation normal form (pNNF) if
– if 6n R.D is a subconcept of C, then D has the form ¬D′ , and



– every other occurrence of ¬ in C is part of a subconcept ¬D where D is of the
form ¬A (A a concept name), ¬{a}, or ¬∃R.Self.
Every concept expression C can be transformed into a semantically equivalent
concepts expression NNF(C) (pNNF(C)) that is in negation normal form (positive
negation normal form). It is easy to see that this can be achieved in linear time
using the recursive definitions of Fig. 3.3. Also note that, when using ∃ and ∀ in
DLs that do not support cardinality restrictions, we find that NNF(C) = pNNF(C)
for all concepts C.
Role expressions and RBox axioms also allow for a number of simplifications. Sym(R) and Tra(R) are equivalent to R− ⊑ R and R ◦ R ⊑ R, respectively.
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Ref(R) is equivalent to ⊤ ⊑ ∃R.Self but the latter is not admissible in SROIQ
if R is not simple. As an alternative, Ref(R) can be semantically emulated by
{⊤ ⊑ ∃S .Self, S ⊑ R} where S is a fresh simple role name. Irreflexivity Irr(S )
and asymmetry Asy(S ) are again equivalently expressed by ∃S .Self ⊑ ⊥ and
Dis(S , Inv(S )), respectively. In summary, Dis(S , T ) is the only role characteristic

that is not expressible in terms of other constructs in most DLs.
Finally, a number of simplifications can be applied to ABox axioms as well.
Most importantly, DLs that support nominals can typically express ABox assertions as TBox axioms by transforming axioms C(a), R(a, b), a ≈ b into {a} ⊑ C,
{a} ⊑ ∃R.{b}, and {a} ⊑ {b}, respectively. Even without this expressivity, it is possible to restrict concept assertions in ABoxes to concept names: given a knowledge
base KB with an ABox axiom C(a) and a fresh concept name A, the knowledge
base KB ∪ {A(a), A ⊑ C} \ {C(a)} semantically emulates KB. We will explicitly
mention if any of these simplifications is to be used in a given part of this work.

3.2

Relationship of DLs to Other Logics

Description logics have close connections to first-order logic and various fragments thereof. The early development of DLs and their formal semantics had
been driven by the goal of creating a knowledge representation formalism that improves and extends semantic networks and frame-based systems (see Section 1.2).
However, it was soon recognised that DLs are closely related to modal logics
[BvBW06], which was first articulated by Schild in 1991 [Sch91]. Indeed, universal and existential quantifiers can be considered as notational variants of modal
box and diamond operators, respectively. The role names in DL then distinguish
distinct underlying frame structures, corresponding to a multi-modal logic with
separate box and diamond for each role.
The correspondence to modal logics extends to various basic description logics, but it does not capture advanced features such as nominals, counting quantifiers, or complex role inclusions, and actually not even ABox assertions. These
discrepancies have been addressed, e.g., by further extending Propositional Dynamic Logics (PDLs) – the modal logics studied by Schild – as discussed in
[GL94]. A related approach are hybrid logics that extend modal logics with nominals that allow formulae to refer to individual worlds [BT98, AdR02].
Another important approach is to interpret DLs as fragments of first-order
logic with equality FOL≈ . This is achieved by recursively translating DL axioms
and expressions into first-order formulae, as shown in Fig. 3.4 for SROIQfree .
Given a SROIQfree knowledge base KB, we can then define its first-order translation π(KB) ≔ {π(α) | α ∈ KB}. DL role and concept names are mapped to binary
and unary predicate symbols, and individual names are interpreted in the same
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Role Expressions (t, u arbitrary first-order variables or individual symbols)
π(U, t, u) = ⊤
π(R, t, u) = R(t, u) if R ∈ N
π(R− , t, u) = π(R, u, t)
Concept Expressions (t an arbitrary first-order variable or individual symbol)
π(⊤, t) = ⊤
π(⊥, t) = ⊥
π(A, t) = A(t)
π({a}, t) = a ≈ t
π(∃R.Self, t) = π(R, t, t)
π(¬C, t) = ¬π(C, t)
π(C ⊓ D, t) = π(C, t) ∧ π(D, t)
π(C ⊔ D, t) = π(C, t) ∨ π(D, t)

π(∀R.C, t) = ∀x. π(R, t, x) → π(C, x)

π(∃R.C, t) = ∃x. π(R, t, x) ∧ π(C, x)

V
Wn Wn+1

π(6n R.C, t) = ∀x1 , . . . , xn+1 . n+1
π(R,
t,
x
)
∧
π(C,
x
)
→
x
≈
x
i
i
i
j
i=1
j=i+1


V i=1
V
π(>n R.C, t) = ∃x1 , . . . , xn . ni=1 π(R, t, xi ) ∧ π(C, xi ) ∧ nj=i+1 xi 0 x j
ABox Axioms
π(C(a)) = π(C, a)
π(R(a, b)) = π(R, a, b)
π(a ≈ b) = a ≈ b
TBox Axioms

π(C ⊑ D) = ∀x. π(C, x) → π(D, x)
π(C ≡ D) = π(C ⊑ D) ∧ π(D ⊑ C)
RBox Axioms
V

π(R1 ◦ . . . ◦ Rn ⊑ T ) = ∀x1 , . . . , xn+1 . ni=1 π(Ri , xi , xi+1 ) → π(T, x1 , xn+1 )
π(Tra(R)) = π(R ◦ R ⊑ R)
π(Irr(S )) = ∀x.¬π(S , x, x)
π(Ref(R)) = ∀x.π(R, x, x)

π(Sym(R)) = ∀x, y. π(R, x, y) → π(R, y, x)

π(Asy(R)) = ∀x, y. π(R, x, y) → ¬π(R, y, x)
π(Dis(S , T )) = ∀x, y.¬π(S , x, y) ∨ ¬π(T, x, y)

Figure 3.4: Transforming SROIQfree axioms to first-order logic with equality

way in SROIQfree and FOL≈ . Role and concept expressions thus correspond to
first-order formulae with free variables, which is why the transformation function
π takes additional parameters for representing the respective arguments in these
cases.
The following result explains in which sense the direct DL semantics and the
first-order translation agree.
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Proposition 3.2.1 Given SROIQfree knowledge bases KB and KB′ , we find that
KB |= KB′ iff π(KB) |= π(KB′ ).
Proof. Similar results have been shown in various works, see e.g. [Mot06]. The
proof is established by showing that every model of π(KB) can be considered as a
model of KB and vice versa.

The transformation π thus allows us to study the semantic interaction between
DL and other fragments of first-order logic with equality. In the following, we
will often apply notions of first-order logic such as the ones that were introduced
in Section 2.2 to description logic knowledge bases or axioms. Whenever this is
done, we tacitly assume that the according DL axioms have been replaced by their
first-order translation as given by π above.
Due to the limited interaction of quantifiers in DL, it is often possible to represent axioms in terms of FOL≈ formulae with at most two variables, thus establishing a correspondence of certain description logics and the two-variable fragment
of first-order logic. This is not possible for SROIQfree , since number restrictions
and role inclusion axioms require a higher number of variables. For the former
case, this problem can be solved by introducing counting quantifiers into firstorder logic. For example, an expression of the form ∃≥3 x.ϕ states that there are
at least three distinct values for x such that ϕ is satisfied. The two-variable fragment of first-order logic with counting quantifiers, usually denoted as C2 , is an
important framework for studying the complexity of DLs (see, e.g., Section 5.2 or
9.3).
Finally, another general framework for studying DLs are so-called Guarded
Fragments (GFs) as introduced in [AvBN98]. These fragments provide a generalisation of various modal, hybrid, and description logics based on the observation
that typical uses of quantifiers in these formalisms involve “guard” formulae that
restrict their applicability [Grä98]. For example, a typical universal role restriction
∀x.R(a, x) → C(x) uses R(a, x) as a guard. However, GFs require all variables that
occur in the filler (C(x) in our example) to occur within a single atom in the guard,
so that complex RIAs are not guarded. Various generalisations of GFs have been
introduced in the literature, but we will not go into further details here.

3.3

Description Logic Nomenclature

SROIQ constitutes one of the most expressive description logics that have been
studied, and it certainly is the most comprehensive DL for which practical implementations are available today. Many other DLs have been proposed and studied
in the past two decades of research, and a great number of them can be considered as fragments of SROIQ or SROIQfree . A common goal when restricting
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to simpler logics is to reduce the complexity of inference problems, and to allow
for different algorithmic approaches that are found to yield practical advantages.
Moreover, many basic research questions are significantly harder to answer when
considering SROIQ as a whole, as exemplified by the discussion in Chapter 7.
Fragments of description logics can be defined in various ways. The most obvious method is to restrict the available set of role and concept constructors, and
axiom types. This will be the approach that is elaborated in most detail below. Another possibility is to restrict the usage of available constructors within axioms,
e.g. by allowing unions of concepts only on the right-hand side of GCIs as exemplified by the Horn DLs that are studied in Chapter 6. Finally, it is possible to
restrict to a certain set of description logic knowledge bases by imposing structural restrictions that refer to sets of axioms. Typical examples are the regularity
restrictions that distinguish SROIQ from SROIQfree , or the restriction to acyclic
TBoxes that has sometimes been considered in DL research [BCM+ 07].
The name that is given to a description logic typically reflects the logical operators that it supports, while further restrictions on the use of these concepts
or on the overall structure of knowledge bases may not be mentioned explicitly. Since many combinations of operators are independent from one another,
a general nomenclature has emerged for labelling DLs. Typically, each of the calligraphic letters of a DL’s name represents a particular feature, while the order
of letters is mostly governed by notational conventions. For example, the I in
SROIQ indicates the availability of inverse roles, while Q indicates the availability of qualified number restrictions.
In addition, there are a number of DLs whose names have been coined historically without refering to a general naming scheme. Examples that are relevant
in the context of this work include ALC and EL. ALC is the attribute language
with complement1 that supports all Boolean operators on concepts (⊓, ⊔, ¬) as
well as universal and existential role restrictions. ⊤ and ⊥ can be expressed indirectly but are typically included explicitly. The logic EL is the fragment of ALC
that supports only concept conjunction and existential role restrictions.
Figure 3.5 gives an overview of common notations for specific features. Together with the above definitions, this suffices to understand the names of many
common DLs. For example, ALCHO is the extension of ALC with role hierarchies and nominals, while ALCHOIQ further extends ALCHO with inverse
roles and qualified number restrictions. Unfortunately, not all letters that occur
in DL names have a clearly defined meaning, and features that are very common
in a given line of research may not appear explicitly in the name of a DL at all.
For example, there is no letter for indicating concept intersection. In some cases,
1

The original source of this name attributes C to “complement” [SSS91] but “complex negation” might be more accurate given that AL already supports atomic complements.
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Symbol
I
O
U
Q
N
F
H
R

Expressive Feature
inverse roles
nominals
concept union
qualified number restrictions
unqualified number restrictions
functionality restrictions
role hierarchies
role inclusion axioms

Example
R−
{a}
C⊔D
63 R.C, >2 S .D
63 R.⊤, >2 S .⊤
⊤ ⊑ 61 R.⊤ (sometimes “Func(R)”)
R⊑T
R◦S ⊑T

Figure 3.5: Nomenclature for important DL features
there have also been diverging definitions that use the same letters. Notably, the
letter R has sometimes been used to denote conjunctions of roles as discussed in
Chapter 5, where we use another notation for this feature. Moreover, the name
FL occurs in a number of basic DLs such as FL0 which supports only concept
conjunctions, universal role restrictions, ⊤ and ⊥. The historic naming has been
motivated since FL was introduced as a simple frame language [BL84], and thus
F is not related to functionality whenever it is followed by L.
Furthermore, the letter S deserves some special discussion. Originally, S was
introduced as an abbreviation for the extension of ALC with transitivity characteristics for roles. This interpretation is applicable to the DL SHOIQ and sublogics
thereof such as SHIQ or SHOQ. Role characteristics like symmetry that can be
directly expressed in terms of other constructs are typically not mentioned explicitly in this context.
When considering complex role inclusion axioms, however, the letter S has
received a different interpretation. Namely, the DLs RIQ and SRIQ both include
ALC and support transitive roles, where the latter already follows from the presence of R. The difference between RIQ and SRIQ is the availability of various
other features including local reflexivity (Self), disjointness of roles, and various
other role characteristics such as irreflexivity of roles. In the context of R, the letter S has thus been interpreted to refer to “some additional features.” For highly
expressive DLs like SROIQ, both of the above readings of S are applicable. In
all other cases of DLs with SR, we will explicitly clarify which constructs are
available.
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Chapter 4
Combining Description Logics with
Datalog
As discussed in Section 1.3, a large number of rule formalisms have been considered in knowledge representation and reasoning, and in computer science in general. In this chapter, we introduce the well-known rule language datalog which
can be viewed as a fragment of first-order logic but also as a basic logic programming dialect. Our focus within this work will mostly be on the former aspect
since it allows us to combine datalog with description logics within the semantic
framework of first-order predicate logic. Indeed, since the semantics of description logics can be captured in terms of first-order logic, it is straightforward –
semantically speaking – to extend this formalism with first-order rule languages.
Yet, as we shall see in many places of this work, much care is needed to preserve
favourable computational properties such as decidability or tractability in such an
extension.
We begin this chapter by giving an extended introduction to the syntax and
semantics of datalog in Section 4.1. Besides providing some basic intuition about
datalog and our first-order perspective on this language, this section also discusses the use of equality in datalog which is relevant throughout this work (Section 4.1.3). Thereafter, in Section 4.2.1, we combine datalog with SROIQ to obtain the (semantic core of) the Semantic Web Rule Language (SWRL) that provides the basis for many investigations within this work. After identifying the
basic shortcomings of SWRL, we provide an extended overview of the refined
approaches for combining datalog with description logics in Section 4.3 and 4.4,
where we also point out the relationships of these approaches to the contents of
later chapters.
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4.1

Datalog as a First-Order Rule Language

As explained in Section 1.3, a natural way to approach the notion of “rule” in
classical logic is to consider implications, i.e. formulae that have an implication
operator as their outermost connective. Moreover, it makes sense to require that
all variables that appear in a rule are universally quantified, thus expressing the
fact that the implication is applicable to all individuals that satisfy the premise.
However, further restrictions are required to arrive at a meaningful notion of rule
that does not encompass all first-order logic formulae.
In this section, we introduce a particularly restricted rule language known as
datalog. In a nutshell, a datalog rule is a logical implication that may only contain conjunctions, constant symbols, and universally quantified variables, but no
disjunctions, negations, existential quantifiers, or function symbols. We always
consider datalog as a sub-language of first-order logic to which the classical semantics applies. Both syntax and semantics will be explained in more precise
terms below in a fully self-contained way.
Before going into further details, it is worth mentioning that datalog has originally been developed for querying databases. Rules and queries indeed have much
in common. For example, the following datalog rule can be interpreted as a means
of querying a given database for all book authors:

∀x∀y. Person(x) ∧ authorOf(x, y) ∧ Book(y) → Bookauthor(x) .

In this case, one would assume information about Person, authorOf, and Book
to be stored in a database, while Bookauthor is derived from this data as a “query
result.” It is always possible to regard single rules as descriptions of relevant
“views” on the data, and much work on datalog is related to the use of rules in this
sense.
When considering datalog as a rule language, however, we also want to allow
rules to be applied recursively. This means that the result of a rule can again be
used by other rules to derive further conclusions, continuing until no further conclusions can be obtained from any rule. This use of recursion has been an important topic in the area of deductive databases as well, and semantic technologies
can build on the results that were obtained in this field. A notable difference to
our treatment is that many database-related applications define datalog based on
a logic programming semantics or with certain “closure axioms.” This is useful
for achieving a closed-world semantics that is desirable for a database: if a fact
is not in the database, it should be concluded that it is false. Such non-monotonic
behaviour, however, is only obtained when extending datalog with further features, especially with non-monotonic negation. We do not consider any form of
non-monotonicity in this chapter. For plain datalog, our definitions lead to exactly
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the same deductions as the closed-world approach. See [AHV94, Chapter 12] for
a discussion and comparison of both approaches.
Another characteristic that is often considered in work on deductive databases
is safety of rules which requires that all variables in the head of a rule occur also
in its body. In the cases that we consider, such a restriction is not required, but we
will encounter related notions when studying DL-safety in Chapter 9.

4.1.1 Syntax of Datalog
The following definition introduces central notions regarding the syntax of datalog. An example datalog program that illustrates this definition is given in Fig. 4.1.
Definition 4.1.1 A signature hI, P, Vi for datalog consists of a finite set of individual names (or constant symbols) I, a finite set of predicate names (or predicate
symbols) P, and a finite set of variable names V, all of which are mutually disjoint.
The function ar : P → N associates a natural number ar(P) with each predicate
P ∈ P that defines the (unique) arity of P.
Based on a datalog signature hI, P, Vi, we define the following notions:
– A datalog term is an element t ∈ I ∪ V, i.e. an individual or variable name.
– A datalog atom is a formula of the form P(t1 , . . . , tn ) given that t1 , . . . , tn are
datalog terms, and P ∈ P is a predicate name of arity n, i.e. ar(P) = n.
– A datalog rule is a formula of the form

∀x1 . . . ∀xm . B1 ∧ . . . ∧ Bk → H ,

where B1 , . . . , Bk are datalog atoms or ⊤, H is a datalog atom or ⊥, and the
variables x1 , . . . , xm are exactly those variables that occur within these atoms.
A rule with k = 1 and B1 = ⊤ is called a fact, and a rule with H = ⊥ is called
a constraint.



The premise of a datalog rule is called the rule body while the conclusion is called
the rule head. A set of datalog rules is called a datalog program which hints at the
relationship to logic programming.
Since all variables in datalog are always universally quantified at the level of
rules, it is common to omit the ∀ quantifiers from datalog rules. Moreover, ⊥ in
rule heads is sometimes not written explicitly, and facts ⊤ → H are typically
simply given as H. We adopt these simplifications whenever there is no danger
of additional confusion. When clear from the context, we also omit the prefix
“datalog” and simply speak of “terms,” “atoms,” “rules” etc. Finally, we will also
typically leave the specific signature implicit in our considerations: details of the
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(1)
Vegetarian(x) ∧ FishProduct(y) → dislikes(x, y)
(2)
orderedDish(x, y) ∧ dislikes(x, y) → Unhappy(x)
(3)
orderedDish(x, y) → Dish(y)
(4) dislikes(x, z) ∧ Dish(y) ∧ contains(y, z) → dislikes(x, y)
(5)
⊤ → Vegetarian(markus)
(6)
Happy(x) ∧ Unhappy(x) → ⊥
Figure 4.1: Example datalog program
signature are usually inessential as long as it provides all syntactic symbols of a
given datalog program (with the correct arity).
Figure 4.1 gives an example of a datalog program based on a datalog signature
with set of constant symbols I = {markus} and set of predicate symbols P =
{Dish,Vegetarian, FishProduct, Happy, Unhappy, dislikes, orderedDish}.
It is not hard to read the intended meaning from this set of datalog rules:
(1) “Every vegetarian dislikes all fish products.”1
(2) “Anyone who ordered a dish that he or she dislikes is unhappy.” This rule
shows that not all variables occurring in a rule body need to appear in the
rule head.
(3) “Everything that can be ordered as a dish actually is a dish.”
(4) “If someone dislikes something that is contained in a certain dish, then this
person will also dislike the whole dish.”
(5) “Markus is a vegetarian.”
(6) “Nobody can be happy and unhappy at the same time.”
Note that some of the rules might be more widely applicable than desired. For
example, rule (2) does not require that it was a person who ordered the dish.
In practice, one might add further preconditions to ensure that such implicit assumptions do really hold. For our purposes, however, a simpler formalisation is
preferred over a more correct one.
This example also illustrates that rules can often be read and understood rather
easily, which is one reason why they might sometimes be preferred over other
types of ontological axioms. Yet, some care is needed when dealing with rules:
while the intention of a single rule can seem obvious, there are still many possibly
unexpected conclusions that can be drawn from a set of rules. In particular, one
must be aware that rules in first-order logic “work in both directions”: if a rule
1

Some “pesco-vegetarians” might disagree. We follow the historic definition of the Vegetarian
Society here.
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body is true then the rule head must of course also be true, but conversely, if a rule
head is false, then the rule body must also be false. In other words, every rule is
equivalent to its contrapositive: p → q is equivalent to ¬q → ¬p. This may seem
trivial, but it is often not relevant in pure logic programming settings due to the
absence of explicit (classical) negation, and hence it may easily be overlooked in
practice. Assume, e.g., that the following facts are added to the program of Fig. 4.1
(we assume that the new constant symbols have been added to the signature):
Happy(markus)
orderedDish(markus,crêpeSuzette)
FishProduct(worcestershireSauce)
With these additional assertions, we can (rightly) conclude that Crêpe Suzette
does not contain Worcestershire Sauce: Since Markus is happy, he cannot be unhappy (6), and hence he did not order any dish he dislikes (2). Thus, since he
ordered Crêpe Suzette, Markus does not dislike this dish. On the other hand, as
a vegetarian (5) Markus dislikes Worcestershire Sauce on account of being a fish
product (1). Thus, since Crêpe Suzette is a dish (3), and since Markus does not
dislike it, rule (4) ensures us that the crêpe does not contain any Worcestershire
Sauce.
The proper formal basis for such derivations is provided by the logical semantics of datalog as specified in the next section.

4.1.2 Semantics of Datalog
As mentioned in the previous section, we consider datalog as a sub-language of
first-order logic, and its formal semantics is already determined by this fact. In this
section, we give a self-contained presentation of the datalog semantics which can
be slightly simplified due to the fact that function symbols and various first-order
logical operators do not need to be addressed. As usual for first-order logic, the
semantics of datalog is model-theoretic, i.e. it is based on defining which “models”
a datalog program has. A correct conclusion from a datalog program then is any
formula that is satisfied by all models of this program. As usual, a model is a
special kind of interpretation, one that makes a given datalog program true. Hence
we first explain what a datalog interpretation is and what it means for it to satisfy
some datalog rule.
Definition 4.1.2 A datalog interpretation I is a tuple h∆I , ·I i, consisting of a
non-empty interpretation domain ∆I and an interpretation function ·I . The domain is a set of individuals that defines the (abstract) world within which all
symbols are interpreted. The interpretation function establishes the mapping from
symbols into this domain:
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– If a ∈ I is an individual name, then aI ∈ ∆I , i.e. a is interpreted as an element
of the domain.
– If P ∈ P is a predicate symbol of arity ar(P) = n, then PI ⊆ (∆I )n , i.e. P is
interpreted as an n-ary relation over the domain.
A variable assignment Z for I is a mapping Z : V → ∆I . For a term t ∈ I ∪ V
we write tI,Z to mean tI if t ∈ I, and Z(t) if t ∈ V. Given an interpretation I and
a variable assignment Z for I, the truth value of a datalog formula is defined as
follows:
– We set ⊤I,Z ≔ true and ⊥I,Z ≔ false.
– For a datalog atom P(t1 , . . . , tn ), we set P(t1 , . . . , tn )I,Z ≔ true if we find that
ht1I,Z , . . . , tnI,Z i ∈ PI , and P(t1 , . . . , tn )I,Z ≔ false otherwise.
– For a conjunction B1 ∧ . . . ∧ Bn of datalog atoms B1 , . . . , Bn , we set (B1 ∧ . . . ∧
Bn )I,Z ≔ true if BiI,Z = true for all i = 1, . . . , n. We set (B1 ∧ . . . ∧ Bn )I,Z ≔
false otherwise.



– For a datalog rule B → H, with B an arbitrary conjunction of datalog atoms,
we set (B → H)I ≔ true if, for all variable assignments Z for I, we find that
either BI,Z = false or H I,Z = true. We set (B → H)I ≔ false otherwise.
Note that the truth of a rule does not depend on a particular variable assignment, since the (implicit) universal quantifiers bind all variables in all rules. The
above definition gives rise to the usual notion of model-theoretic satisfiability and
consequence:



Definition 4.1.3 An interpretation I satisfies a datalog rule B → H if (B →
H)I = true, and it satisfies a datalog program if it satisfies all rules of the program. A rule (program) that is satisfied by some interpretation is called satisfiable
or consistent, and each satisfying interpretation is called a model for the rule (program). A rule is a conclusion (or consequence) of a program if the rule is satisfied
by all models of the program.
Observe that the definition of semantic consequence includes all types of rules,
so in particular it defines in which cases a certain fact is entailed by a datalog
program. The entailment of facts is by far the most common reasoning problem for
datalog, and many implementations are specifically tailored toward the derivation
of facts.
The above finishes the formal definition of the datalog semantics. To illustrate
the definitions, we describe a particularly interesting model for the example in
Fig. 4.1 and the related facts on page 44. As a domain of interpretation, we pick the
set of constant symbols of the given signature, i.e. ∆I = {markus, crêpeSuzette,
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VegetarianI
FishProductI
dislikesI
orderedDishI
DishI
UnhappyI

= HappyI = {markus}
= {worcestershireSauce}
= {hmarkus, worcestershireSaucei}
= {hmarkus, crêpeSuzettei}
= {crêpeSuzette}
= containsI = ∅

Figure 4.2: Example datalog interpretation of predicate symbols
worcestershireSauce}. The mapping ·I on constant symbols is defined to be
the identity function, i.e. every constant symbol is mapped to itself. The interpretation of the predicate symbols is given in Fig. 4.2. It is straightforward to check
that this interpretation is indeed a model for the given datalog program. For plain
datalog programs that are consistent, it is always possible to construct models in
this particularly simple fashion by just taking the set of constant symbols as interpretation domain, and such models are known as Herbrand models.2 Moreover,
it is always possible to find a model that satisfies as few datalog atoms as possible, such that no other model satisfies less datalog facts. The existence of such
least Herbrand models is of great significance and can be exploited for practical
implementations. Unfortunately, this nice property is lost as soon as we introduce
description logics into the picture.
Even the availability of least Herbrand models does not make inferencing an
easy task, computationally speaking. The following summarises some well-known
complexity results for reasoning in datalog.
Fact 4.1.4 Checking satisfiability of arbitrary datalog programs P is ExpTimecomplete w.r.t. the size of the program, and P-complete w.r.t. the number of facts
if the non-fact rules are assumed to be fixed (data complexity). Checking satisfiability in the class of datalog programs with at most k variables per rule can be
done in polynomial time w.r.t. #(I)k , and is thus P-complete w.r.t. the size of the
program.
The same results hold for the problem of checking the entailment of ground
facts from datalog programs.
See [DEGV01] for details and proofs. Upper bounds in all cases can be obtained by reducing datalog programs to propositional Horn logic programs by
grounding, i.e. by uniformly replacing the variables of each rule by constant symbols in all possible ways. Grounding is obviously exponential in the number of
variables per rule, and polynomial in the number of constants.
2

After the French mathematician Jacques Herbrand, i.e. pronounced /εrbrã/ with H silent

47

Combining Description Logics with Datalog

4.1.3 Equality
An important aspect of first-order logic and thus of description logics is the fact
that different constant symbols may refer to the same semantic individual. In contrast, logic programming often adopts the Unique Name Assumption (UNA) that
requires differently named individuals to be distinct. This is also reflected in the
notion of Herbrand models mentioned above which use the set of all constant
symbols as their domain, such that distinct constants represent distinct domain
elements. In this section, we discuss how explicit equality can be introduced into
datalog so as to align it with description logics.
First it must be noted that the semantics of datalog as introduced above does
not make the UNA, so it is indeed possible that distinct constant symbols are
interpreted as the same domain element. This does hardly play a rôle for the conclusions that can be drawn from a datalog program, since datalog provides no way
of stating or checking the equality of two individuals. This is why the least Herbrand model can still be used for reasoning: models with less domain elements
may exist, but the least Herbrand model is guaranteed to entail the least amount
of positive information.3 Datalog does, however, provide a way of asserting the
inequality of two individuals by requiring them to have incompatible properties.
For example, the program {P(a), Q(b), P(x) ∧ Q(x) → ⊥} implies that a and b are
interpreted differently in all models.
A straightforward solution for allowing explicit positive equality assertions in
datalog is to simply consider datalog as a fragment of first-order logic with equality FOL≈ , and to allow the equality symbol ≈ to be used like a binary predicate.
Besides this extension, the above definitions of syntax and semantics of datalog
carry over to this new setting. However, datalog programs with equality may no
longer have (least) Herbrand models. For example, the program {x ≈ a} requires
all domain elements to be equal to the interpretation of the constant a, and hence
admits only models with singleton domains. We will see below how the underlying ideas of Herbrand models can still be recovered within this setting.
Another practical problem that we encounter when adding equality to datalog is the lack of inference engines. While datalog can be processed by almost
any logic programming tool, including a number of dedicated datalog reasoners,
there are hardly any implementations of datalog with equality. Fortunately, it is
well-known that equality can be axiomatised using rules of datalog without equality; see, e.g., [Fit96]. More formally, given a datalog program P over a signature
hI, P, Vi, the datalog program P≈ is defined to consist of the following rules:
3

Indeed, “least” refers to the amount of positive information as compared to other Herbrand
models, not to the size of the interpretation domain.
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a≈a
x≈y → y≈x
x≈y∧y≈z → x≈z
P(x1 , . . . , xi , . . . , xn ) ∧ xi ≈ yi → P(x1 , . . . , yi , . . . , xn )

for all a ∈ I

for all P ∈ P

It is well-known that, for all ground atoms ϕ (possibly including the symbol ≈)
over the signature hI, P, Vi, we have that P |= ϕ in FOL≈ iff P ∪ P≈ |= ϕ holds
in first-order logic without equality when considering ≈ as a new binary predicate [Fit96]. Indeed, it is easy to see that every FOL model of P ∪ P≈ has a
corresponding FOL≈ model of P that is obtained by factorising the interpretation
domain based on the equivalence relation induced by ≈, and, conversely, every
FOL≈ model of P leads to a FOL model of P ∪ P≈ that interprets ≈ as identity
relation on the domain. In this sense, the relation of P and P ∪ P≈ is close to our
notion of emulation, although the use of different underlying logics is not encompassed there. Together with the observation that the size of P≈ is linearly bounded
in the size of the underlying signature, we can conclude that the worst-case complexity of reasoning in datalog is not increased when adding equality.
This provides us with an alternative perspective on equality as an auxiliary
predicate with a fixed axiomatisation. This view is useful since it allows us to
understand the notion that corresponds to least (Herbrand) models in datalog with
equality. Namely, the “least models” of a datalog program with equality can be
considered to be the models that are obtained by constructing FOL≈ models from
least FOL models of the datalog program with axiomatised equality predicate. For
example, the least Herbrand model leads to a canonical model in FOL≈ which is
obtained as a factorisation of the Herbrand model. We will use this correspondence
in some arguments, and in particular there are cases where it is more convenient
to construct a model by explicitly specifying the extension of ≈ instead of dealing
with equivalence classes that are obtained by an according factorisation.
Since both views are essentially equivalent, we freely change between the
FOL and FOL≈ perspective when considering datalog, and in particular we typically use ≈ in datalog without specifying which logical framework is to be used.
While the extension of datalog to a fragment of FOL≈ in this sense does not
increase its modelling power, we point out that an axiomatisation as above is often not satisfactory for devising efficient implementations. The reason is that a
general-purpose equality theory creates a large number of possible inference patterns that may thwart some common optimisations and that may even lead to nontermination in some logic programming systems. A common inference method
for datalog and logic programming is resolution, and a number of additional techniques are known to reduce the amount of unnecessary inferences in resolutionbased calculi [BG98]. In many cases, it is also possible to use a more restricted
equality theory without losing consequences.
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4.2

Datalog ∪ Description Logics: SWRL

In this section, we consider the approach of combining all expressive features of
datalog with all expressive features of DL in a rather straightforward way that
was first proposed in [HPS04]. The approach has become popular through the
Semantic Web Rule Language (SWRL, pronounced “swirl”) that was published
as a W3C member submission [HPSB+ 04]. The original proposal of SWRL also
includes a number of built-in functions for handling datatype values, and it uses
an XML-based syntax that is not discussed here. Yet, it is still closely related to
the formalism that is discussed in this section, and we will use the name “SWRL”
throughout to refer to this language.

4.2.1 Defining SWRL
Even though the paradigm of rule-based modelling is quite different from the ontological modelling in description logic, it is not hard to see that a combination
of datalog and DL is indeed meaningful. Both languages can be viewed as sublanguages of FOL≈ , so the combination of a datalog program with a DL ontology
can always be viewed as a collection of first-order logic formulae with the usual
first-order semantics. So, at least conceptually, there are no major problems. For
clarity, we explicitly define the syntax and semantics of SWRL below.
Definition 4.2.1 A signature of SWRL is a signature of datalog hI, P, Vi as in
Definition 4.1.1 with designated disjoint subsets of concept names A ⊆ P, simple
role names Ns ⊆ P, and non-simple role names Nn ⊆ P, such that
– A ∈ A implies ar(A) = 1, and
– R ∈ Ns ∪ Nn implies ar(R) = 2.
In particular, hI, A, Ni with N = Ns ∪ Nn is a DL signature.
A SWRL atom is a datalog atom over hI, P, Vi, or an expression of the form
C(x) or R(x, y) where x, y ∈ V, and C ∈ C and R ∈ R are SROIQfree concept
and role expressions over the signature hI, A, Ni. SWRL rules and programs are
defined like datalog rules and programs but based on SWRL atoms. A SWRL
program is also called a SWRL rule base.
Interpretations and variable assignments in SWRL are the same as for datalog, and satisfaction of datalog atoms is defined as before. An interpretation I =
h∆I , ·I i and a variable assignment Z for I satisfy a SWRL atom of the form C(x)
with C ∈ C if Z(x) ∈ C I . Here, C I denotes the (DL) extension of C under I as
specified in Definition 3.1.5. Similarly, I and Z satisfy a SWRL atom of the form
R(x, y) with R ∈ R if hZ(x), Z(y)i ∈ RI . Satisfaction for rules and programs is
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(7)
(8)

∃orderedDish.ThaiCurry(markus)
ThaiCurry ⊑ ∃contains.FishProduct

Figure 4.3: Description logic axioms extending the datalog program from Fig. 4.1



defined as in Definition 4.1.2 using the extended satisfaction relation for SWRL
atoms. Logical consequence is defined as in Definition 4.1.3.
Since this definition explicitly allows for datalog predicates of arbitrary arity,
SWRL in this sense clearly is a proper syntactic superset of datalog. This is not
the case for SROIQfree , since we do not explicitly include concept subsumptions,
role inclusion axioms, or other role assertions. However, all of these concepts can
easily be expressed in SWRL:
– concept subsumptions C ⊑ D can be expressed by rules C(x) → D(x),
– generalised role inclusion axioms R1 ◦ . . . ◦ Rn ⊑ T can be expressed by rules
R1 (x1 , x2 ) ∧ . . . ∧ Rn (xn , xn+1 ) → T (x1 , xn+1 ),
– role disjointness axioms Dis(R, T ) can be expressed by rules (integrity constraints) R(x, y) ∧ T (x, y) → ⊥.
The remaining role characteristics symmetry, asymmetry, transitivity, reflexivity,
and irreflexivity can be expressed in SROIQ as explained in Section 3.1.3, hence
can be omitted without losing expressivity. Thus, when specifying SWRL rule
bases,4 we will freely use axioms in DL syntax to denote the corresponding SWRL
rules, but we do not need to explicitly consider these cases in formal arguments.
Further note that Definition 4.2.1 does not require all unary and binary predicates to be interpreted as DL concept names and role names, respectively. Later,
in Chapter 9, we will discuss cases where a distinction between DL atoms and
non-DL atoms is indeed useful. For now, it will not be necessary to distinguish
datalog and DL components in SWRL rule bases.
As an example for such a combined knowledge base, consider again the datalog rules from Fig. 4.1 together with the additional description logic axioms given
in Fig. 4.3 (using DL syntax as explained above). By (7), Markus has ordered
some Thai curry dish, and, according to this example, all Thai curries contain
some fish product. Combining these statements with the rules of Fig. 4.1, we
would intuitively expect the conclusion that Markus is now unhappy. Using the
above semantics, we can support our intuition with a more formal argument.
4

We prefer the term “rule base” since it emphasises the relationship to (DL) knowledge bases
avoids the procedural connotation of the term “program” that is common for datalog theories.
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Using the semantics of ∃ from Definition 3.1.5, we find that every interpretation I that satisfies (7) must have some element e in its domain ∆I such that
(markusI , e) ∈ orderedDishI and e ∈ ThaiCurryI . But if I also satisfies rule
(3), then we must have e ∈ DishI as well. This last conclusion can be obtained
as follows: Clearly there is a variable assignment Z with Z(x) = markusI and
Z(y) = e. Since Z and I satisfy the body of rule (3), they must also satisfy its
head. So we obtain Z(y) ∈ DishI as claimed. Normally, it is not required to explain conclusions from rules in that much detail, and one usually just says that
e ∈ DishI follows by applying rule (3).
Now if (8) is satisfied, then e ∈ (∃contains.FishProduct)I . Again this
means that there must be some element f ∈ ∆I such that (e, f ) ∈ containsI and
f ∈ FishProductI . Applying rules (5) and (1), we also know that (markusI , f ) ∈
dislikesI . Thus we can apply rule (4) with a variable assignment Z with Z(x) =
markusI , Z(y) = e, and Z(z) = f to conclude that (markusI , e) ∈ dislikesI .
Thus, we have established that Markus dislikes the (unnamed) dish e which he
ordered. Therefore rule (2) can be applied to conclude that markusI ∈ UnhappyI .
The above conclusions were drawn by assuming merely that I satisfies the
rules and axioms (1)–(9), and they are thus valid for an arbitrary model of our
combined knowledge base. In other words, every model of the above rules and
axioms must also satisfy Unhappy(markus), which is therefore a logical conclusion of the knowledge base.

4.2.2 Reasoning in SWRL
The previous section showed how the formal semantics of datalog and description
logics can be used to derive conclusions. The argument we gave there, however,
was still somewhat informal and required some amount of thought on our side.
It would clearly be desirable to automate this process, i.e. to develop software
tools that automatically draw conclusions from SWRL rule bases. Unfortunately,
it turns out that this is not possible: all standard reasoning problems for SWRL
are undecidable, even if further restricting the underlying description logic. Before providing a simple proof for this result below, we discuss the practical consequences of this situation.
Undecidability of SWRL might be somewhat disappointing since it ensures
us that it is impossible to ever devise a software tool that can compute all conclusions from all possible SWRL rule bases. But this formulation also already
hints at two ways of escaping this problem. As a first option, one might be content with a tool that draws at least some conclusions which are for certain, i.e. an
inferencing program that is sound but incomplete. Alternatively, one can try to
find reasoning methods that are sound and complete, but that cannot be applied to
all possible rule bases. As we will see in the following chapters, both approaches
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are often closely related: having identified a fragment of SWRL rules for which
a sound and complete reasoning algorithm is available, one can devise ways for
modifying arbitrary SWRL rule bases to make them processable by the same algorithm. Such modifications are typically weakenings – the modified rule base is
a logical consequence of the original one – and hence the reasoning algorithm,
while sound and complete for the modified rule base, is still sound but no longer
complete for the original one. Two main approaches for obtaining fragments of
SWRL for which reasoning is decidable are Description Logic Rules (Chapter 8)
and DL-safe Rules (Chapter 9).
In the remainder of this section, we elaborate on the undecidability of SWRL.
There are, in fact, many different ways of illustrating this undecidability, since
many well-known undecidability proofs for description logics are easily adapted
for SWRL rule bases. Examples include the undecidability proof for non-simple
roles in number restrictions [HST99], non-regular role boxes [HS04], and even
the basic undecidability result for KL-ONE – a predecessor of today’s description logics – given in [SS89]. The argument given for SWRL’s undecidability
in [HPSBT05] is based on representing an infinite tiling (domino) problem in
SWRL. Intuitively speaking, the undecidability of SWRL is a result of the interplay of two features: (1) SWRL does not have a finite model property, so that a rule
base can require the existence of infinitely many domain elements; (2) SWRL can
describe and entail complex, irregular relationships between domain elements.
Item (1) is typical for DLs which can use existential quantifiers to derive new
elements, but attention can typically be restricted to (finite or infinite) DL models which have a rather regular structure that allows reasoning algorithms to use
blocking approaches to ensure termination. Conversely, in the case of datalog,
irregular relationships between domain elements can be described but the supply of such elements is naturally limited by the amount of constant symbols that
are used: satisfiable datalog programs always have a finite model – any Herbrand
model. The following proof is given to further illustrate this intuition using the
Post Correspondence Problem as a classical undecidable problem.
Fact 4.2.2 Satisfiability of SWRL rule bases is undecidable.
Proof. The undecidable Post Correspondence Problem (PCP) is described as follows: given two lists of words u1 , . . . , un and v1 , . . . , vn over some alphabet Σ, is
there a sequence of numbers i1 , . . . , ik (1 ≤ i j ≤ n) such that ui1 . . . uik = vi1 . . . vik ?
To reduce this problem to SWRL satisfiability, words are represented by chains
of binary relations. Thus assume there are distinct role names {U j |1 ≤ j ≤ n} ∪
{V j |1 ≤ j ≤ n} ∪ {Rσ | σ ∈ Σ} ⊆ N. For each word u j = σ j1 . . . σ jm and corresponding role U j , add a rule Rσ j1 (x1 , x2 ) ∧ . . . ∧ Rσ jm (xm , xm+1 ) → U j (x1 , xm+1 ), and
likewise for words v j . Moreover, add facts of the form ∃Rσ .⊤(x) for each σ ∈ Σ.
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This construction ensures that every model contains a role chain for all possible
sequences of letters, and that roles U j and V j connect the first and last elements of
each role chain that represents the word u j and v j , respectively.
We wish to ensure that the constructed rule base is unsatisfiable whenever the
given instance of the PCP can be solved. For this it is not adequate to generally
disallow that some sequences of words U j and V j connect the same individuals: a
contradiction should only arise if the same indices i1 , . . . , ik have been used in the
construction of both sequences. For this, we introduce another set of (distinct) role
names {M j |1 ≤ j ≤ n}∪{U, V} ⊆ N and facts ∃M j .⊤(x) for each j ∈ {1, . . . , n}. The
roles M j are markers to record a sequence of words u j and v j . This is implemented
by adding rules of the form U j (x, y) ∧ M j (y, z) → U(x, z) and U j (x, y) ∧ U(y, y′ ) ∧
M j (y′ , z) → U(x, z) for each j ∈ {1, . . . , n}, and likewise for V. Finally, the rule
U(x, y) ∧ V(x, y) → ⊥ constraints the models of the rule base as intended.
It is not hard to see that this rule base is unsatisfiable iff the initial instance
of the PCP has a solution. Otherwise, we can find a canonical model I in which
the graph structure established by the relationships RIσ and MσI is tree-shaped,
i.e. contains no cycles and no parallel edges. In particular, this means that no
two distinct sequences of edges Mi1I . . . MikI lead to the same domain element. The
canonical model can further be assumed to contain exactly those relationships U(Ij)
and V(Ij) that are required by the rules with non-empty heads (this can be ensured,
in essence, since the underlying logic is monotonic). It is easy to see that the rule
U(x, y) ∧ V(x, y) → ⊥ is also satisfied if a model is constructed like this: Suppose
for a contradiction that it is not, i.e. that there is a tuple in U I ∩ V I . An easy
induction over the length of the entailment of U I and V I then shows that there is
a corresponding sequence of words in the original PCP – a contradiction.
Conversely, it is easy to show that, whenever the PCP has a solution sequence,
this sequence will lead to a contradiction in each interpretation of the rule base.
This finishes the proof.

We point out that the SWRL rules that are used in the above proof could also be
expressed in SROIQfree by using role chains and role disjointness axioms, where
the resulting RBox would not satisfy the regularity constraints of SROIQ. The
proof thus could be adapted to show undecidability of reasoning in SROIQfree .

4.3

Approaches for Combining Rules and DLs

The Semantic Web Rule Language is a rather straightforward approach for combining rule languages and datalog, and its undecidability is clearly a disadvantage.
A variety of further approaches have been considered for combining rules in the
sense of first-order logic or logic programming with DLs. In this section, we pro54
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vide a short survey of related works, and point out the approaches that we are
going to pursue in the remainder of this work.
A first approach for reconciling DL and rules in a decidable fashion was introduced under the name Description Logic Programming (DLP) in [GHVD03,
Vol04]. In contrast to SWRL, DLP strives to define a common “subset” of the DL
SHOIQ and datalog, and thus it is strictly weaker than either formalism. In the
absence of a common syntax, however, it is not obvious how to define the “intersection” of two logical formalisms, and a number of variants of DLP-like languages have been considered. The most recent incarnation of DLP can be recognised in the OWL 2 profile OWL RL, which can be viewed as an extended version
of DLP for SROIQ. In this work, we encounter similar DLs in Chapter 6 when
considering Horn description logics, and in particular in Section 6.2. Moreover,
we return to the question of how to define the “intersection” of DL and datalog
in Chapter 7, where the logic DLP is introduced as a DLP-type sublanguage of
SROIQ that is maximal in a concrete sense.
Partly inspired by DLP, Motik et al. proposed a reduction of SHIQ knowledge bases to disjunctive datalog programs5 that could be used to compute ground
entailments from datalog, and that has been implemented in the KAON2 system
[MS06, Mot06]. Using the terminology of Section 2.2, we can say that the disjunctive datalog program as computed by KAON2 FOLground
-emulates the original
≈
ground
SHIQ knowledge base where FOL≈
is the variable-free fragment of firstorder logic with equality. It turned out that some knowledge bases could be translated into non-disjunctive datalog, and that the low reasoning complexity w.r.t. the
number of facts in a datalog program could thus be exploited in these cases. The
corresponding fragment of SHIQ was called Horn-SHIQ [HMS05]. It is the
basis for our investigation of a number of further Horn DLs in Chapter 6, where
additional related work on these topics can be found.
Some other approaches have focussed on identifying decidable sub-languages
of SWRL. The datalog reduction in KAON2 suggested the combination of SHIQ
knowledge bases with additional datalog rules that would simply be added to the
program that is obtained from a transformation. Doing this does, of course, not
capture the semantics of arbitrary SWRL rule bases, but it suffices to derive all
entailments that can be obtained when restricting the applicability of the added
datalog rules to named individuals, i.e. to individuals that are referred to by a constant name of the original knowledge base. A class of SWRL rules for which this
suffices to obtain a complete reasoning procedure has been introduced in [MSS05]
under the name DL-safe rules. Related work is further discussed in Chapter 9,
where we extend this approach by combining it with another family of decidable
SWRL fragments known as Description Logic Rules.
5

Disjunctive datalog is the extensions of datalog that allows disjunctions in rule heads.

55

Combining Description Logics with Datalog
Description Logic Rules have first been introduced in [KRH08a] and, independently, in [GSH08]. The key idea of this approach is to identify fragments of
SWRL that can be expressed (or rather emulated) by DL knowledge bases, but
which may require some non-trivial encodings for this purpose. In this sense, DL
Rules do not actually increase the expressiveness of a description logic, but rather
provide a rule-based perspective that might be more adequate for some applications. DL Rules are introduced in detail in Chapter 8, and they provide an important basis for DL+safe rules, a generalisation of DL-safe rules that is presented in
Chapter 9. The latter chapter also introduces the new light-weight DL-based rule
language ELP [KRH08b].
Other prominent approaches for a first-order integration of DL and datalog
have been CARIN [LR98] and (first-order) DL+log [Ros06], both of which consider certain forms of DL-safety conditions to ensure decidability. See Section 9.6
for a more detailed discussion on how these relate to DL-safe rules and to our
extension thereof. In short, it turns out that our DL+safe rules generalise both
DL-safe rules and recursive role-safe CARIN, while DL+log remains incomparable.
In addition to these foundational works, the interoperability of DL and rules
also imposes practical challenges. Indeed, the major contribution of the SWRL
member submission [HPSB+ 04] was not to invent a novel knowledge representation paradigm, but to specify a structural and syntactic framework for using SWRL
rule base in actual systems. Although not a formal standard, SWRL continues to
be the main rule syntax that is used in current implementations. More recently, extensions have been proposed to improve the compatibility of SWRL with various
syntactic forms of OWL, and to incorporate an explicit notion of DL-safety into
SWRL rule bases [GHPPS09]. Meanwhile, the W3C initiated an effort for standardising a so-called Rule Interchange Format (RIF) as a unified framework for
increasing the interoperability of rule-based systems. However, this effort was not
scoped to any particular notion of “rule” and, in consequence, lead to a number of
different rule languages that are only weakly compatible. A language that resembles datalog (though extended with frame-like syntax and some other features)
has been developed under the name RIF Core [BHK+ 09], and it can further be
extended to the RIF Basic Logic Dialect that encompasses first-order Horn logic.
Both languages use a first-order semantics that is compatible with the rule languages studied within this work. Moreover, RIF includes a document on RDF and
OWL compatibility [dB09] that suggests a combined semantics of OWL and RIF
that is closely related to SWRL, and that provides a basis for defining DL-safety
in RIF rule bases. However, it remains to be seen to which extent RIF will be
adopted in practical applications.
Besides the close integration of rules and DLs in the framework of SWRL,
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there are further approaches of combining some forms of rule languages with description logics. Many of those approaches consider rules in the sense of logic
programming (see [Llo88] for a textbook introduction), focusing specifically on
the non-monotonic inferencing features of the latter. An important kind of works
are so-called hybrid approaches that use DL knowledge bases as source of background knowledge that is used by some form of rule base or logic program. A classical approach of this type is AL-log which semantically resembles SWRL but
does not allow DL atoms in rule heads [DLNS98]. While this can still be viewed
as a restricted form of DL-safe SWRL rules, Eiter et al. introduced dl-programs
as a hybrid formalism for combining answer set programming – a paradigm of
non-monotonic logic programming – with description logics [ELST04]. This approach later has been further generalised to so-called hex-programs that allow for
more general combinations of higher-order logic programs with externally defined
atoms [EIST05].
Further approaches provide an even tighter integration of description logics and non-monotonic logic programming paradigms. An example is given by
DL+log that admits a non-monotonic evaluation based on the Gelfond-Lifschitzreduct of a disjunctive datalog program for some interpretation, while still allowing DL axioms to be interpreted under an open world semantics [Ros06]. The idea
of integrating closed and open world reasoning by combining DLs and (disjunctive) datalog was further advanced by the introduction of hybrid MKNF knowledge
bases [MHRS06, MR07] which introduce the paradigm of Minimal Knowledge
and Negation as Failure into DLs. An alternative approach of interpreting such
hybrid knowledge bases under the well-founded semantics has been presented in
[KAH08].

4.4

Rules and Conjunctive Queries

Another area that is closely related to the combination of rules and DLs is the
study of conjunctive queries for description logics. Conjunctive queries are a wellknown formalism in the field of databases that can easily be adapted to DL knowledge bases. Using the terminology of this chapter, a conjunctive query (CQ) can
be defined as a SWRL rule
– that contains only DL atoms in its body, and
– that has a non-DL atom of arbitrary arity as its head.
In this sense, CQs are a special kind of non-recursive rules. The predicate name
of the head atom is generally used only in a single query, and hence is inessential.
One is typically interested in the instances of the head predicate of the query that
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are entailed by a given DL knowledge base. Variables that occur in the head of
a query are therefore called distinguished variables, and all other variables are
called non-distinguished.
An answer to a query B → Q(x1 , . . . , xn ) over a given DL knowledge base KB
is a tuple ha1 , . . . , an i of individual names ai ∈ I such that Q(a1 , . . . , an ) is a logical
consequence of KB ∪ {B → Q(x1 , . . . , xn )}. The query entailment problem is the
problem of deciding whether or not a tuple is an answer to a CQ in this sense,
while query answering is the task of finding all such tuples.
We thus find that the entailment of CQs is a special case of entailment checking for SWRL rule bases, and thus closely related to the subject of this work. This
relation is well-known and has been exploited in some works. [Ros06] shows a
close relationship between decidability of DL+log and decidability of conjunctive query answering for the respective DL. [LR98] study non-recursive versions
of CARIN that are closely related to the CQ entailment problem over the given
DL. However, rule languages typically become significantly more complicated
when allowing for recursion, thus requiring additional restrictions that are not relevant for CQs.
Conversely, research in CQs typically considers arbitrary forms of queries, and
studies appropriate restrictions on the DL instead. CQ entailment in this general
form is often a very hard problem indeed. If knowledge bases contain only ABox
information, i.e. assertional data, query entailment corresponds to finding patterns
in a labelled graph, and thus is already NP-complete. For the tractable description
logic EL++ , CQ entailment becomes PSpace-complete [KRH07b, KR07]. This
result requires EL++ to be restricted to regular RBoxes since CQ entailment is
undecidable otherwise.
In fact, CQ complexity often is significantly higher than the complexity of
standard reasoning problems, although there are still a number of open questions
especially regarding conjunctive queries for more expressive DLs. It is known
that CQ entailment for SHIQ is 2ExpTime-complete [GLHS08, Lut08]. Omitting
transitive and inverse roles simplifies the problem complexity to ExpTime [Lut08].
Allowing transitive roles leads to co-NExpTime-hardness, and even to 2ExpTimehardness if role hierarchies are also allowed [ELOS09].
CQ entailment for SHOQ is known to be decidable in 2ExpTime but it remains open if this is optimal [GHS08]. As of today, it is unknown whether CQ
entailment for SHOIQ – the DL that is closely related to the 2004 OWL standard – is decidable, but it has recently been shown that this is the case if the query
contains simple roles only [GR09]. This result hinges on a decision procedure for
CQ entailment in ALCHOIQb (ALCHOIQ(b) in the notation of Chapter 5)
from which no upper complexity bounds can be obtained.
Of the above approaches, [KRH07b] is the only one that considers (regular)
RBoxes with general RIAs. Approaches to extend CQs toward expressive DLs
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with RIAs are based on extensions of CQs with regular expressions over roles,
leading to so-called regular path queries [CEO07]. This line of research has recently lead to first decidability results for query entailment in DLs that extend SR
[CEO09].
As of today, CQs and rules still constitute two separate fields of research,
albeit with many touching points. The main thrust of CQ research is currently
aimed at extending CQs to even more expressive DLs, leading to highly complex
yet decidable rule languages in the spirit of DL+log [Ros06]. The focus of this
work, in contrast, is the development of DL rule languages that can directly be
used even with highly expressive DLs while ensuring decidability by restricting
the expressive power of the rule component.
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Chapter 5
Extending Description Logics with
Role Constructors
In rule languages like datalog, the uses of an atom in a rule does not depend
on the arity of the atom’s predicate. In description logics, in contrast, concept
expressions are typically much richer than role expressions. For example, the rule
C(x) ∧ D(x) → E(x) can be expressed by the concept inclusion axiom C ⊓ D ⊑ E,
whereas the rule R(x, y) ∧ S (x, y) → T (x, y) is not expressible in SROIQ. This
fundamental imbalance in expressive power restricts the interoperability of DLs
and rules, and the objective of this chapter therefore is to investigate the use of
more expressive role constructors in description logics.
In DL history, Boolean constructors (negation, conjunction, disjunction) on
roles have occurred and have been investigated sporadically in many places, but
have never been integrated into the mainstream of researched languages nor influenced standardisation efforts. Concept products of the form C × D have been
suggested as a means of describing a role that relates all instances of C to all instances of D, leading to another role constructor that has not been adopted in many
approaches. In this chapter, we show that such constructors can – sometimes with
appropriate restrictions – be incorporated into several of the most prominent DL
languages, thereby significantly enhancing expressivity without increasing worstcase complexity of standard reasoning problems.
To illustrate this gain in expressivity, we give some examples of the modelling
capabilities of role constructors:
Universal Role Using role negation, the universal role U that connects all individuals of a domain can be defined as ⊤ × ⊤ ⊑ U. Alternatively, it can be obtained
as ¬N ⊑ U, i.e. as the negation of the empty role N. The latter can readily be
axiomatised by the GCI ⊤ ⊑ ∀N.⊥.
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Role Conjunction This modelling feature allows us to describe situations where
two individuals are interconnected by more than one role, a relationship that can
not be captured in classical DLs that are confined to tree-like relations. For example, the fact that somebody testifying against a relative is not put under oath can
be formalised by ∃(testifiesAgainst ⊓ relativeOf).⊤ ⊑ ¬UnderOath. Likewise,
role conjunction allows for specifying disjointness of roles, as Dis(R, S ) can be
paraphrased as ⊤ ⊑ ∀(R ⊓ S ).⊥.
Concept Products The concept product statement C × D ⊑ R expresses that every instance of C is connected to every instance of D via the role R. As an example,
the fact that (all) alkaline solutions neutralise (all) acid solutions can be expressed
by the concept product axiom AlkalineSolution × AcidSolution ⊑ neutralises. Using role negation, this can equivalently be stated by a GCI AlkalineSolution ⊑
∀(¬neutralises).¬AcidSolution.
Ranges and Domains Allowing concept products on the right-hand side of
role inclusion axioms essentially allows us to specify range and domain restrictions on roles. For example, the fact that the role authorOf connects persons
to publications can be expressed as authorOf ⊑ Person × Publication. Using
GCIs, the same statements would be given by GCIs ∃ authorOf.⊤ ⊑ Person and
⊤ ⊑ ∀authorOf.Publication.
Qualified Role Inclusion The specialisation of role inclusions based on concept
memberships of the involved individuals can be expressed. The rule-like FOL
statement C(x) ∧ R(x, y) ∧ D(y) → S (x, y), expressing that all R-related instances
of C and D are also related by S , can be cast into the GCI C ⊑ ∀(R ⊓ ¬S ).¬D.
Alternatively, we can use a role inclusion axiom (C × D)⊓R ⊑ S . For example, the
fact that any person of age having signed a contract which is legal is bound to that
contract can be expressed by (OfAge×(Contract⊓Legal))⊓ hasSigned ⊑ boundTo,
or by OfAge ⊑ ∀(hasSigned ⊓ ¬boundTo).¬(Contract ⊓ Legal).
These examples also illustrate that role constructors can provide a more general view on expressive features like the universal role or role disjointness that are
very common in DL today.
The outline of this chapter is as follows. The considered role constructors are
introduced formally in Section 5.1 to obtain the DL SROIQ(Bs , ×)free that provides a framework for the subsequent investigations. In Section 5.2, we show that
constructors on simple roles can generally be added to SROIQ and SHOIQ
without increasing the worst-case complexity of standard reasoning tasks. A similar result can be established for SHIQ in Section 5.3, but in this case we need
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to restrict to so-called safe role expressions to prevent increased reasoning complexities. In Section 5.4, we introduce the description logic SROEL(⊓s , ×) as an
extension of the well-known tractable DL EL++ . In order to ensure that reasoning
tasks can still be solved in polynomial time, we need to restrict to conjunctions
of simple roles and to certain forms of admissible concept product axioms. We
conclude this chapter with a summary in Section 5.5 and an overview of related
work in Section 5.6.
Various results of this chapter were published in [RKH08a, RKH08b, Krö10].

5.1

Introducing Role Expressions

We now give a definition of the expressive description logic SROIQ(Bs , ×) which
is obtained from the definition of SROIQ in Section 3.1 by allowing arbitrary
Boolean constructors on simple roles and concept products. As before, we also
define SROIQ(Bs , ×)free as a DL that does not require the additional structural restrictions that are relevant for ensuring decidability of reasoning in SROIQ(Bs , ×)
but which are not needed in all fragments of SROIQ(Bs , ×)free that are considered
below. Some further notes regarding our nomenclature are found below the following definition.
Definition 5.1.1 Consider a DL signature S = hI, A, Ni with N = Ns ∪ Nn . The
set Rs of SROIQ(Bs , ×)free simple role expressions (or simple roles) for S is
defined by the following grammar:
Rs F U | (C × C) | Ns | N−s | ¬Rs | (Rs ⊓ Rs ) | (Rs ⊔ Rs ).
where C denotes the set of SROIQ(Bs , ×)free concept expressions as defined below. A simple role expression is safe if it contains neither concept products nor the
universal role, and if every disjunct in its disjunctive normal form contains at least
one non-negated role name. The set Rn of non-simple role expressions is defined
as Rn ≔ Nn ∪ {R− | R ∈ Nn } ∪ {(C × D) | C, D ∈ C}. A SROIQ(Bs , ×)free role
expression (or role) is a simple role expression or a non-simple role expression,
and the set SROIQ(Bs , ×)free role expressions is denoted by R = Rs ∪ Rn .
The set C of SROIQ(Bs , ×)free concept expressions (or concepts) for S is
defined like the set of SROIQfree concept expressions (Definition 3.1.1) but using
SROIQ(Bs , ×)free role expressions instead of SROIQfree role expressions in all
constructions.
SROIQ(Bs , ×)free RBox axioms, TBox axioms, ABox axioms, and knowledge
bases are defined as in Definitions 3.1.2 and 3.1.3 using SROIQ(Bs , ×)free role
expressions instead of SROIQfree role expressions in all constructions.
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Name

Syntax Semantics

inverse roles
universal role
concept product
role negation
role conjunction
role disjunction

R−
U
C×D
¬S
S ⊓T
S ⊔T

{hx, yi ∈ ∆I × ∆I | hy, xi ∈ RI }
∆I × ∆I
C I × DI
{hx, yi ∈ ∆I × ∆I | hx, yi < RI }
S I ∩ TI
S I ∪ TI

Figure 5.1: Semantics of SROIQ(Bs , ×) roles for an interpretation I = h∆I , ·I i



A SROIQ(Bs , ×) concept expression C is a SROIQ(Bs , ×)free concept expression such that all subconcepts D of C that are of the form ∃S .Self, >n S .E,
or 6n S .E are such that S ∈ Rs is a simple role expression. SROIQ(Bs , ×) is
the fragment of SROIQ(Bs , ×)free that contains only SROIQ(Bs , ×) concept expressions and regular RBoxes, where regularity of SROIQ(Bs , ×)free RBoxes is
defined as for SROIQfree in Definition 3.1.4.
Note that the previous definition introduces concept products both as simple
and as non-simple role expressions. In other words, we do not impose any restrictions on the use of concept products in axioms of SROIQ(Bs , ×).
DL nomenclature is already based on a number of non-systematic conventions, and the addition of role constructors imposes further challenges for coining
suitable names for DLs. For better readability, information about role constructors
is added in parentheses to the name of the underlying DL. The letter B represents
Boolean role constructors, and × indicates the availability of the concept product. The lower-case b is used to denote safe Boolean role constructors, while the
subscript s indicates that only simple role expressions are considered. When restricting to particular role constructors, we will simply list the according operator
symbols in parentheses, as in the case of SROEL(⊓s , ×) below.
Now the semantics of SROIQ(Bs , ×) is defined by extending the semantics of
SROIQ to take role expressions into account.



Definition 5.1.2 A SROIQfree interpretation I = h∆I , ·I i as defined in Definition 3.1.5 is extended to SROIQ(Bs , ×)free role expressions as specified in Fig. 5.1.
Satisfaction of axioms and knowledge bases, as well as knowledge base consistency and entailment are defined as for SROIQfree in Definitions 3.1.6 and
3.1.7, using the extended interpretation for SROIQ(Bs , ×)free role expressions.
Based on this definition, it is obvious how to define a suitable generalisation of
the function Inv that was introduced earlier to map a role expression to its inverse.
Given a role name R, we define Inv(R) ≔ R− and Inv(R− ) ≔ R as before. Concept
products are treated by setting Inv(C × D) ≔ D × C. For other role expressions,
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we simply set Inv(U) ≔ U, Inv(R ⊓ S ) ≔ Inv(R) ⊓ Inv(S ), Inv(R ⊔ S ) ≔ Inv(R) ⊔
Inv(S ), and Inv(¬R) ≔ ¬Inv(R). It is easy to see that, for any interpretation I and
role expression R, we find Inv(R)I = {hǫ, δi | hδ, ǫi ∈ RI } as desired.
Reasoning in description logics is typically based on certain structural properties of (relevant) models. In particular, it is typically possible to restrict attention
to models that are tree-shaped or forest-shaped, possibly with some generalisations. Tableau algorithms typically attempt to construct (finite representations of)
such models, and the tree-like structure of models can be exploited for finding termination criteria. When introducing role expressions, the structural properties of
models are changed fundamentally, since role expressions like ¬R may establish
relations between hitherto unrelated parts of the model. In particular, any treelike structure is lost when allowing for such expressions. Concept products have
a similar effect, since they imply role relationships based solely on concept memberships while neglecting the relational structure of the model.
This is the motivation for introducing the notion of safety of role expressions in
Definition 5.1.1. Indeed, the extension of safe role expressions is always a subset
of the union of the extensions of atomic roles. Thus, intuitively speaking, safe role
expressions never establish a relationship between hitherto unconnected parts of
a model, and a general tree-shape can be preserved. However, even without this
property, DLs with unsafe role expressions can still be decidable, as shown in the
next section.

5.2

Role Expressions for SROIQ and SHOIQ

In this section, we show that adding arbitrary (i.e. also unsafe) role expressions
to the description logics SROIQ and SHOIQ does not increase their worst-case
reasoning complexities – N2ExpTime [Kaz08] and NExpTime [Tob01], respectively – if the new role expressions are restricted to simple roles. In the sequel,
SHOIQ (resp. SHOIQ(Bs , ×)) will be treated as a special case of SROIQ (resp.
SROIQ(Bs , ×)), as most considerations hold for both cases. Our first result shows
that we can easily restrict to SROIQ(Bs ) and SHOIQ(Bs ).
Proposition 5.2.1 Every SROIQ(Bs , ×) (SHOIQ(Bs , ×)) knowledge base KB is
semantically emulated by a SROIQ(Bs ) (SHOIQ(Bs )) knowledge base KB′ that
can be computed in linear time w.r.t. the size of KB.
Proof. KB′ is obtained by iteratively eliminating concept products from KB.
Initialise KB′ ≔ KB. In each step, select one concept product C × D that occurs as a sub-expression in some axioms of KB′ such that C, D do not contain
subexpressions with concept products. Introduce fresh role names RC×D ∈ Nn and
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A ⊑ ∀Ŝ .B
7→ {A ⊑ ∀T.B, Ŝ ⊑ T }
A ⊑ >n Ŝ .B 7→ {A ⊑ >n T.B, T ⊑ Ŝ }
A ⊑ 6n Ŝ .B 7→ {A ⊑ 6n T.B, Ŝ ⊑ T }
A ⊑ ∃Ŝ .Self 7→ {A ⊑ ∃T.Self, T ⊑ Ŝ }
Dis(S , S ′ )
7→ {S ⊓ S ′ ⊑ T, ⊤ ⊑ ∀T.⊥}
R1 ◦ . . . ◦ Ŝ ◦ . . . ◦ Rn ⊑ R 7→ {R1 ◦ . . . ◦ T ◦ . . . ◦ Rn ⊑ R, Ŝ ⊑ T }
A, B ∈ A concept names, R ∈ N a role name, R1 , . . . , Rn ∈ R role expressions,
S , S ′ , Ŝ ∈ Rs simple role expressions where Ŝ < Ns is not a role name,
T ∈ Ns a fresh simple role name
Figure 5.2: Normal form transformation for SROIQ(Bs ) axioms
S C×D ∈ Ns , and extend KB′ with the GCIs C ⊑ ∀(¬S C×D ).¬D, ∃RC×D .⊤ ⊑ C and
⊤ ⊑ ∀RC×D .D, and with a RIA S C×D ⊑ RC×D . Then replace all uses of C × D in the
RBox of KB′ with RC×D , and all uses in the TBox of KB′ with S C×D . It is easy to
see that KB′ entails RC×D ⊑ S C×D and S C×D ⊑ RC×D (using two roles is necessary
to avoid any violation of restrictions on simple roles). Hence KB′ semantically
emulates KB at each stage of the computation. Clearly, the transformation terminates after linear time to return a SROIQ(Bs ) (SHOIQ(Bs )) knowledge base.

We will therefore disregard concept products for the remaining arguments. As
shown in [Kaz08], any SROIQ (SHOIQ) knowledge base can be transformed
into an equisatisfiable knowledge base containing only axioms of the form:

F
Ai ⊑ B j
A ⊑ ∀R.B
S1 ⊑ S2
A ⊑ >n S .B
A ≡ {a}
S 1 ⊑ S 2−
A ⊑ 6n S .B
A ≡ ∃S .Self
Dis(S 1 , S 2 )
R1 ◦ . . . ◦ Rn ⊑ R.
where R ∈ N and S , S 1 , S 2 ∈ Ns . In fact, it is easy to see that the transformed
knowledge base semantically emulates the original one. The same normalisation
can be applied to SROIQ(Bs ) (SHOIQ(Bs )) as well, yielding the same types of
axioms but with SROIQ(Bs ) role expressions in the place of SROIQ roles. A
second transformation is carried out by exhaustively applying the transformation
steps depicted in Fig. 5.2. As a result, we obtain a normalised knowledge base
that obviously still semantically emulates the original knowledge base. The normalised knowledge base contains only the original axiom types depicted above
(using simple role names in places of S (i) and role names in places of Ri ) and one
additional axiom type S ⊑ T with S , T ∈ Rs simple role expressions. As shown in
[Kaz08], any of these original axiom types except the one containing role concatenation can be translated into C2 , the two-variable fragment of first order logic with
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counting quantifiers. The remaining axioms of the new type can be transformed
into C2 statements ∀x, y.(π(S , x, y) → π(T, x, y)) where we extend the first-order
mapping π that was defined for SROIQ role expressions in Fig. 3.4 as follows:
π(U, x, y) = ⊤
π(R, x, y) = R(x, y) if R ∈ N
π(R− , x, y) = π(R, y, x)
π(¬S , x, y) = ¬π(S , x, y)
π(S ⊓ T, x, y) = π(S , x, y) ∧ π(T, x, y)
π(S ⊔ T, x, y) = π(S , x, y) ∨ π(T, x, y)
Note that the remaining definition of π that was given in Fig. 3.4 readily provides
us with a mapping from SROIQ(Bs ) to FOL≈ , whereas it is not suitable as a
transformation to C2 .
Further following the argumentation from [Kaz08], the remaining complex
role inclusions not directly convertible into C2 can be taken into account by cautiously materialising the consequences resulting from their interplay with axioms
of the type A ⊑ ∀R.B through automata encoding techniques. Further details on
this part of the transformation are provided in Section 9.3. This way, one obtains a
C2 theory that is satisfiable exactly if the original knowledge base is. In the case of
SROIQ (and hence SROIQ(Bs )), this can result in an exponential blow-up of the
knowledge base while for SHOIQ(Bs ) (and hence SHOIQ) the transformation
is time-polynomial. Thus we see that the upper complexity bounds for SROIQ
and SHOIQ carry over to SROIQ(Bs ) and SHOIQ(Bs ) by just a slight extension of the according proofs from [Kaz08] while the lower bounds follow directly
from those of SROIQ and SHOIQ. Together with Proposition 5.2.1, we thus
establish the following theorem.
Theorem 5.2.2 All standard reasoning tasks for SROIQ(Bs , ×) are N2ExpTimecomplete, and all standard reasoning tasks for SHOIQ(Bs , ×) are NExpTimecomplete w.r.t. the size of the knowledge base.
While the results established in this section are rather straightforward consequences of known results, their implications for practice might be more significant: they show that the DLs underlying OWL and OWL 2 can be extended by
arbitrary Boolean constructors on simple roles without increasing the worst-case
complexity of reasoning. On the other hand, worst-case complexity estimations
do of course not suffice to show practical utility. In particular, we are not aware of
any dedicated inference engine for C2 .
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5.3

Safe Role Expressions for SHIQ

SHIQ is a rather expressive fragment obtained from SHOIQ by disallowing
nominals. In contrast to the NExpTime-completeness encountered with SHOIQ,
the worst-case complexity of standard reasoning tasks in SHIQ is known to be
ExpTime [Tob01]. In this section, we introduce the extension of SHIQ by safe
role expressions on simple roles. Thereafter, we present a technique for eliminating transitivity statements in SHIQ(bs ) knowledge bases while preserving satisfiability. Together with the observation that hierarchies of (simple) roles can be
expressed in terms of safe Boolean role expressions, this yields two results. On the
one hand, we provide a way to use existing reasoning procedures for ALCIQ(b),
such as the ones described in [Tob01, CEO07, RKH08d], to solve SHIQ(bs ) reasoning tasks. On the other hand, as the transformation is possible in polynomial
time, the known upper bound for the complexity of reasoning in ALCIQ(b) –
namely ExpTime – carries over to SHIQ(bs ). This result depends on the safety
condition on role expressions since dropping it would lead to a DL that subsumes
ALC(B) for which reasoning is known to be NExpTime-complete [LS02].



Definition 5.3.1 A SHIQ(bs ) knowledge base is a SHOIQ(Bs ) knowledge base
that contains no nominals and only safe role expressions.
We now show that any SHIQ(bs ) knowledge base can be transformed into an
equisatisfiable knowledge base not containing transitivity statements. This slightly
generalises according results from [Tob01, Mot06] as we allow safe Boolean expressions in GCIs and role inclusion axioms already for the source DL.
For a fixed SHIQ(bs ) knowledge base KB, let ⊑∗ denote the least partial order
on Nn such that R ⊑∗ S and Inv(R) ⊑∗ Inv(S ) for every RBox axiom R ⊑ S ∈ KB.
In other words, ⊑∗ is the reflexive transitive closure of the role hierarchy on nonsimple roles that is specified by the RBox of the knowledge base.
Definition 5.3.2 Given a SHIQ(bs ) knowledge base KB, let clos(KB) denote the
smallest set of concept expressions where
– NNF(¬C ⊔ D) ∈ clos(KB) for any TBox axiom C ⊑ D,
– D ∈ clos(KB) for every subconcept D of some concept C ∈ clos(KB),
– NNF(¬C) ∈ clos(KB) for any 6n R.C ∈ clos(KB),
– ∀S .C ∈ clos(KB) whenever Tra(S ) ∈ KB and S ⊑∗ R for a role R with ∀R.C ∈
clos(KB).
Moreover, let Ω(KB) denote the knowledge base obtained from KB by
– removing all transitivity axioms Tra(S ), and
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– adding the axiom ∀R.C ⊑ ∀S .(∀S .C) for every ∀R.C ∈ clos(KB) with Tra(S ) ∈
KB and S ⊑∗ R.
Proposition 5.3.3 Every SHIQ(bs ) knowledge base KB is equisatisfiable to the
corresponding knowledge base Ω(KB).
Proof. Obviously, we have that KB |= Ω(KB), and hence every model of KB is
also a model of Ω(KB).
For the other direction, consider a model I = (∆I , ·I ) of Ω(KB). We define a
new interpretation J = (∆J , ·J ) as follows:
– ∆J ≔ ∆I ,
– for individual names a ∈ I, we set aJ ≔ aI ,
– for concept names A ∈ A, we set AJ ≔ AI ,
– for simple role names S ∈ Ns , we set S J ≔ S I ,
– for non-simple role names R ∈ Nn , we define RJ to be the transitive closure of
S
RI if Tra(R) ∈ KB, and we define RJ ≔ RI ∪ S ⊑∗ R,S ∈Nn S J otherwise.

As a direct consequence of this definition, note that for all simple role expressions S ∈ Rs we have S J = S I (†).
We now prove that J is a model of KB by considering all axioms, starting with
the RBox. Every transitivity axiom of KB is clearly satisfied by definition of J.
We need to show that every role inclusion S ⊑ T axiom is also satisfied. Indeed, if
both S and T are simple role expressions this is a trivial consequence of (†). If S
is a simple role expression and T is a non-simple role, the claim follows from (†)
and the fact that, by construction of J, for every non-simple role R we find that
RI ⊆ RJ . It remains to consider the case that both S and T are non-simple roles.
If T is not transitive, the claim follows directly from the definition. Otherwise, the
desired conclusion follows from the fact that the transitive closure is a monotone
operation w.r.t. set inclusion.
We proceed by examining the concept expressions C ∈ clos(KB) and show
via structural induction that C I ⊆ C J . As base case, for every concept of the form
A or ¬A with A ∈ A, this claim follows directly from the definition of J. We
proceed with the induction steps for all possible forms of a complex concept C
(mark that all C ∈ clos(KB) are in negation normal form):
J
I
– Clearly, if DI1 ⊆ DJ
1 and D2 ⊆ D2 by induction hypothesis, we can directly
conclude (D1 ⊓ D2 )I ⊆ (D1 ⊓ D2 )J as well as (D1 ⊔ D2 )I ⊆ (D1 ⊔ D2 )J .

– Likewise, as we have S I ⊆ S J for all role expressions S , and again DI ⊆ DJ
by the induction hypothesis, we obtain (∃S .D)I ⊆ (∃S .D)J and (>n S .D)I ⊆
(>n S .D)J .
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– Now, consider C = ∀S .D. If S is a simple role expression, we know that S J =
S I , whence we can derive (∀S .D)I ⊆ (∀S .D)J from the induction hypothesis.
It remains to consider the case C = ∀R.D for non-simple role expressions R.
Assume δ ∈ (∀R.D)I . If there is no δ′ with (δ, δ′ ) ∈ RJ , then δ ∈ (∀R.D)J is
trivially true. Now assume there are such δ′ . For each of them, we can distinguish two cases:
• (δ, δ′ ) ∈ RI . Then δ′ ∈ DI and, by the induction hypothesis, δ′ ∈ DJ ,
• (δ, δ′ ) < RI . By construction of J, this means that there is a role S with S ⊑∗
R and Tra(S ) ∈ KB and a sequence δ = δ0 , . . . , δn = δ′ with (δk , δk+1 ) ∈ S I
for all 0 ≤ k < n. By definition of Ω, the knowledge base Ω(KB) contains
the axiom ∀R.D ⊑ ∀S .(∀S .D), hence we have δ ∈ ∀S .(∀S .D) wherefrom a
simple inductive argument ensures δk ∈ DI for all δk including δn = δ′ .
So we can conclude that for all such δ′ we have δ′ ∈ DI . Via the induction
hypothesis follows δ ∈ DJ and hence we can conclude δ ∈ (∀R.D)J .
– Finally, consider C = 6n R.D and assume δ ∈ (6n R.D)I . Since R must be simple, we obtain RJ = RI . Moreover, since both D and NNF(¬D) are contained
in clos(KB) the induction hypothesis gives DJ = DI . Those two facts together
directly imply δ ∈ (6n R.D)I .
Now considering an arbitrary KB TBox axiom C ⊑ D, we find (NNF(¬C) ⊔
D)I = ∆I as I is a model of KB. Moreover – by the correspondence just shown –
we have (NNF(¬C) ⊔ D)I ⊆ (NNF(¬C) ⊔ D)J and hence also (NNF(¬C) ⊔ D)J =
∆J , so that C ⊑ D must be satisfied in J as required.

Taking into account that the presented transformation is time-polynomial, this
result can now be employed to determine the complexity of SHIQ(bs ).
Theorem 5.3.4 All standard reasoning tasks for SHIQ(bs ) knowledge bases are
ExpTime-complete w.r.t. the size of the considered knowledge bases.
Proof. As shown in Proposition 3.1.9, all standard reasoning problems can be
reduced to knowledge base satisfiability checking. Using Proposition 5.3.3, any
given SHIQ(bs ) knowledge base KB can be transformed into an equisatisfiable
ALCHIQ(b) knowledge base Ω(KB) in polynomial time. Furthermore, all role
inclusion axioms can be removed from Ω(KB) as follows. First, all role names
contained in Ω(KB) can be declared to be simple without violating the syntactic
constraints. Second, every role inclusion axiom S ⊑ T (with S , T ∈ Rs being
safe by definition) can be equivalently transformed into a GCI ⊤ ⊑ ∀(S ⊓ ¬T ).⊥.
Note that S ⊓ ¬T is admissible here since it is necessarily safe. Moreover the
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transformation is obviously time-linear. Hence we obtain an ALCIQ(b) knowledge base. The satisfiability checking problem for ALCIQ(b) is known to be

ExpTime-complete [Tob01].
We thus have shown that allowing safe Boolean expressions on simple roles
does not increase the ExpTime reasoning complexity of SHIQ. This is not the
case when Boolean expressions of non-simple roles are allowed: as shown in
[GK08], standard inference tasks become 2ExpTime-complete when extending
SHIQ with conjunctions of non-simple roles.

5.4

A Tractable DL with Role Expressions

The tractable description logic EL++ is an extension of EL with nominals, role
inclusion axioms, and suitable concrete domains that allow for the representation of datatypes and related predicates [BBL05]. We do not investigate the latter
within this work, and we thus focus on the DL ELRO that is obtained as the
intersection of EL++ and SROIQfree . In this section, we show that standard reasoning tasks can still be performed in polynomial time if ELRO is extended with
role conjunction, concept products, local reflexivity (Self), the universal role, and
role disjointness, given that certain structural restrictions on concept products are
added. The basic underlying description logic without these restrictions is called
SROEL(⊓s , ×).



Definition 5.4.1 A SROEL(⊓s , ×) role expression is a SROIQ(Bs , ×)free role expression that may contain the universal role (U), role conjunction (⊓), and concept products (×), but no role disjunction (⊔), negation (¬), or inverses (·− ). A
SROEL(⊓s , ×) concept expression is a SROIQ(Bs )free concept expression that
contains only top (⊤), bottom (⊥), concept names, nominal concepts, conjunction
(⊓), local reflexivity (Self), or existential role restrictions (∃) on SROEL(⊓s , ×)
role expressions.
SROEL(⊓s , ×) is the fragment of SROIQ(Bs , ×)free that contains only role
and concept expressions of SROEL(⊓s , ×), as well as role assertions of the form
Tra(R), Dis(S 1 , S 2 ), Irr(S ), and Ref(R), with R ∈ R and S(i) ∈ Rs .
Note that we do not have any requirement for regularity of roles but we have
to introduce the notion of role simplicity in the context of SROEL(⊓s , ×). Besides the new role operators, we have introduced some other features of SROIQ
which are convenient when applying some of our constructions in later chapters
to SROEL(⊓s , ×). It is easy to see that most of the additional features are not increasing the expressive power: the universal role can be expressed as ⊤ × ⊤, role
disjointness can be expressed as S 1 ⊓ S 2 ⊑ N with the empty role N axiomatised
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as ∃N.⊤ ⊑ ⊥, and the remaining role characteristics can be expressed as discussed
in Section 3.1.3. Accordingly, we will not explicitly consider these features below,
whereas local reflexivity must be taken into account explicitly.
Unfortunately, the standard reasoning problems for SROEL(⊓s , ×) cannot be
solved in polynomial time. Indeed, it is not hard to see that GCIs of the form
C ⊑ ∀R.D can be emulated in SROIQ(Bs , ×) by knowledge bases {C × ⊤ ⊑
V, R ⊓ V ⊑ ⊤ × D} where V is a fresh role name. It is well-known that reasoning
in EL++ becomes ExpTime-hard when extended with universal role restrictions of
this form. This is also a direct consequence of the ExpTime-hardness of reasoning
in the logic Horn-FLE that is shown in Section 6.4, which shows that the problem
persists even if all roles of a knowledge base are simple. Since we are interested
in a tractable DL with role constructors in this section, we will introduce a class
of SROEL(⊓s , ×) knowledge bases with additional restrictions below.
To simplify our investigations, we first observe that any SROEL(⊓s , ×) knowledge base can be converted into a normal form.
Definition 5.4.2 A SROEL(⊓s , ×) concept expression is basic if it is a concept
name or nominal, and the according set B of basic concepts thus is B = A ∪ {{a} |
a ∈ I}. A SROEL(⊓s , ×) knowledge base KB is in normal form if it contains only
axioms of one of the following forms:
A⊓B⊑C
R⊑T

∃R.A ⊑ C

R◦S ⊑T

A ⊑ ∃R.B

R⊓S ⊑T

∃R.Self ⊑ C

A×B⊑R

where A, B ∈ B ∪ {⊤}, C, D ∈ B ∪ {⊥}, and R, S , T ∈ N.

A ⊑ ∃R.Self

R⊑C×D



A⊑C

Proposition 5.4.3 Every SROEL(⊓s , ×) knowledge base KB is semantically emulated by a SROEL(⊓s , ×) knowledge base in normal form that can be computed
in linear time with respect to the size of KB.
Proof. The elimination of role characteristics has already been discussed above,
and ABox axioms can readily be expressed as discussed in Section 3.1.3. We thus
assume that KB contains only SROEL(⊓s , ×) GCIs and RIAs. The transformation is accomplished by exhaustively applying the rules of Fig. 5.3, where each
rule describes the replacement of the axiom on the right-hand side by the set of
axioms on the left-hand side. It is easy to see that the resulting axioms semantically emulate the original axioms for each rule, so the result follows by induction.
It is also easy to see that only a linear number of steps are required, where it is
important to note that the rules for S ⊑ T ⊓ R and A ⊑ C ⊓ D are only applicable
if S and A are no compound expressions, so that the duplication of S and A still
leads to only a linear increase in size.
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R1 ◦ . . . ◦ Rn−1 ◦ Rn
R̂1 ◦ R2
R1 ◦ R̂2
R̂1
S
R̂ ⊓ S
Ĉ × D
C × D̂
T
T

⊑
⊑
⊑
⊑
⊑
⊑
⊑
⊑
⊑
⊑

S
S
S
R̂2
T ⊓R
T
T
T
Ĉ × D
C × D̂

7→
7→
7→
7→
7→
7→
7→
7
→
7→
7→

{R1 ◦ . . . ◦ Rn−1 ⊑ V, V ◦ Rn ⊑ S }
{R̂1 ⊑ V, V ◦ R2 ⊑ S }
{R̂2 ⊑ V, R1 ◦ V ⊑ S }
{R̂1 ⊑ V, V ⊑ R̂2 }
{S ⊑ T, S ⊑ R}
{R̂ ⊑ V, V ⊓ S ⊑ T }
{Ĉ ⊑ X, X × D ⊑ T }
{D̂ ⊑ X, C × X ⊑ T }
{X ⊑ Ĉ, T ⊑ X × D}
{X ⊑ D̂, T ⊑ C × X}

Ĉ ⊑ D̂
7→ {Ĉ ⊑ X, X ⊑ D̂}
C ⊑ ⊤
7→ ∅
⊥ ⊑ C
7→ ∅
Ĉ ⊓ A ⊑ B
7→ {Ĉ ⊑ X, X ⊓ A ⊑ B}
A ⊑ C ⊓ D 7→ {A ⊑ C, A ⊑ D}
∃R.Ĉ ⊑ A
7→ {Ĉ ⊑ X, ∃R.X ⊑ A}
A ⊑ ∃R.Ĉ
7→ {A ⊑ ∃R.X, X ⊑ Ĉ}
∃R̂.C ⊑ A
7→ {R̂ ⊑ V, ∃V.C ⊑ A}
A ⊑ ∃R̂.C
7→ {A ⊑ ∃V.C, V ⊑ R̂}
∃R̂.Self ⊑ A
7→ {R̂ ⊑ V, ∃V.Self ⊑ A}
A ⊑ ∃R̂.Self 7→ {A ⊑ ∃V.Self, V ⊑ R̂}
A, B basic concept expressions, ⊤, or ⊥; X a fresh concept name;
C, D, Ĉ, D̂ concept expressions where Ĉ, D̂ are not basic; S , T role names;
R(i) , R̂(i) role expressions where R̂(i) are no role names; V a fresh role name
Figure 5.3: Normal form transformation for SROEL(⊓s , ×)
The above example showed that the interplay of concept products and role
conjunctions is sufficiently complex to emulate universal restrictions. This is not
surprising given that we have already noted in the initial discussion in this chapter
that concept products on the right-hand side of RIAs can express range restrictions
⊤ ⊑ ∀R.A. It may be surprising, however, that the restriction to simple role expressions on the left-hand side of such RIAs is not sufficient to retain tractability, since
this is known to be the case in EL++ if no role conjunctions are allowed [BBL08].
In the context of the cited work, a criterion for the admissibility of range restrictions in EL++ has been defined, and the following definition provides a similar
criterion for the case of SROEL(⊓s , ×).
Definition 5.4.4 Consider a SROEL(⊓s , ×) knowledge base KB in normal form,
and define KBR ≔ {R ⊑ S ∈ KB | R, S ∈ N}. For every role name R, the set
73

Extending Description Logics with Role Constructors
Axiom Datalog Rules
A ⊑ C Â(x) → Ĉ(x)
A ⊓ B ⊑ C Â(x) ∧ B̂(x) → Ĉ(x)
∃R.A ⊑ C R(x, y) ∧ Â(y) → Ĉ(x)
A ⊑ ∃R.B Â(x) → R(x, dR,B ), Â(x) → B̂(dR,B )
∃R.Self ⊑ C SelfR (x) → Ĉ(x)
A ⊑ ∃R.Self Â(x) → SelfR (x), Â(x) → R(x, x)
R ⊑ T R(x, y) → T (x, y), SelfR (x) → SelfT (x)
R ◦ S ⊑ T R(x, y) ∧ S (y, z) → T (x, z)
R ⊓ S ⊑ T R(x, y) ∧ S (x, y) → T (x, y), SelfR (x) ∧ SelfS (x) → SelfT (x)
A × B ⊑ R Â(x) ∧ B̂(y) → R(x, y), Â(x) ∧ B̂(x) → SelfR (x)
R ⊑ C × D R(x, y) → Ĉ(x), R(x, y) → D̂(y)
Rules with expressions SelfR are generated only if R is a simple role name
Figure 5.4: Transforming SROEL(⊓s , ×) to datalog
ran(R) is defined to contain exactly those concepts B for which there is a role S
and concept name A such that S ⊑ A × B ∈ KB and KBR |= R ⊑ S . The knowledge
base KB is admissible if the following conditions are satisfied:

– for every RIA R1 ◦ . . . ◦ Rn ⊑ S ∈ KB we have ran(S ) ⊆ ran(Rn ), and
– for every RIA R1 ⊓ R2 ⊑ S ∈ KB we have ran(S ) ⊆ ran(R1 ) ∪ ran(R2 ).



An arbitrary SROEL(⊓s , ×) knowledge base is admissible if its normal form is
admissible.
It turns out that the standard reasoning problems for the class of admissible SROEL(⊓s , ×) knowledge bases are P-complete. To show this, we transform
SROEL(⊓s , ×) knowledge bases into equisatisfiable datalog programs as follows.
Definition 5.4.5 Given a SROIQ(Bs , ×) knowledge base KB, a datalog program
P(KB) is defined as follows. The following new symbols are introduced:
– concept names SelfR for each simple role R ∈ Rs ,
– individual names dR,A for each R ∈ N and A ∈ B ∪ {⊤}.
Given a concept expression C ∈ B ∪ {⊤, ⊥}, we define a datalog atom Ĉ(x) as
follows:
– Ĉ(x) ≔ C(x) if C ∈ A,
– Ĉ(x) ≔ a ≈ x if C = {a} with a ∈ I,
ˆ
ˆ
– ⊤(x)
≔ ⊤ and ⊥(x)
≔ ⊥.
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Let KB′ denote the SROEL(⊓s , ×) knowledge base in normal form obtained from
KB as in Proposition 5.4.3. The datalog program P(KB) consists of
– for all axioms α ∈ KB′ , the rules as indicated in Fig. 5.4.



– a rule R(a, a) → SelfR (a) for all a ∈ I,
The following result states that P(KB) can be used to compute logical consequences of KB if it is an admissible knowledge base.
Proposition 5.4.6 Let KB be some admissible SROEL(⊓s , ×) knowledge base.
– KB is satisfiable iff P(KB) is satisfiable,
– for any A ∈ A and c ∈ I, we find that KB |= A(c) iff P(KB) |= A(c),
– for any A, B ∈ A, we find that KB |= A ⊑ B iff P(KB) ∪ {A(c)} |= B(c) for a
fresh constant c.
Proof. The proof of the first item of this proposition is a direct consequence of
Theorem 8.5.6 in Chapter 8 that shows a similar result for a decidable SWRL fragment called SROEL(⊓s , ×) rules. This later section also discusses that all admissible SROEL(⊓s , ×) knowledge bases can be expressed in SROEL(⊓s , ×) rules; in
particular, see the remarks on admissible range restrictions after Definition 8.5.1.
Based on this correspondence, it is not hard to see that the transformation in Definition 5.4.5 is indeed a special case of the transformation for SROEL(⊓s , ×) rules
in Definition 8.5.3. The second item follows from the observation that KB |= A(c)
iff KB |= {c} ⊑ A iff KB ∪ {{c} ⊓ A ⊑ ⊥} |= ⊥ iff P(KB) ∪ {c ≈ x ∧ A(x) → ⊥} |= ⊥
iff P(KB) |= A(c). The third item is obtained by similar reasoning.

We point out that a more direct proof for a similar result has recently been
given in [Krö10]. Either approach leads to the following complexity result.
Theorem 5.4.7 All standard reasoning problems for admissible SROEL(⊓s , ×)
knowledge bases are P-complete w.r.t. the size of the considered knowledge base.
Proof. The claim is a direct consequence of Proposition 5.4.6 together with
the well-known fact that checking consistency of entailment of ground facts for
datalog programs with a bounded number of variables per rule is P-complete
(Fact 4.1.4). Indeed, it is easy to see that the rules of P(KB) as obtained in Definition 5.4.5 have at most three different variables. The fact that P(KB) is of polynomial size w.r.t. the size of KB follows from Proposition 5.4.3 and the observation
that the number of auxiliary symbols dR,A and SelfR that are introduced in Definition 5.4.5 is polynomially bounded.

We finish this section with some general remarks. First note that conjunction
of roles enhances expressivity of EL++ significantly. For example, it allows for
the following modelling features:
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– Disjointness of two simple roles S , R. This feature, also provided by SROIQ
as Dis(S , R), can be modelled in EL++ (⊓s ) with the axiom ∃(S ⊓ R).⊤ ⊑ ⊥.
– Atleast cardinality constraints on the right-hand side of a GCI. The axiom A ⊑
>n R.B can be modelled by the axiom set {Ri ⊑ R, A ⊑ ∃Ri .B | 1 ≤ i ≤
n} ∪ {∃(Ri ⊓ R j ).⊤ ⊑ ⊥ | 1 ≤ i < j ≤ n} where R1 , . . . , Rn are new simple role
names.
It is worth noting that the special form of role conjunctions that are used for expressing disjointness of roles in both cases do not affect the admissibility of a
SROEL(⊓s , ×) knowledge base. In particular, we thus find that SROEL(⊓s , ×)
subsumes EL++ (without concrete domains) with additional admissible range restrictions. This shows that the EL++ -based OWL 2 EL profile of the Web Ontology
Language can be extended with role (i.e. “property”) disjointness without loosing
tractability. In contrast, it is easy to see that incorporating more than just conjunction on simple roles into EL++ would render the respective fragment intractable
at best:
– Allowing conjunction on non-simple roles would even lead to undecidability
as stated in Theorem 1 of [KRH07b].
– Allowing disjunction or negation on simple roles would allow to model disjunction on concepts: for instance, the GCI A ⊑ B ⊔ C can be expressed by
the axiom set {A ⊑ ∃(R ⊔ S ).⊤, ∃R.⊤ ⊑ B, ∃S .⊤ ⊑ C}, or by the axiom set
{A ⊓ ∃R.{a} ⊑ C, A ⊓ ∃¬R.{a} ⊑ B} for new roles R, S and a new individual
name a. Hence, every extension of EL++ with these features is ExpTime-hard
[BBL05].

5.5

Summary

In this chapter, we have reviewed a number of role constructors that were proposed
for description logics, and we have investigated cases where such constructors can
be added to DLs without increasing the worst-case complexity of reasoning. For
this purpose, role constructors have been restricted in various ways. In general,
we considered only role constructors on simple roles, although it is not settled
in all cases whether constructors on non-simple roles would actually lead to an
increase in worst-case reasoning complexity. This restriction was sufficient for
showing that reasoning SHOIQ and SROIQ – the DLs that subsume OWL 1
and OWL 2 – is still in NExpTime and N2ExpTime when adding role constructors.
An extension of SHIQ with role constructors, in contrast, required us to further
restrict to safe role expressions in order to retain ExpTime completeness of reasoning. In particular, safe role expressions do not comprise any concept products.
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Figure 5.5: Reasoning complexities of DLs with role constructors, where
SROEL(⊓s , ×) represents the class of admissible knowledge bases of that DL
For the tractable description logic EL++ , conjunctions of simple roles and certain
concept products could be introduced to obtain the DL SROEL(⊓s , ×) for which
reasoning is still possible in polynomial time.
The complexity results of this chapter are summarised in Fig. 5.5. The DLs
SROIQ(Bs , ×) and SHOIQ(Bs , ×) are not displayed, as it has been shown in
Proposition 5.2.1 that they do not increase the expressivity of SROIQ(Bs ) and
SHOIQ(Bs ), respectively. Likewise, we omit ALCHIQ(b) since it can directly
be expressed in ALCIQ(b) as shown in Theorem 5.3.4. Moreover, the figure includes some additional description logics that have been studied in the literature
(see Section 5.6), where we use the unified notation of Section 5.1. Note that
SROEL(⊓s , ×) is not placed below SROIQ(Bs ) since it does not impose regularity restrictions. We also point out that the position of EL++ below SROEL(⊓s , ×)
ignores the presence of concrete domains in EL++ – as discussed in Section 5.4,
the name ELRO would be more accurate for the corresponding DL.
For the case of SHIQ(bs ), our results provide a direct way for adapting existing reasoning algorithms for SHIQ by means of a suitable pre-processing.
Likewise, the datalog translation that was introduced for SROEL(⊓s , ×) provides
a promising approach for efficient implementations based on datalog systems. For
SROIQ(Bs ) and SHOIQ(Bs ), in contrast, the design of efficient algorithms is
left as an interesting direction of future research, since our proof methods in this
case do not suggest a practically feasible implementation strategy.
To the best of our knowledge, the complexity results on SROEL(⊓s , ×) are
also the first that establish the tractability of reasoning for a description logic that
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comprises all expressive features of the OWL 2 EL ontology language.

5.6

Related Work

Concept products have been considered as a role construction operator in early
works on description logics (see, e.g. [BBH+ 90]), and the relationship to domain
and range restrictions has been well known. In fact, early works seem to use concept product description mainly as a convenient syntax for concurrently specifying domain and range of a role. Discussions of the impact of concept products
on reasoning complexities appear to be much more recent. [Kaz06] introduces a
resolution-based algorithm for reasoning in EL extended with axioms of the form
C × D ⊑ R, and the term cross-products of concepts is used within this work. A
similar extension for EL++ is presented in [RKH08a], and a reasoning algorithm
is developed by extending the procedure that was given in [BBL05]. Furthermore,
[RKH08a] discusses how concept product axioms can be emulated in SROIQ.
Neither [Kaz06] nor [RKH08a] consider concept products on the right-hand
sides of RIAs. Axioms of this kind are more closely related to range and domain restrictions, and the according extension of EL++ has been introduced in
[BBL08]. The latter work also shows tractability of reasoning for a large sublanguage of the DL that is underlying the OWL 2 EL ontology language, but it still
lacks local reflexivity, the universal role, and disjointness of roles. To the best of
our knowledge, our work on SROEL(⊓s , ×) is the first to establish tractability
of a DL that comprises all of these features. Most recently, we have further explicated reasoning in SROEL(⊓s , ×) in [Krö10]. This work provides an updated
view on the use of datalog for SROEL(⊓s , ×) reasoning together with more direct
proofs of its correctness. It also sheds more light on the difficulty of implementing
certain SROEL(⊓s , ×) features by discussing the space complexity of bottom-up
reasoning in (fragments of) SROEL(⊓s , ×).
Boolean constructors on roles have been investigated in the context of both
description and modal logics. [Bor96] used them extensively for the definition of
a DL that is equivalent to the two-variable fragment of FOL. Complexity results
for various modal logics with Boolean role constructors have been obtained in
[LS02], and initial results for related DLs have been derived from this work.
The description logic ALCNR that extends ALC with unqualified number
restrictions and role conjunctions has been introduced in [BDS93] where it was
also shown that standard inference problems for this DL are decidable. The more
recent results from [LS02] show that augmenting ALC with full Boolean role
constructors (ALC(B)) leads to NExpTime completeness of the standard reasoning tasks, while restricting to either role negation (ALC(¬)) [LS02] or role conjunction (ALC(⊓)) [Tob01] retains ExpTime completeness. The complexity of
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ALC(B) does not further increase when allowing for inverses, qualified number
restrictions, and nominals. This was shown in [Tob01] via a polynomial translation of ALCIQ(B) into C2 , the two-variable fragment of first-order logic with
counting quantifiers, for which reasoning was proven to be NExpTime-complete in
[PH05]. Also the recently considered description logic ALO(B) (a.k.a. ALBO)
falls in that range of NExpTime-complete DLs [ST07].
In contrast, it was also shown in [Tob01] that restricting to safe Boolean role
expressions keeps ALC’s reasoning complexity in ExpTime, even when adding
inverses and qualified number restrictions (ALCIQ(b)).
For logics including modelling constructs that deal with role concatenation
such as transitivity or, more generally, complex role inclusion axioms, results on
complexities in the presence of Boolean role constructors are more sparse. [LW05]
shows that ALC can be extended by negation and regular expressions on roles
while keeping reasoning within ExpTime. Furthermore, [CEO07] provided ExpTime complexity for a similar logic that includes inverses and qualified number
restriction but reverts to safe negation on roles.
The extension of SHIQ with non-simple role conjunctions has been introduced under the label SHIQ⊓ in [GLHS08] in the context of conjunctive query
answering, and the results of that work imply an upper bound of 2ExpTime. In
[GK08], it was shown that this upper bound is tight, and that the extension of
SHOIF with non-simple role conjunctions is even N2ExpTime-hard. We point
out that the support of arbitrary non-simple role conjunctions in these works cannot be extended to DLs with complex role inclusion axioms as this would immediately lead to undecidability.
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Chapter 6
Horn Logic Fragments of
Description Logics
In first-order logic, Horn clauses are disjunctions of atomic formulae and negated
atomic formulae that contain at most one non-negated formula. Many kinds of
rules in logic programming, and especially datalog rules, thus correspond to Horn
clauses. In terms of datalog, the restriction to Horn clauses disallows disjunctions in the head of rules, and thus allow for deterministic evaluation strategies.
This simplification is also visible in terms of computational complexities: inferencing in datalog is ExpTime-complete w.r.t. the size of the program, while it is
NExpTime-complete in disjunctive datalog. Similar differences are found when
considering data complexity, the complexity of inferencing w.r.t. the number of
ground facts of the program, which increases from P to NP when adding disjunctions.
As illustrated in Section 5.4, reasoning in description logics can be possible
by reducing inference problems for a given DL knowledge base to inference problems for a corresponding datalog program. A number of further reductions to
datalog have been proposed for various description logics, see Section 8.7 for
an overview. A common aspect of many of these approaches is that ABox axioms that do not contain complex concept expressions can directly be rewritten to
datalog facts.
This has motivated the study of cases where datalog reductions result in nondisjunctive datalog programs, i.e. Horn clauses, and the corresponding description logics have been dubbed Horn description logics accordingly. The first and
most prominent such DL was Horn-SHIQ, which was obtained naturally from
the KAON2 system [MS06], but other well-known DLs such as EL++ also share
characteristics of Horn DLs. Due to the direct rewriting of ABox facts, Horn description logics necessarily allow standard inference tasks to be solved in polynomial time w.r.t. the size of the ABox axioms that contain no complex concepts, a
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measure that is known as the data complexity of a DL. It turned out that this useful
property of Horn DLs can also be exploited in inferencing algorithms that do not
rely on reductions to datalog.
In this chapter, we generalise the definition of Horn-SHIQ to arbitrary DLs
that are fragments of SROIQ, and we provide a comprehensive analysis of the
worst-case complexities of the resulting logics. While low data complexity is a
characteristic (and well-known) feature of Horn DLs, our results show that the
complexity of inferencing w.r.t. the overall size of the knowledge base is not necessarily lower in the Horn case. However, we are able to identify restricted DLs
for which inferencing is significantly harder than for their Horn versions.
Our observations also highlight the close connections of Horn DLs to Description Logic Programs that have been proposed as an “intersection” of Horn
and description logic. Although we will see in Chapter 7 that this vague characterisation is hardly adequate to describe the complex relationship between DL
and datalog, basic DLP languages are interesting simple formalisms that allow for
straightforward rule-based implementations. This was one of the central motivations for the definition of the OWL 2 RL ontology language which we can also
relate to a suitable Horn DL below.
We begin this chapter in Section 6.1 by defining Horn-SROIQfree as a large
Horn DL that provides the framework for defining the more specific logics that
are considered herein. Increasingly expressive fragments of Horn-SROIQfree are
studied in subsequent sections. Section 6.2 introduces the tractable Horn-FL0 ,
Section 6.3 shows reasoning for all DLs between Horn-FL− and Horn-FLOH −
to be PSpace-complete, and Section 6.4 establishes ExpTime-completeness for
all DLs between Horn-FLE and Horn-SHIQ. The results are discussed in Section 6.5 and an overview of related work is provided in Section 6.6.
The results of this chapter have also been published in [KRH07a, KRH06,
KHVS06].

6.1

A Horn Fragment of SROIQ

We first provide a direct definition of a Horn fragment of SROIQfree that will be
the basis for the various Horn DLs studied herein. Our definition is motivated by
the DL Horn-SHIQ, and we will show below that it is indeed a generalisation of
the original definition of this logic [HMS05].
Definition 6.1.1 A Horn-SROIQfree knowledge base over a DL signature S is a
set of SROIQfree axioms which are
– SROIQfree RBox axioms over S , or
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C1 F C0 | A | {I} | ∃R.Self | 60 R.¬C1 | 61 R.¬C0 | >n R.C1 | C1 ⊓ C1 | C1 ⊔ C0
C0 F ⊤ | ⊥ | ¬A | ¬{I} | ¬∃R.Self | 60 R.¬C0 | C0 ⊓ C0 | C0 ⊔ C0
Figure 6.1: Horn-SROIQfree concept expressions in positive negation normal
form
C|ǫ
(¬C)|1p
(C1  C2 )|ip
6n R.C|3p
>n R.C|3p

=C
= C| p
= Ci | p
= C| p
= C| p

pol(C, ǫ)
=1
pol(¬C, 1p)
= −pol(C, p)
pol(C1  C2 , ip) = pol(Ci , p)
pol(6n R.C, 3p) = −pol(C, p)
pol(>n R.C, 3p) = pol(C, p)

for  ∈ {⊓, ⊔}, i ∈ {1, 2}

Figure 6.2: Positions in a concept (left) and their polarity (right)
– GCIs C ⊑ D over S such that pNNF(¬C ⊔ D) is a C1 concept as defined in
Fig. 6.1, or



– ABox axioms C(a) where the pNNF(C) is a C1 concept as defined in Fig. 6.1.
Note that Fig. 6.1 exploits some syntactic simplifications as discussed in Section 3.1.3, and in particular that existential and universal restrictions are not mentioned explicitly. When convenient, we will still use this notation when considering fragments on Horn-SROIQfree below.
The original definition of Horn-SHIQ in [HMS05] is rather more complex
than the above characterisation, using a recursive function that counts the positive
literals that would be needed when decomposing an axiom into equisatisfiable
formulae in disjunctive normal forms. In order to show that our definition leads to
the same results, we first recall the definition from [HMS05] which requires us to
introduce some auxiliary concepts first.
Subconcepts of some description logic concept are denoted by specifying their
position. Formally, a position p is a finite sequence of natural numbers, where ǫ
denotes the empty position. Given a concept C, C| p denotes the subconcept of C at
position p, defined recursively as in Fig. 6.2 (left). In this paper, we consider only
positions that are defined in this figure, and the set of all positions in a concept C
is understood accordingly. Given a concept C and a position p in C, the polarity
pol(C, p) of C at position p is defined as in Fig. 6.2 (right). Using this notation,
we can state the following definition of Horn knowledge bases.
Definition 6.1.2 Let pl+ and pl− denote mutually recursive functions that map
a SHIQ concept D to a non-negative integer as specified in Fig. 6.3 where
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D
⊥
⊤
A
¬C

C
F i
Ci
>n R.C
6n R.C

pl+ (D)

pl− (D)

0
0
1
pl− (C)
maxi sgn(pl+ (Ci ))
P
+
i sgn(pl (C i ))
1
n(n+1)
+ (n + 1) sgn(pl− (C))
2

0
0
0
pl+ (C)
P
−
i sgn(pl (C i ))
maxi sgn(pl− (Ci ))
n(n−1)
+ n sgn(pl− (C))
2
1

Figure 6.3: Definition of pl+ (D) and pl− (D)
sgn(0) = 0 and sgn(n) = 1 for n > 0. We define a function pl that assigns to

each SHIQ concept C and position p in C a non-negative integer by setting:
( +
pl (C| p )
if pol(D, p) = 1,
pl(C, p) =
pl− (C| p )
if pol(D, p) = −1,



A concept C is Horn if pl(C, p) ≤ 1 for every position p in C, including the empty
position ǫ. A SHIQ knowledge base KB is Horn if ¬C ⊔ D is Horn for each GCI
C ⊑ D of KB, and C is Horn for each assertion C(a) of KB.
The corresponding Definition 1 in [HMS05] refers to ALCHIQ instead of
SHIQ since an elimination procedure for transitive roles that is considered within
this work may introduce axioms that are not Horn in the above sense. However, it
turns out that transitive roles – and SROIQ role chains in general – can also be
eliminated without endangering the Hornness of a knowledge base. An according
transformation that follows [Kaz08] is reviewed in Section 9.3. Hence we can
safely extend the definition to SHIQ.
While suitable as a criterion for checking Hornness of single axioms or knowledge bases, this Definition 6.1.2 is not particularly suggestive as a description of
the class of Horn knowledge bases as a whole. Indeed, it is not readily seen for
which formulae pl yields values smaller or equal to 1 for all possible positions
in the formula. Moreover, Definition 6.1.2 is still overly detailed as pl calculates
the exact number of positive literals being introduced when transforming some
(sub)formula.
To show that Definition 6.1.1 is a suitable generalisation of Definition 6.1.2,
we first observe that Hornness is not affected by transformation to positive negation normal form.
Lemma 6.1.3 A SHIQ concept C is Horn according to Definition 6.1.2 iff its
positive negation normal form pNNF(C) is Horn according to this definition.
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Proof. The result is shown by establishing that the steps of the normal form
transformation in Fig. 3.3 do not affect the value of pl+ . The same could be
shown for pl− but this part can be omitted by noting that the concepts that are
transformed in the recursive definition of pNNF are always in positive positions.
The claim clearly holds if C is a concept name, ⊤, or ⊥. Consider the case that
C = ¬(D1 ⊓ D2 ). Then pl+ (C) = sgn(pl− (D1 )) + sgn(pl− (D2 )) = sgn(pl+ (¬D1 )) +
sgn(pl+ (¬D2 )). By the induction hypothesis this equals sgn(pl+ (pNNF(¬D1 ))) +
sgn(pl+ (pNNF(¬D2 ))) = pl+ (pNNF(¬(D1 ⊓ D2 ))), as required. The other cases of
the induction are similar.

Proposition 6.1.4 A SHIQ concept C is Horn according to Definition 6.1.2 iff
it is Horn according to Definition 6.1.1.
Proof. “⇐” We need show that pNNF(D) ∈ C1 (pNNF(D) ∈ C0 ) implies pl+ (D) ≤
1 (pl+ (D) = 0). Focussing on pl+ suffices since subconcepts that occur with negative polarity within a concept in positive negation normal form are either atomic
or of the form ¬D′ with D′ ∈ C1 . By Lemma 6.1.3, it suffices to show that D ∈ C1
(D ∈ C0 ) implies pl+ (D) ≤ 1 (pl+ (D) = 0). This can be established with some easy
inductions over the structure of C0 and C1 , where all cases follow by straightforward calculation of pl+ , applying the induction hypothesis to obtain results for
subexpressions.
“⇒” By Lemma 6.1.3, we can again restrict attention to concepts in positive negation normal form. We first show that, whenever D in pNNF is such that
pl+ (D) = 0, we find that D ∈ C0 . The contrapositive – if D < C0 then pl+ (D) , 0
– can be shown by induction over the structure of D. The result is immediate for
D ∈ A, and follows by simple calculation in all other cases. As an example, consider D = 6n R.¬D′ . If n > 0, then pl+ (D) ≤ 1 is immediate. If n = 0 then D′ < C0
and pl+ (D′ ) = sgn(pl+ (D′ )), where the later is 1 by the induction hypothesis.
To establish the claim, we can now show that, whenever D in pNNF is such
that pl+ (D) ≤ 1, we find that D ∈ C1 . The required induction is similar to the C0
case, so we omit the details.

The previous result shows that Definition 6.1.1 is indeed a generalisation of
the original definition of Horn-SHIQ. The extension with nominals and Self
expressions may appear natural, but it remains to be shown that it actually leads to
appropriate results. We will not study Horn-SROIQfree as such in the following
sections, but we will rather consider various fragments of this logic. Recall the
following definitions of subboolean description logics from [BCM+ 07]:
Definition 6.1.5 Consider a SROIQfree concept expression C.
– C is an FLE concept if it uses only only the constructors ⊤, ⊥, ⊓, ∃, and ∀.
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– C is an FL− concept if it is an FLE concept and all of its existential role restrictions have the form ∃R.⊤.
– C is an FL0 concept if it is an FL− concept that does not contain existential
role restrictions.



The description logics FLE, FL− , and FL0 allow for arbitrary GCIs and concept
assertions that contain only concept expressions of the respective type. RBox axioms are not supported.
When defining the Horn variant of each of these description logics, it is relevant whether GCIs or globally valid concept expressions are considered when
applying the syntactic restrictions. For example, the GCI A ⊓ B ⊑ C is in FL0
but the corresponding universally valid concept expression ¬(A ⊓ B) ⊔ C and its
pNNF ¬A ⊔ ¬B ⊔ C are not. Disjunction could be included to overcome this issue
– the Hornness conditions restrict its expressive power as done in Horn-SHIQ –
but then concepts such as ∀R.¬A ⊔ ∀S .B would be expressible, whereas the corresponding GCI ∃R.A ⊑ ∀S .B cannot be expressed in FL0 . Therefore, we apply
restrictions on the level of GCIs and do not include concept unions, thus ensuring that all Horn-FL0 knowledge bases are also expressible in FL0 . Note that the
normal form transformations that were used in Definition 6.1.1 are not affected by
such considerations, since Horn restrictions are invariant under negation normal
form transformations as illustrated in Lemma 6.1.3.
Definition 6.1.6 The description logic Horn-FLE (Horn-FL− , Horn-FL0 ) allows
for the following axioms:
– GCIs C ⊑ D such that the concepts C, D are in FLE (FL− , FL0 ) and we find
that pNNF(¬C ⊔ D) ∈ C1 , or
– concept assertions C(a) such that the concept C is in FLE (FL− , FL0 ) and
pNNF(C) ∈ C1 ,



where C1 is defined as in Fig. 6.1.

These basic Horn DLs form the basis of our subsequent investigations, and it
will turn out that they have very different computational properties in spite of the
rather similar syntax. We will also extend the previously defined Horn DLs to include further features of Horn-SROIQfree that are not included yet. For example,
we will consider the logic Horn-FLOH − that extends Horn-FL− with nominals
and role hierarchies.
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The description logic FL0 is indeed very simple: ⊤, ⊥, ⊓, and ∀ are the only operators allowed. Yet, checking the satisfiability of FL0 knowledge bases is already
ExpTime-complete [BBL05]. It is not hard to see that Horn-FL0 is in P, and thus
is much simpler than its non-Horn counterpart.
Proposition 6.2.1 All standard reasoning problems for Horn-FL0 are P-complete.
Proof. An axiom of Horn-FL0 is in normal form if it is of one of the following
forms: A ⊑ C, A ⊓ B ⊑ C, A ⊑ ⊥, ⊤ ⊑ C, A ⊑ ∀R.C, C(a), R(a, b), where
A, B, C are concept names, R is a role name, and a, b are individual names. Now it
is easy to see that every Horn-FL0 knowledge base KB is semantically emulated
by a Horn-FL0 knowledge base in normal form that can be computed in linear
time w.r.t the size of KB. An according normal form transformation is detailed for
Horn-FLOH − in Lemma 6.3.6, and the transformation for Horn-FL0 is an easy
special case thereof, with the only difference that GCIs {a} ⊑ C must be written
as C(a) in Horn-FL0 .
It is easy to see that every Horn-FL0 knowledge base in normal form can be
translated to a semantically equivalent datalog program. Indeed, this translation
is obtained by applying the standard transformation of SROIQ axioms to firstorder logic with equality as described in Section 3.2. Since all of the rules that
are obtained by translating normal form axioms have at most three variables, the
result follows from fact that satisfiability checking is P-complete for datalog programs with a bounded number of variables per rule (Fact 4.1.4). Moreover, we also
note that the reductions of standard reasoning problems to satisfiability checking

(Proposition 3.1.9) are possible in Horn-FL0 as well.
It is easy to see that this simple result could be established even when extending Horn-FL0 with further expressive features. In particular, this is the case
for all features of SROIQ for which the first-order translation of Section 3.2
would lead to datalog axioms, possibly with equality as discussed in Section 4.1.3.
This includes nominals, inverse roles, role chains, local reflexivity (Self), and the
universal role, where the normalisation of role chains could be established as in
Proposition 5.4.3. Moreover, role conjunctions and concept products as discussed
in Chapter 5 are easily integrated into this setting as well, even without restricting
to simple roles.
Description logics that can be expressed in – or rather can be semantically
emulated in – datalog have been called Description Logic Programs (DLP). The
observations of the previous paragraph show that Horn-FLSROI0 (⊓) is a DLP
language in this sense, but the literature on DLP also considers cases where a
particular combination of constructs enables the translation of a DL axiom into
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datalog. For example, the axiom A ⊑ ∃R.{a} can be expressed as A(x) → R(x, a)
although existential restrictions are not generally supported in datalog. This shows
that our above observations do not yet lead to a largest possible DLP, and it raises
the question of whether and how a maximal DLP language can be found. Answers
to these questions are given in Chapter 7.
Two additional features – disjunction and qualified functionality restrictions
61 R.C – are of interest for us to obtain a Horn DL that is more closely related
to the OWL RL profile [MCH+ 09]. Considering Definition 6.1.1 and Fig. 6.1,
we observe that Horn DLs allow for at most one C1 concept in each disjunction.
Every GCI that is Horn in this sense can therefore be expressed in a form where
said C1 concept constitutes the right-hand side of the concept inclusion axiom,
while all other disjunctions occur on the left-hand side. Such disjunctions on the
left-hand side of GCIs, however, can easily be eliminated during normal form
transformation since A ⊔ B ⊑ C is equivalent to {A ⊑ C, A ⊑ C}. Therefore,
the addition of Horn-disjunction does not increase the expressiveness of the DL.
Disjunctions in subboolean DLs have traditionally been denoted by the letter U,
and hence we extend our results to an extension of Horn-FLU 0 .
Qualified functionality restrictions in turn are only allowed in C1 expressions
of the form 61 R.¬C with C ∈ C0 . Such expressions can be simplified by replacing
¬C with a fresh concept name A while introducing a new axiom ¬C ⊑ A (this
is Horn since C ∈ C0 ). In addition, it is easy to see that axioms of the form
B ⊑ 61 R.A are translated to datalog rules B(x)∧R(x, y1 )∧A(y1 )∧R(x, y2 )∧A(y2 ) →
y1 ≈ y2 , so they can indeed be included into an extension of Horn-FL0 . Summing
up the above discussion, we obtain the following result:
Proposition 6.2.2 Let Horn-SROIQ(⊓)free be the extension of Horn-SROIQfree
with arbitrary conjunctions of roles, and let RL denote the fragment of HornSROIQ(⊓)free comprising all knowledge bases that contain no maximality restrictions for numbers other than 1, no existential restrictions, and no minimality
restrictions. The standard reasoning problems for RL are P-complete.
Proof. It has been sketched in the above discussion how to extend the normal
form transformation of Lemma 6.3.6 to cover Horn disjunction of concepts and
qualified functionality restrictions on the right-hand side of GCIs. A suitable normal form for GCIs is defined by requiring all left-hand sides to be of the forms ⊤,
A or A ⊓ B, and all right-hand sides to be of the form ⊥, A, ∀R.A, or 61 R.A, where
A and B are concept names, nominals, or expressions ∃S .Self, and where R, S
are role names. A normal form of RIAs allows only axioms of the form R ⊑ T ,
R ◦ S ⊑ T , and R ⊓ S ⊑ T , where R, S , T are role names, inverses of role names, or
the universal role. Clearly, any RL knowledge base is semantically emulated by
an RL knowledge base in normal form that can be computed in polynomial time
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– in fact, since all transformations can be accomplished in a single pass, it is even
possible to achieve the normalisation in LogSpace.
A polynomial-time inferencing algorithm is obtained by further translating
normalised RL knowledge bases into datalog programs with a bounded number
of variables per rule, as in Proposition 6.2.1.

In terms of the nomenclature that was introduced for DLs in earlier chapters, RL could also be described by the more explicit but less readable name
Horn-FLUSROIF 0 (⊓), although this would still neglect qualified functionality restrictions since F usually denotes only unqualified functionality restrictions
of the form 61 R.⊤. The reason why the rather exotic description logic RL is
specifically mentioned here is that it includes essentially all features of the OWL
2 RL ontology language which are not related to datatypes [MCH+ 09]. Adding
datatypes is no major difficulty but requires extended preliminary discussions that
are beyond the scope of this work.
The only syntactic feature of OWL RL that RL is missing are existential quantifiers on the left-hand side of GCIs which do not increase expressiveness but
which syntactically extend OWL RL. Horn DLs do not restrict the use of existentials, so introducing them to RL would require additional constraints that do
not fit well into the framework of Horn DLs. In contrast, restrictions on the use of
existentials appear naturally when studying DLP in Chapter 7. This indicates that
Horn DLs are based on first-order Horn logic with functions, while DLP refers to
the function-free fragment datalog. Overall, RL still establishes a close relationship of OWL 2 RL with the formalisms considered within this work, especially
with Horn description logics and DLP.

6.3

PSpace-Complete Horn DLs: From Horn-FL− to
Horn-FLOH −

Horn-FL− is the Horn fragment of ALC that allows ⊤, ⊥, ⊓, ∀, and unqualified
∃, i.e. concept expressions of the form ∃R.⊤. Although Horn-FL− is only a very
small extension of Horn-FL0 , we will see that it is PSpace-complete. Moreover,
not all of the extensions that could be added to Horn-FL0 can also be added to
Horn-FL− without further increasing the complexity. The extension of FL− that
we will consider below is defined as follows.



Definition 6.3.1 The description logic FLOH − is the extension of FL− with nominals, and role hierarchies. The logic Horn-FLOH − is the restriction of FLOH −
that contains only GCIs C ⊑ D and concept assertions E(a) such that pNNF(¬C ⊔
D) ∈ C1 and pNNF(E) ∈ C1 .
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In the following sections, we show that all logics between Horn-FL− and
Horn-FLOH − are PSpace-complete.

6.3.1 Hardness
We directly show that Horn-FL− is PSpace-hard by reducing the halting problem
for polynomially space-bounded Turing machines to checking unsatisfiability in
Horn-FL− .
Definition 6.3.2 A deterministic Turing machine (TM) M is a tuple (Q, Σ, ∆, q0 )
where
– Q is a finite set of states,
– Σ is a finite alphabet that includes a blank symbol ,
– ∆ ⊆ (Q × Σ) × (Q × Σ × {l, r}) is a transition relation that is deterministic, i.e.
(q, σ, q1 , σ1 , d1 ), (q, σ, q2 , σ2 , d2 ) ∈ ∆ implies q1 = q2 , σ1 = σ2 , and d1 = d2 .
– q0 ∈ Q is the initial state, and
– QA ⊆ Q is a set of accepting states.
A configuration of M is a word α ∈ Σ∗ QΣ∗ . A configuration α′ is a successor of a
configuration α if one of the following holds:
1. α = wl qσσr wr , α′ = wl σ′ q′ σr wr , and (q, σ, q′ , σ′ , r) ∈ ∆,
2. α = wl qσ, α′ = wl σ′ q′ , and (q, σ, q′ , σ′ , r) ∈ ∆,
3. α = wl σl qσwr , α′ = wl q′ σl σ′ wr , and (q, σ, q′ , σ′ , l) ∈ ∆,
where q ∈ Q and σ, σ′ , σl , σr ∈ Σ as well as wl , wr ∈ Σ∗ . Given some natural
number s, the possible transitions in space s are defined by additionally requiring
that |α′ | ≤ s + 1.
The set of accepting configurations is the least set which satisfies the following
conditions. A configuration α is accepting iff
– α = wl qwr and q ∈ QA , or
– at least one the successor configurations of α are accepting.



M accepts a given word w ∈ Σ∗ (in space s) iff the configuration q0 w is accepting
(when restricting to transitions in space s).
The complexity class PSpace is defined as follows.
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(1) Left and right transition rules:
Aq ⊓ Hi ⊓ Cσ,i ⊑ ∃S .⊤ ⊓ ∀S .(Aq′ ⊓ Hi+1 ⊓ Cσ′ ,i ) with δ = (q, σ, q′, σ′, r), i < p(|w|) − 1
Aq ⊓ Hi ⊓ Cσ,i ⊑ ∃S .⊤ ⊓ ∀S .(Aq′ ⊓ Hi−1 ⊓ Cσ′ ,i ) with δ = (q, σ, q′ , σ′ , l), i > 0
(2) Memory:
H j ⊓ Cσ,i ⊑ ∀S .Cσ,i i , j
(3) Failure:
F ⊓ Aq ⊑ ⊥ q ∈ Q A

(4) Propagation of failure:
F ⊑ ∀S .F

The axioms are instantiated for all q, q′ ∈ Q, σ, σ′ ∈ Σ, i, j ∈ {0, . . . , p(|w|) − 1}, and δ ∈ ∆.

Figure 6.4: Knowledge base KBM,w simulating a polynomially space-bounded TM



Definition 6.3.3 A language L is accepted by a polynomially space-bounded TM
iff there is a polynomial p such that, for every word w ∈ Σ∗ , w ∈ L iff w is accepted
in space p(|w|).
In this section, we exclusively deal with polynomially space-bounded TMs,
and so we omit additions such as “in space s” when clear from the context.
In the following, we consider a fixed TM M denoted as in Definition 6.3.2,
and a polynomial p that defines a bound for the required space. For any word
w ∈ Σ∗ , we construct a Horn-FL− knowledge base KBM,w and show that w is
accepted by M iff KBM,w is unsatisfiable. Intuitively, the elements of an interpretation domain of KBM,w represent possible configurations of M, encoded by the
following concept names
– Aq for q ∈ Q: the TM is in state q,
– Hi for i = 0, . . . , p(|w|) − 1: the TM is at position i on the storage tape,
– Cσ,i with σ ∈ Σ and i = 0, . . . , p(|w|) − 1: position i on the storage tape contains
symbol σ.
Based on these concepts, elements in each interpretation of a knowledge base
encode certain states of the Turing machine. A role S will be used to encode
the successor relationship between states. The initial configuration for word w is
described by the concept expression Iw :
Iw ≔ Aq0 ⊓ H0 ⊓ Cσ0 ,0 ⊓ . . . ⊓ Cσ|w|−1 ,|w|−1 ⊓ C,|w| ⊓ . . . ⊓ C,p(|w|)−1 ,
where σi denotes the symbol at the ith position of w.
It is not hard to describe runs of the TM with Horn-FL− axioms, but formulating the acceptance condition is slightly more difficult. The reason is that in
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absence of statements like ∃S .A and ∀S .A in the condition part of Horn-axioms,
one cannot propagate acceptance from the final accepting configuration back to
initial configuration. The solution is to introduce a new concept F that states that
a state is not accepting, and to propagate this assumption forwards along the runs
to provoke an inconsistency as soon as an accepting configuration is reached. Thus
we arrive at the axioms given in Fig. 6.4.
Next we need to investigate the relationship between elements of an interpretation that satisfies KBM,w and configurations of M. Given an interpretation I of
KBM,w , we say that an element e of the domain of I represents a configuration
σ1 . . . σi−1 qσi . . . σm if e ∈ AIq , e ∈ HiI , and, for every j ∈ {0, . . . , p(|w|) − 1},
I
e ∈ Cσ,
j whenever
j ≤ m and σ = σm

or

j > m and σ = .

Note that we do not require uniqueness of the above, so that a single element
might in fact represent more than one configuration. As we will see below, this
does not affect our results. If e represents a configuration as above, we will also
say that e has state q, position i, symbol σ j at position j etc.
Lemma 6.3.4 Consider some interpretation I that satisfies KBM,w . If some element e of I represents a configuration α and some transition δ is applicable to α,
then e has an S I -successor that represents the (unique) result of applying δ to α.
Proof. Consider an element e, state α, and transition δ as in the claim. Then one
of the axioms (1) applies, and e must also have an S I -successor. This successor
represents the correct state, position, and symbol at position i of e, again by the
axioms (1). By axiom (2), symbols at all other positions are also represented by
all S I -successors of e.

Lemma 6.3.5 A word w is accepted by M iff {Iw (i), F(i)}∪KBM,w is unsatisfiable,
where i is a new constant symbol.
Proof. Let I be a model of {Iw (i), F(i)} ∪ KBM,w . I being a model for Iw (i), iI
clearly represents the initial configuration of M with input w. By Lemma 6.3.4,
for any further configuration reached by M during computation, iI has a (not
necessarily direct) S I successor representing that configuration.
Since I satisfies F(i) and axiom (4) of Fig. 6.4, a simple induction argument
shows that F I contains all S I successors of iI . But then I satisfies axiom (3) only
if none of the configurations that are reached have an accepting state. Since I was
arbitrary, {Iw (i), F(i)} ∪ KBM,w can only have a satisfying interpretation if M does
not reach an accepting state.
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A ⊑ C
A⊓B ⊑ C

⊤ ⊑ C
A ⊑ ⊥

A ⊑ ∀R.C

R ⊑ S
R(c, d)

Figure 6.5: Normal forms for Horn-FLOH − with A, B, C ∈ B basic concepts
(including existential restrictions), R, S role names, and c, d individual names
It remains to show the converse: if M does not accept w, there is some interpretation I satisfying {Iw (i), F(i)} ∪ KBM,w . To this end, we define a canonical
interpretation M as follows. The domain of M is the set of all configurations of
M that have size p(|w|) + 1 (i.e. that encode a tape of length p(|w|), possibly with
trailing blanks). The interpretations for the concepts Aq , Hi , and Cσ,i are defined as
expected so that every configuration represents itself but no other configuration.
Especially, IwM is the singleton set containing the initial configuration. Given two
configurations α and α′ , and a transition δ, we define (α, α′ ) ∈ S M iff there is a
transition δ from α to α′ . F M is defined to be the set of all configurations that are
reached during the run of M on w.
It is easy to see that M satisfies the axioms (1), (2), and (3) of Fig. 6.4. Axiom
(4) is satisfied since, by our initial assumption, none of the configurations reached
by M is in an accepting state.

Thus checking satisfiability of Horn-FL− knowledge bases is PSpace-hard.

6.3.2 Containment
To show that inferencing for Horn-FLOH − is in PSpace, we develop a tableau algorithm for deciding the satisfiability of a Horn-FLOH − knowledge base. To this
end, we first present a normal form transformation that allows us to restrict attention to simple forms of axioms. Afterwards, we present the tableau construction
and show its correctness, and demonstrate that it can be executed in polynomial
space.
To simplify notation, we define a FLOH − concept expression C to be basic if
it is of the form A ∈ A, {a}, or ∃R.⊤. The set of all basic concepts is denoted by
B, assuming that the underlying signature is irrelevant or clear from the context.
Lemma 6.3.6 Every Horn-FLOH − knowledge base KB is semantically emulated
by a Horn-FLOH − knowledge base that contains only axioms in the normal form
given in Fig. 6.5, and that can be computed in linear time with respect to the size
of KB.
Proof. ABox axioms C(a) can clearly be expressed as GCIs {a} ⊑ C. To semantically emulate arbitrary GCIs, we exhaustively apply the transformation rules in
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Ĉ ⊑ D̂
7→ {Ĉ ⊑ X, X ⊑ D̂}
⊥ ⊑ C
7→ ∅
C ⊑ ⊤
7→ ∅
Ĉ ⊓ A ⊑ B
7→ {Ĉ ⊑ X, X ⊓ A ⊑ B}
A ⊑ C ⊓ D 7→ {A ⊑ C, A ⊑ D}
A ⊑ ∀R.Ĉ 7→ {A ⊑ ∀R.X, X ⊑ Ĉ}
A, B basic concept expressions, ⊤, or ⊥; X a fresh concept name;
C, D concept expressions; Ĉ, D̂ concept expressions that are not basic
Figure 6.6: Normal form transformation for Horn-FLOH −
Fig. 6.6, where each rule application consists in replacing the axiom on the lefthand side by the axioms on the right-hand side. It is easy to see that the resulting
axioms semantically emulate the original axioms for each rule, so the result follows by induction. It is also easy to see that only a linear number of steps are
required, where it must be noted that the rule for A ⊑ C ⊓ D is only applicable if
A is not a compound term, so that the duplication of A still leads to only a linear
increase in size.

Next, we are going to present a procedure for checking satisfiability of HornFL knowledge bases. In the following we assume without loss of generality that
the DL signature in consideration has at least one individual name.
−

Definition 6.3.7 Consider a Horn-FLOH − knowledge base KB in normal form,
with B the set of basic concepts, R the set of roles, and I the set of individual
names. A set of relevant concept expressions is defined by setting
cl(KB) = B ∪ {∀R.C|R ∈ R, C ∈ B} ∪ {⊤, ⊥}.

Given a set I of individual names, a set TI of ABox expressions is defined as
follows:
TI ≔ {C(e) | C ∈ cl(KB), e ∈ I} ∪ {R(e, f ) | R ∈ R, e, f ∈ I}
For a set T ⊆ TI and individuals e, f ∈ I, we use T e7→ f to denote the set
{C( f ) | C(e) ∈ T } ∪ {R( f, g) | R(e, g) ∈ T, g ∈ I} ∪ {R(g, f ) | R(g, e) ∈ T, g ∈ I}.
For the special case that e = f , we use the abbreviation T e ≔ T e7→e . A tableau for
KB is given by a (possibly infinite) set I of individual names, and a set T ⊆ TI
such that I ⊆ I and the following conditions hold:
1. if e ∈ I, then ⊤(e) ∈ T and, if e ∈ I, {e} ∈ T ,
94

6.3 PSpace-Complete Horn DLs: From Horn-FL− to Horn-FLOH −
2. if A(e) ∈ KB (R(e, f ) ∈ KB), then A(e) ∈ T (R(e, f ) ∈ T ),
3. if { f }(e) ∈ T , then C(e) ∈ T iff C( f ) ∈ T , R(e, g) ∈ T iff R( f, g) ∈ T , and
R(g, e) ∈ T iff R(g, f ) ∈ T , for all C ∈ cl(KB), R ∈ R, and g ∈ I,
4. if A ⊑ C ∈ KB and A(e) ∈ T , then C(e) ∈ T ,
5. if A ⊓ B ⊑ C ∈ KB, A(e) ∈ T , and B(e) ∈ T , then C(e) ∈ T ,
6. if R ⊑ S ∈ KB and R(e, f ) ∈ T , then S (e, f ) ∈ T ,
7. ∃R.⊤(e) ∈ T iff R(e, f ) ∈ T for some f ∈ I,

A tableau is said contain a clash if it contains a statement of the form ⊥(e).



8. if ∀R.C(e) ∈ T , then C( f ) ∈ T for all f ∈ I with R(e, f ) ∈ T ,

Proposition 6.3.8 A Horn-FLOH − knowledge base KB is satisfiable iff it has a
clash-free tableau.
Proof. Assume that KB has a clash-free tableau hI, T i. An interpretation I is
defined as follows. Due to condition 3 in Definition 6.3.7, we can define an equivalence relation ∼ on I by setting e ∼ f iff there is some g ∈ I with {{g}(e), {g}( f )} ⊆
T . The domain I∼ of I is the set of equivalence classes of ∼. The interpretation
function is defined by setting eI = [e]∼ , eI ∈ C I iff C(e) ∈ T , and (eI , f I ) ∈ RI
iff R(e, f ) ∈ T , for all elements e, f ∈ I, concept names C, and role names R. It is
easy to see that I satisfies KB.
For the converse, assume that KB is satisfiable, and that it thus has some model
I. We define a tableau hI, T i where I is the domain of I. Further, we set C(e) ∈ T
iff e ∈ C I , and R(e, f ) ∈ T iff (e, f ) ∈ RI , where C ∈ cl(KB), and R some role
name. Again, it is easy to see that this meets the conditions of Definition 6.3.7. 
As is evident by the Turing machine construction in the previous section, some
Horn-FLOH − knowledge bases may require a model to contain an exponential
number of individuals, even within single paths of the computation. Detecting
clashes in polynomial space thus requires special care. In particular, a standard
tableau procedure with blocking does not execute in polynomial space. Therefore,
we first provide a procedural description of a canonical tableau which will form
the basis for our below decision algorithm.
Definition 6.3.9 An algorithm that computes a tableau-like structure hI, T i is defined as follows. Initially, we set I ≔ I, and T ≔ ∅. The algorithm executes the
following steps:
(1) Iterate over all individuals e ∈ I. To each such e, apply rules (T1) to (T10)
of Fig. 6.7.
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(T1) T ≔ T ∪ {⊤(e)}
(T2) if e ∈ I is an individual name, T ≔ T ∪ {{e}(e)}
(T3) for each A(e) ∈ KB, T ≔ T ∪ {A(e)}
(T4) for each R(e, f ) ∈ KB, T ≔ T ∪ {R(e, f )}
(T5) for each { f }(e) ∈ T
(T5a) for each C( f ) ∈ T , T ≔ T ∪ {C(e)},
(T5b) for each g ∈ I and each R( f, g) ∈ T , T
inactive,
(T5c) for each g ∈ I and each R(g, f ) ∈ T , T
inactive,
(T5d) for each C(e) ∈ T , T ≔ T ∪ {C( f )},
(T5e) for each g ∈ I and each R(e, g) ∈ T , T
inactive,
(T5f) for each g ∈ I and each R(g, e) ∈ T , T
inactive

≔ T ∪ {R(e, g)}; R(e, g) is marked
≔ T ∪ {R(g, e)}; R(g, e) is marked

≔ T ∪ {R( f, g)}; R( f, g) is marked
≔ T ∪ {R(g, f )}; R(g, f ) is marked

(T6) for each A ⊑ C ∈ KB, if A(e) ∈ T then T ≔ T ∪ {C(e)}
(T7) for each A ⊓ B ⊑ C ∈ KB, if A(e) ∈ T and B(e) ∈ T then T ≔ T ∪ {C(e)}
(T8) for each R ⊑ S ∈ KB, do the following:
(T8a) for each f ∈ I, if R(e, f ) ∈ T and R(e, f ) is not inactive, then T ≔ T ∪ {S (e, f )},
(T8b) if ∃R.⊤(e) ∈ T then T ≔ T ∪ {∃S .⊤(e)}
(T9) for each f ∈ I and R(e, f ) ∈ T with R(e, f ) not inactive, T ≔ T ∪ {∃R.⊤(e)}
(T10) for each ∀R.C(e) ∈ T and each f ∈ I with R(e, f ) ∈ T ,
if R(e, f ) is not inactive, then T ≔ T ∪ {C( f )}
(∃) for each ∃R.⊤(e) ∈ T , if R(e, f ) < T for all f ∈ I then
I ≔ I ∪ {g} and T ≔ T ∪ {R(e, g)}, where g is a fresh individual

Figure 6.7: Constructing tableaux for Horn-FLOH − knowledge bases
(2) If T was changed in the previous step, go to (1).
(3) Apply rule (∃) of Fig. 6.7 to all existing elements e ∈ I.
(4) If T was changed by the previous step, go to (1).



(5) Halt.

While most rules should be obvious, some require explanations. The rules (T5)
are used to ensure that individuals e satisfying a nominal class are synchronised
with the respective named individual f ∈ I. The six sub-rules are needed since
one generally cannot add {e}( f ) to T as e might not be an element of I. However,
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role statements that are inferred in this way need not be taken into account as
premises in other deduction rules, since they are guaranteed to have an active
original. Whatever could be inferred using copied role statements and rules (T8a),
(T9), or (T10), can as well be inferred via the active original from which the
inactive role was initially created. Note that this argument involves an induction
over the number of applications of rule (T5).
Rule (T8) is also special. In principle, one could omit (T8b), and use rules
(T8a) and (T9) instead. This inference, however, is the only case where a rolesuccessor of some individual e might contribute to the classes inferred for e. By
providing rule (T8b), the class expressions containing e can be computed without
considering any role successor, and rule (T9) is essential only when role expressions have been inferred from ABox statements. In combination with the delayed
application of rule (∃), this ensures that concepts are indeed inferred by (T8b)
rather than by (T8a)+(T9), which will be exploited in the proof of Lemma 6.3.13
below.
Also note that the algorithm of Definition 6.3.9 is not a decision procedure,
since we do not require the algorithm to halt. What we are interested in, however,
is the (possibly infinite) tableau that the algorithm constructs in the limit. The
existence of this limit is evident from the fact that all completion rules are finitary,
and that each rule monotonically increases the size of the computed structure. It
is easy to see that there is a correspondence between the rules of Fig. 6.7 and the
conditions of Definition 6.3.7, so that the limit structure will indeed meet all the
requirements imposed on a tableau. For a given knowledge base KB, we write
hI¯KB , T̄ KB i to denote the canonical tableau constructed by the above algorithm
from KB, where the subscripts are omitted when understood. It is easy to see
that, whenever the canonical tableau contains a clash, this must be the case for all
possible tableaux.
The algorithm of Definition 6.3.9 can be viewed as a “breadth-first” construction of a canonical tableau. Due to the explicit procedural description of tableau
rules, any role and class expression of the canonical tableau is first computed after
a well-defined number of computation steps.1 Accordingly, we define a total order
≺ on T̄ by setting F ≺ G iff F is computed before G.
The canonical tableau and the order ≺ are the main ingredients for showing
the correctness of following non-deterministic decision algorithm.
Definition 6.3.10 Consider a Horn-FLOH − knowledge base KB with canonical
¯ T̄ i. A set of individuals I is defined as I ≔ I ∪ {a, b}, where a, b < I.
¯
tableau hI,
1

For this to be true, one must also specify the order for the involved iterations, e.g. by ordering
elements lexicographically and adopting a naming scheme for newly introduced elements. We
assume that such an order was chosen.
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Non-deterministically select one element g ∈ I, and initialise T ⊆ TI by setting
T ≔ {⊥(g)}.
The algorithm repeatedly modifies T by non-deterministically applying one of
the following rules:
(N1) Given any X ∈ TI , set T ≔ T ∪ {X}. If X is a role statement, decide
non-deterministically whether X is marked inactive.
(N2) If there is some individual e ∈ I and X ∈ T such that X can be derived
from T \ {X} using one of the rules (T1) to (T10) in Fig. 6.7, set T ≔
T \ {X}. Rules (T5b), (T5c), (T5e), and (T5f) can only be used if X is
marked inactive.
(N3) If T a = {R(e, a)} for some e ∈ I \{a} such that ∃R.⊤(e) ∈ T , set T ≔ T \T a .
(N5) If T = ∅, return “unsatisfiable.”



(N4) If T a = ∅, set T ≔ (T ∪ T b7→a ) \ T b .

Lemma 6.3.11 The algorithm of Definition 6.3.10 can be executed in polynomially bounded space.
Proof. Since |I|, |B|, and |R| are polynomially bounded by the size of the knowledge base, so is cl(KB) and thus T .

Lemma 6.3.12 If there is a sequence of choices such that the algorithm of Definition 6.3.10 returns “unsatisfiable” after some finite time, KB is indeed unsatisfiable.
Proof. Intuitively, the non-deterministic algorithm applies rules of the algorithm
in Definition 6.3.9 in reverse order, deleting a conclusion whenever it can be derived from the remaining statements. The anonymous individuals a and b are used
to dynamically represent (various) elements from the canonical tableau. For a formal proof, assume that the algorithm terminates within finitely many steps, and,
without loss of generality, that each step involves a successful application of one
of the rules (N1) to (N5). We use T n to denote the state of the algorithm n steps
before termination. In particular, T 0 = ∅.
¯ such that T n
We claim that for each T n there are individuals e, f ∈ I,
a7→e, b7→ f ⊆
T̄ . This is verified by induction over the number of steps executed by the algo¯
rithm. Since T 0 = ∅, the claim for T 0 holds for any e, f ∈ I.
n
For the induction step, assume that T a7→e, b7→ f ⊆ T̄ . To show the claim for T n+1 ,
we distinguish by the transformation rule that was applied to obtain T n from T n+1 :
(N1) Since T n+1 ⊂ T n , we conclude T a7n+1
→e, b7→ f ⊆ T̄ .
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(N2) T n+1 = T n ∪ {X}, where X can be derived from T n by one of the rules (T1)
to (T10). Since those rules have been applied exhaustively in T̄ , we find
T a7n+1
→e, b7→ f ⊆ T̄ .
(N3) We find T an = ∅ and, for some g ∈ I \{a} and R ∈ R, T n+1 = T n ∪{R(g, a)} and
∃R.⊤(g) ∈ T n . Define g′ ≔ f if g = b, and g′ = g otherwise. We conclude
that ∃R.⊤(g′ ) ∈ T̄ and thus there is some individual e′ ∈ I¯ with R(g′ , e′ ). We
conclude that T a7n+1
→e′ , b7→ f ⊆ T̄ .
(N4) This rule merely exchanges b with (the unused) a, so we have T a7n+1
→ f, b7→e ⊆ T̄ .
Applying the above induction to the initial state {⊥(g)}, we find {⊥(g)}a7→e, b7→ f ∈ T̄ .
Hence T̄ indeed contains a clash and KB is unsatisfiable.

Lemma 6.3.13 Whenever KB is unsatisfiable, there is a sequence of choices such
that the algorithm of Definition 6.3.10 returns “unsatisfiable” after some finite
time.
Proof. We first specify a possible sequence of choices, and then show its correctness. If KB is unsatisfiable, there is some element e ∈ I¯ in the canonical tableau
such that ⊥(e) ∈ T̄ . Pick one such e. We use a′ and b′ to denote the elements of
I¯ that are currently simulated by a and b. Initially, we set a′ = b′ =  for some
¯ Rule (N1) of the algorithm will repeatedly be used to close T under
element  < I.
relevant inferences that are ≺-smaller than some statement X. Given X ∈ T̄ , we
define:
n
o
↓X = C( f ) ∈ T̄ | C( f )  X, f ∈ I ∪ {a′ , b′ } ′
∪
a 7→a, b′ 7→b
n
o
.
R( f, g) ∈ T̄ | R( f, g) not inactive, R( f, g)  X, f, g ∈ I ∪ {a′ , b′ } ′
′
a 7→a, b 7→b

This selects all elements in T̄ that can be represented using the elements from
I with the current representation of a′ as a, and b′ as b. Throughout the below
computation, the following property will be preserved:
T a7→a′ , b7→b′ ⊆ T̄

(†)

Now if e ∈ I, set a′ ≔ e. Using the non-deterministic initialisation and rule
(N1), the algorithm of Definition 6.3.10 can now compute T = ↓{⊥(e)}. The algorithm now repeatedly executes steps according to the following choice strategy.
Single Step Choice Strategy If T a is non-empty, let X be the ≺-largest element
of T a . Else, let X be the ≺-largest element of T . By property (†), there is some
X ′ ∈ T̄ with {X}a7→a′ , b7→b′ = {X ′ }. Applying rule (N1), the algorithm first computes
T ≔ T ∪ ↓X (∗). The algorithm non-deterministically guesses the rule of Fig. 6.7
that was used to infer X ′ , and proceeds accordingly:
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– If X ′ was inferred by one of the rules (T1), (T2), (T3), (T4), (T6), (T7), (T8a),
(T8b), and (T9), the premises of a respective rule application in T have been
computed in (∗). This is so since the required premises are ≺-smaller and not
inactive, and since they only involve individuals that are also found in X, i.e.
which are represented by I with the current choice of a′ and b′ . Hence the
algorithm can apply rule (N2) to reduce X.
– If X ′ was inferred by one of the rules of (T5), then one of the premises used
was of the form { f }(e), and thus f ∈ I. Since inactive roles are not generated by
any of the given choices, rules (T5b), (T5c), (T5e), and (T5f) are not relevant.
If X ′ was inferred by rule (T5a) then X can directly be reduced by applying
rule (N2). The existence of the premises in T follows again from (∗).
If X ′ was inferred by rules (T5d), then X ′ is of the form C( f ) and thus T a = ∅.
If the individual e in the premise is in I, then X again can be reduced by rule
(N2). If e < I, set a′ = e and use rule (N1) to compute T a = {{ f }(e), C(e)}.
Apply (N2) to reduce X.
– If X ′ was inferred by rule (T10), then X ′ = C(g) for some element g, and there
is some element e such that {∀R.C(e), R(e, g)} ⊆ T̄ . We distinguish two cases:
• If g ∈ I, then X = C(g) and T a = ∅. Set a′ = e and use rule (N1) to compute
T a = {∀R.C(a), R(a, g)}. Use rule (N2) to reduce X.
• If g < I, then X = C(a) and e , a′ . If e ∈ I ∪ {b′ }, then {∀R.C(e), R(e, a)} ⊆ T
by (∗). Use rule (N2) to reduce X. If e < I ∪ {b′ }, then b′ =  and T b = ∅,
as we will show below. Set b′ = e and use rule (N1) to compute T b =
{∀R.C(b), R(b, g)}. Use rule (N2) to reduce X.
We claimed that b′ =  whenever it is not equal to the predecessor e. This is
so, since a′ < I is ensured by each step of the algorithm, and since elements
that are not in I are involved in active role statements of exactly one predecessor (the one which generated a′ ). This is easily verified by inspecting the
rules that can create role statements.
– If X ′ was inferred by rule (∃), we have X ′ = R(e, g) for some newly introduced
element g < I. Thus X is of the form R(e′ , a), and, since X was selected to be ≺maximal, T a = {X}. Thus we can apply rule (N3) to reduce X. In addition, the
algorithm applies rule (4) to copy b to the (now empty) a, and we set a′ ≔ b′
and b′ ≔ .
With the above choices, the algorithm instantiates elements a on demand, and
repeatedly reduces the statements of those elements. The individual rules show
that this reduction might require another (predecessor) individual b to be considered, but that no further element is needed. Also note that rule (T8b) is required to
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ensure that all concept expressions in T a can be reduced without generating any
role successors for a. Hence, it is evident that the above choice strategy ensures
that exactly one of the above reductions is applicable in each step.
Finally, we need to show that the algorithm terminates. This claim is established by defining a well-founded termination order. For details on such approaches and the related terminology, see [BN98]. Now considering T as a multiset, the multiset-extension of the well-founded order ≺ is a suitable termination
order, which is easy to see since in every reduction step, the element X is deleted,
and possibly replaced by one or more elements that are strictly smaller than X. 
The above lemmata establish an NPSpace decision procedure for detecting
unsatisfiability of Horn-FLOH − knowledge bases. But NPSpace is known to coincide with PSpace, and we can conclude the main theorem of this section.
Theorem 6.3.14 Unsatisfiability of a Horn-FLOH − knowledge base KB can be
decided in space that is polynomially bounded by the size of KB.
Proof. Combine Lemma 6.3.11, 6.3.12, and 6.3.13 to obtain a non-deterministic
time-polynomial decision procedure for detecting unsatisfiability. Apply Savitch’s

Theorem to show the existence of an according PSpace algorithm [Pap94].
Summing up the result from the previous two sections, we obtain the following.
Theorem 6.3.15 The standard reasoning problems for any description logic between Horn-FL− and Horn-FLOH − are PSpace-complete.
Proof. Combine Lemma 6.3.5 and Theorem 6.3.14.

6.4



Horn-SHIQ and Other ExpTime-Complete
Horn DLs

FLE further extends FL− by allowing arbitrary existential role quantifications,
which turns out to raise the complexity of standard reasoning tasks for HornFLE to ExpTime, thus establishing ExpTime-completeness of Horn-SHIQ. Note
that inclusion in ExpTime is obvious since FLE is a fragment of SHIQ which
is also in ExpTime [Tob01]. To show that Horn-FLE is ExpTime-hard, we reduce
the halting problem of polynomially space-bounded alternating Turing machines,
defined next, to the concept subsumption problem.
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6.4.1 Alternating Turing Machines
Definition 6.4.1 An alternating Turing machine (ATM) M is a tuple (Q, Σ, ∆, q0 )
where
– Q = U ∪˙ E is the disjoint union of a finite set of universal states U and a finite
set of existential states E,
– Σ is a finite alphabet that includes a blank symbol ,
– ∆ ⊆ (Q × Σ) × (Q × Σ × {l, r}) is a transition relation, and
– q0 ∈ Q is the initial state.
A (universal/existential) configuration of M is a word α ∈ Σ∗ QΣ∗ (Σ∗ UΣ∗ /Σ∗ EΣ∗ ).
A configuration α′ is a successor of a configuration α if one of the following holds:
1. α = wl qσσr wr , α′ = wl σ′ q′ σr wr , and (q, σ, q′ , σ′ , r) ∈ ∆,
2. α = wl qσ, α′ = wl σ′ q′ , and (q, σ, q′ , σ′ , r) ∈ ∆,
3. α = wl σl qσwr , α′ = wl q′ σl σ′ wr , and (q, σ, q′ , σ′ , l) ∈ ∆,
where q ∈ Q and σ, σ′ , σl , σr ∈ Σ as well as wl , wr ∈ Σ∗ . Given some natural
number s, the possible transitions in space s are defined by additionally requiring
that |α′ | ≤ s + 1.
The set of accepting configurations is the least set which satisfies the following
conditions. A configuration α is accepting iff
– α is a universal configuration and all its successor configurations are accepting,
or
– α is an existential configuration and at least one of its successor configurations
is accepting.



Note that universal configurations without any successors here play the rôle of
accepting final configurations, and thus form the basis for the recursive definition
above.
M accepts a given word w ∈ Σ∗ (in space s) iff the configuration q0 w is accepting (when restricting to transitions in space s).
This definition is inspired by the complexity classes NP and co-NP, which are
characterised by non-deterministic Turing machines that accept an input if either
at least one or all possible runs lead to an accepting state. An ATM can switch
between these two modes and indeed turns out to be more powerful than classical
Turing machines of either kind. In particular, ATMs can solve ExpTime problems
in polynomial space [CKS81].
102

6.4 Horn-SHIQ and Other ExpTime-Complete Horn DLs



Definition 6.4.2 A language L is accepted by a polynomially space-bounded ATM
iff there is a polynomial p such that, for every word w ∈ Σ∗ , w ∈ L iff w is accepted
in space p(|w|).
Fact 6.4.3 The complexity class APSpace of languages accepted by polynomially
space-bounded ATMs coincides with the complexity class ExpTime.
We thus can show ExpTime-hardness of Horn-SHIQ by polynomially reducing the halting problem of ATMs with a polynomially bounded storage space to
inferencing in Horn-SHIQ. In the following, we exclusively deal with polynomially space-bounded ATMs, and so we omit additions such as “in space s” when
clear from the context.

6.4.2 Simulating ATMs in Horn-FLE
In the following, we consider a fixed ATM M denoted as in Definition 6.4.1, and
a polynomial p that defines a bound for the required space. For any word w ∈ Σ∗ ,
we construct a Horn-FLE knowledge base KBM,w and show that acceptance of w
by the ATM M can be decided by inferencing over this knowledge base.
In detail, KBM,w depends on M and p(|w|), and has an empty ABox.2 Acceptance of w by the ATM is reduced to checking concept subsumption, where one of
the involved concepts directly depends on w. Intuitively, the elements of an interpretation domain of KBM,w represent possible configurations of M, encoded by
the following concept names:
– Aq for q ∈ Q: the ATM is in state q,
– Hi for i = 0, . . . , p(|w|) − 1: the ATM is at position i on the storage tape,
– Cσ,i with σ ∈ Σ and i = 0, . . . , p(|w|) − 1: position i on the storage tape contains
symbol σ,
– A: the ATM accepts this configuration.
This approach is pretty standard, and it is not too hard to axiomatise a successor relation S and appropriate acceptance conditions in ALC (see, e.g., [LS05]).
But this reduction is not applicable in Horn-SHIQ, and it is not trivial to modify
it accordingly.
One problem that we encounter is that the acceptance condition of existential
states is a (non-Horn) disjunction over possible successor configurations. To overcome this, we encode individual transitions by using a distinguished successor relation for each translation in ∆. This allows us to explicitly state which conditions
2

The RBox is empty for FLE anyway.
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(1) Left and right transition rules:
Aq ⊓ Hi ⊓ Cσ,i ⊑ ∃S δ .(Aq′ ⊓ Hi+1 ⊓ Cσ′ ,i ) with δ = (q, σ, q′ , σ′ , r), i < p(|w|) − 1
Aq ⊓ Hi ⊓ Cσ,i ⊑ ∃S δ .(Aq′ ⊓ Hi−1 ⊓ Cσ′ ,i ) with δ = (q, σ, q′ , σ′ , l), i > 0
(2) Memory:
H j ⊓ Cσ,i ⊑ ∀S δ .Cσ,i

(3) Existential acceptance:
Aq ⊓ ∃S δ .A ⊑ A for all q ∈ E

i, j

(4) Universal acceptance:

Aq ⊓ Hi ⊓ Cσ,i ⊓ δ∈∆˜ (∃S δ .A) ⊑ A

q ∈ U, x ∈ {r | i < p(|w|) − 1} ∪ {l | i > 0}
∆˜ = {(q, σ, q′ , σ′ , x) ∈ ∆}

Rules are instantiated for all q, q′ ∈ Q, σ, σ′ ∈ Σ, i, j ∈ {0, . . . , p(|w|) − 1}, and δ ∈ ∆.

Figure 6.8: Knowledge base KBM,w simulating a polynomially space-bounded
ATM
must hold for a particular successor without requiring disjunction. For the acceptance condition, we use a recursive formulation as employed in Definition 6.4.1.
In this way, acceptance is propagated backwards from the final accepting configurations.
In the case of ALC, acceptance of the ATM is reduced to concept satisfiability, i.e. one checks whether an accepting initial configuration can exist. This
requires that acceptance is faithfully propagated to successor states, so that any
model of the initial concept encodes a valid trace of the ATM. Axiomatising this
requires many exclusive disjunctions, such as “The ATM always is in exactly one
of its states Hi .” Since it is not clear how to model this in a Horn-DL, we take a
dual approach: reducing acceptance to concept subsumption, we require the initial
state to be accepting in all possible models. We therefore may focus on the task of
propagating properties to successor configurations, while not taking care of disallowing additional statements to hold. Our encoding ensures that, whenever the
initial configuration is not accepting, there is at least one “minimal” model that
reflects this.
After this informal introduction, consider the knowledge base KBM,w given
in Fig. 6.8. The roles S δ , δ ∈ ∆, describe a configuration’s successors using the
translation δ. The initial configuration for word w is described by the concept
expression Iw :
Iw ≔ Aq0 ⊓ H0 ⊓ Cσ0 ,0 ⊓ . . . ⊓ Cσ|w|−1 ,|w|−1 ⊓ C,|w| ⊓ . . . ⊓ C,p(|w|)−1 ,
where σi denotes the symbol at the ith position of w. We will show that checking
whether the initial configuration is accepting is equivalent to checking whether
Iw ⊑ A follows from KBM,w . The following is obvious from the characterisation
given in Definition 6.1.1.
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Lemma 6.4.4 KBM,w and Iw ⊑ A are in Horn-FLE.
Next we need to investigate the relationship between elements of an interpretation that satisfies KBM,w and configurations of M. Given an interpretation I of
KBM,w , we say that an element e of the domain of I represents a configuration
σ1 . . . σi−1 qσi . . . σm if e ∈ AIq , e ∈ HiI , and, for every j ∈ {0, . . . , p(|w|) − 1},
I
e ∈ Cσ,
j whenever
j ≤ m and σ = σm
or
j > m and σ = .
Note that we do not require uniqueness of the above, so that a single element
might in fact represent more than one configuration. As we will see below, this
does not affect our results. If e represents a configuration as above, we will also
say that e has state q, position i, symbol σ j at position j etc.
Lemma 6.4.5 Consider some interpretation I that satisfies KBM,w . If some element e of I represents a configuration α and some transition δ is applicable to α,
then e has an S δI -successor that represents the (unique) result of applying δ to α.
Proof. Consider an element e, state α, and transition δ as in the claim. Then one
of the axioms (1) applies, and e must also have an S δI -successor. This successor
represents the correct state, position, and symbol at position i of e, again by the
axioms (1). By axiom (2), symbols at all other positions are also represented by

all S δI -successors of e.
Lemma 6.4.6 A word w is accepted by M iff Iw ⊑ A is a consequence of KBM,w .
Proof. Consider an arbitrary interpretation I that satisfies KBM,w . We first show
that, if any element e of I represents an accepting configuration α, then e ∈ AI .
We use an inductive argument along the recursive definition of acceptance.
If α is a universal configuration then all successors of α are accepting, too. By
Lemma 6.4.5, for any δ-successor α′ of α there is a corresponding S δI -successor
e′ of e. By the induction hypothesis for α′ , e′ is in AI . Since this holds for all
δ-successors of α, axiom (4) implies e ∈ AI . Especially, this argument covers the
base case where α has no successors.
If α is an existential configuration, then there is some accepting δ-successor
′
α of α. Again by Lemma 6.4.5, there is an S δI -successor e′ of e that represents
α′ , and e′ ∈ AI by the induction hypothesis. Hence axiom (3) applies and also
conclude e ∈ AI .
Since all elements in IwI represent the initial configuration of the ATM, this
shows that IwI ⊆ AI whenever the initial configuration is accepting.
It remains to show the converse: if the initial configuration is not accepting,
there is some interpretation I such that IwI * AI . To this end, we define a canonical
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interpretation M of KBM,w as follows. The domain of M is the set of all configurations of M that have size p(|w|) + 1 (i.e. that encode a tape of length p(|w|),
possibly with trailing blanks). The interpretations for the concepts Aq , Hi , and Cσ,i
are defined as expected so that every configuration represents itself but no other
configuration. Especially, IwM is the singleton set containing the initial configuration. Given two configurations α and α′ , and a transition δ, we define (α, α′ ) ∈ S δM
iff there is a transition δ from α to α′ . A M is defined to be the set of accepting
configurations.
By checking the individual axioms of Fig. 6.8, it is easy to see that M satisfies
KBM,w . Now if the initial configuration is not accepting, IwM * A M by construction.
Thus M is a counterexample for Iw ⊑ A which thus is not a logical consequence.
We can summarise our results as follows.
Theorem 6.4.7 The standard reasoning problems for any description logic between Horn-FLE and Horn-SHIQ are ExpTime-complete.
Proof. Inclusion is obvious as Horn-SHIQ is a fragment of SHIQ for which
these problems are in ExpTime [Tob01]. Regarding hardness, Lemma 6.4.6 shows
that the word problem for polynomially space-bounded ATMs can be reduced to
checking concept subsumption in KBM,w . By Lemma 6.4.4, KBM,w is in HornFLE. The reduction is polynomially bounded due to the restricted number of axioms: there are at most 2×|Q|× p(|w|)×|Σ|×|∆| axioms of type (1), p(|w|)2 ×|Σ|×|∆|
of type (2), |Q| × |Σ| of type (3), and |Q| × p(|w|) × |Σ| of type (4).

Note that, even in Horn logics, it is straightforward to reduce knowledge base
satisfiability to the entailment of the concept subsumption ⊤ ⊑ ⊥. The proof that
was used to establish the previous result is suitable for obtaining further complexity results for logical fragments that are not above Horn-FLE.
Theorem 6.4.8 Consider the description logics
(a) ELF obtained by extending EL with number restrictions of the form 61 R.⊤,
(b) FL◦− obtained by extending FL− with composition of roles while restricting
to regular RBoxes, and
(c) FLI− obtained by extending FL− with inverse roles,
and let Horn-ELF , Horn-FL◦− , and Horn-FLI− denote the respective Horn DLs
defined as in Definition 6.1.6.
Horn-FL◦− is ExpTime-hard. Horn-ELF and Horn-FLI− are ExpTime-complete.
Proof. The results are established by modifying the knowledge base KBM,w to
suite the given fragment. We restrict to providing the required modifications; the
full proofs are analogous to the proof for Horn-FLE.
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(a) Replace axioms (2) in Fig. 6.8 with the following statements:
⊤ ⊑ ≤1 S δ .⊤
H j ⊓ Cσ,i ⊓ ∃S δ .⊤ ⊑ ∃S δ .Cσ,i , i , j
(b) Replace axioms (1) with axioms of the form
Aq ⊓ Hi ⊓ Cσ,i ⊑ ∃S δ .⊤ ⊓ ∀S δ .(Aq′ ⊓ Hi±1 ⊓ Cσ′ ,i ).
Any occurrence of concept A is replaced by ∃RA .⊤, with RA a new role.
Moreover, we introduce roles RAδ for each transition δ, and replace any
occurrence of ∃S δ .A with ∃RAδ .⊤. Finally, the following axioms are added:
S δ ◦ RA ⊑ RAδ for each δ ∈ ∆.
(c) Axioms (1) are replaced as in (b). Any occurrence of ∃S δ .A is now replaced with a new concept name AS δ , and the following axioms are added:
A ⊑ ∀S δ−1 .AS δ for each δ ∈ ∆.
It is easy to see that those changes still enable analogous reductions. Inclusion
results for Horn-ELF and Horn-FLI− are immediate from their inclusion in
SHIQ.

ExpTime-completeness of ELF was shown in [BBL05] (where it was called
EL≤1 ), but the above theorem sharpens this result to the Horn case, and provides
a more direct proof. Theorems 6.4.7 and 6.4.8 thus can be viewed as sharpenings
of the hardness results on extensions of EL.

6.5

Summary

In this chapter, we have generalised the well-known definition of Horn-SHIQ
to Horn-SROIQfree , and derived a simplified characterisation of Horn DLs based
on a formal grammar. We have then studied a number of increasingly expressive
Horn description logics that are obtained as fragments of Horn-SROIQfree w.r.t.
their worst-case inferencing complexities. The reported results are summarised
in Fig. 6.9. Some non-Horn DLs – EL, RL, SHIQ, SHOIQ, and SROIQ –
are also displayed in this context, while FL0 and FL− (both ExpTime) are omitted to simplify the presentation. The complexity results for Horn-SHOIQ and
Horn-SROIQ do not follow from this work: they have been established only very
recently [ORS10].
The entry for Horn-FL◦− in Fig. 6.9 is displayed in a dotted box to indicate
that its exact position is not certain. We have established ExpTime hardness, which
suffices to demonstrate that this extension of Horn-FL− does no longer admit reasoning in PSpace.3 The 2ExpTime upper bound for the complexity follows from
3

Unless PSpace = ExpTime.
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Figure 6.9: Reasoning complexities of Horn DLs; the exact position of Horn-FL◦−
is not known
the according result for Horn-SROIQ [ORS10]. Further checks are needed to determine the exact complexity of Horn-FL◦− . But when considering the fact that
no Horn DL is known to be cmoplete for a non-deterministic complexity class, it
seems to be extremely unlikely that this DL is complete for NExpTime. Indeed,
we conjecture that this avoidance of non-determinism is inherent to Horn DLs.
A tableau algorithm for reasoning in description logics between Horn-FL−
and Horn-FLOH − has been devised to show the upper complexity bound for reasoning in these logics. In essence, this algorithm achieves its goal in polynomial
space by storing only very small portions of the constructed tableau, corresponding to very restricted “local” environments in the according model. The main result therefore consists in showing that such an extremely limited view suffices for
complete reasoning in the considered logics. As opposed to Horn-FL0 , the addition of nominals to Horn-FL− significantly complicates reasoning procedures, although it does not lead to increased worst-case complexities. Due to a high amount
of unguided non-determinism, the tableau algorithm for Horn-FLOH − is clearly
unsuitable for practical implementation.
Another important theme of this chapter was to establish hardness results that
require only a minimal amount of logical expressivity, and which can therefore be
useful to derive hardness results for many other DLs as well. This was achieved
by directly simulating Turing machine computations in terms of DL inferencing,
where polynomially space-bounded Alternating Turing Machines have been found
a convenient tool for showing ExpTime hardness. The versatility of this approach
was illustrated by deriving a number of additional hardness results for extensions
of EL and FL− which extended or strengthened existing results.
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Related Work

Horn-SHIQ has originally been introduced in [HMS05] where it has been defined as discussed in Section 6.1 but with additional implicit restrictions related
to the presence of transitivity. The latter was caused by a method of transitivity
elimination that creates non-Horn axioms of the form ∀R.A ⊑ ∀R.∀R.A for transitive roles R which must be taken into account when defining Horn-SHIQ. As
discussed in Section 6.1, this problem can be avoided by encoding transitivity
(and other RIAs) by means of automata encoding techniques as used in [DN05]
which have first been applied to DLs in [Kaz08]. See Section 9.3 for further discussion. Taking this into account, our formulation of Horn-SHIQ is slightly
more general than the one in [HMS05] and than the formulations used in precursors to this work [KHVS06, KRH06, KRH07a]. While the data complexity of
Horn-SHIQ has been one of the main motives for defining it in [HMS05], the
combined complexity result reported herein is new. Recent investigations revealed
that even entailment of conjunctive queries for Horn-SHIQ can be performed in
ExpTime [EGOS08], whereas this problem is known to be 2ExpTime-complete for
SHIQ [GLHS08]. Another recent result established the exact reasoning complexity of Horn-SHOIQ and Horn-SROIQ to be ExpTime and 2ExpTime, respectively [ORS10].
The lower data complexity of reasoning in Horn-SHIQ has first been exploited by the KAON2 system as described in [Mot06, MS06]. Further algorithms
and implementations have since been able to exploit the simpler structure of Horn
knowledge bases to achieve tangible performance gains. An example is the hypertableau reasoner HermiT that can handle arbitrary SROIQ (OWL 2) knowledge bases [MSH08, MSH07]. The “consequence-based” reasoning method of
[Kaz09a] is restricted to Horn-SHIQ, but shows outstanding performance for
practically relevant ontologies that fall into that fragment.
Other notable examples of Horn DLs are provided by light-weight description logics. Indeed, disjunctive information makes reasoning NP-hard in all DLs
that support conjunction and GCIs, and hence it is excluded from DLs that allow
for polynomial-time reasoning. Thus, it is no surprise to find that EL++ [BBL05,
BBL08] and various versions of DL-Lite [CGL+ 07] are Horn DLs in the sense of
this chapter. The same is true for various formulations of DLP [GHVD03, Vol04],
as has already been observed in Section 6.2.
Reducing inference problems of DL to inference problems of corresponding
datalog programs has been considered in a number of approaches, some of which
avoid the use of disjunctions in datalog if the input knowledge base is Horn. See
Section 8.7 for an overview of related works.
The description logic FL− dates back to [BL84] where it was introduced as a
presumably tractable variant of the frame language FL. While subsumption of
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individual concept expressions can indeed be decided in polynomial time, the
subsumption problem for FL− and even in FL0 is ExpTime-hard in the presence
of arbitrary FL− TBoxes, as was first shown by McAllester in an unpublished
manuscript of 1991 [DLNS96].
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Chapter 7
The Datalog Fragment of
Description Logic
Description Logic Programs (DLP) were introduced as a family of fragments of
description logic (DL) that can be expressed in first-order Horn-logic [GHVD03,
Vol04]. Since common reasoning tasks are still undecidable for first-order Hornlogic, its function-free fragment datalog is of particular interest, and the term
“DLP” today is most commonly used to refer to tractable DLs that can be translated to equisatisfiable datalog.
This statement is slightly more concrete than describing DLP as a subset of the
“expressive intersection” of DL and datalog [GHVD03], but it is still insufficient
to characterise DLP. In particular, other tractable DLs such as SROEL(⊓s , ×) (and
thus EL) can also be translated to equisatisfiable datalog programs, as discussed
in Section 5.4. The union of DLP and EL is intractable since it subsumes HornFLE for which ExpTime hardness of reasoning was shown in Section 6.4, but one
may still wonder whether DLP is merely one among several equivalent subsets of
the “expressive intersection” of DL and datalog.
But tractability was not among the original design goals of DLP, and one might
also weaken this principle to require merely a semantics-preserving transformation to datalog. Could the union of DLP and EL then be considered as an extended version of DLP? Possibly yes, since it is contained in the DL Horn-SHIQ
for which a satisfiability-preserving datalog transformation is known [HMS05].
However, EL and DLP can be translated to datalog axiom-by-axiom, i.e. in a
modular fashion, while the known datalog transformation for Horn-SHIQ needs
to consider the whole knowledge base. But how can we be sure that there is no
simpler transformation given that both data-complexity and combined complexity of datalog and Horn-SHIQ agree? The answer is given in Proposition 7.1.1
below.
In any case, it is obvious that the design principles for DLP – but also for EL
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and Horn-SHIQ – are not sufficiently well articulated to clarify the distinction
between those formalisms. This chapter thus approaches an explicit characterisation of DLP, not in terms of concrete syntax but in terms of general design principles, which capture the specifics of the known DLP for datalog. An essential
principle is structurality of the language: a formula should be in DLP based on its
term structure, not based on concrete entity names that it uses. Moreover, we ask
whether DLP could be defined as a larger, or even as the largest, DL that satisfies
our design principles. A positive answer to this question is given by introducing a
significantly larger variant of DLP that is proven to be a maximal DLP description
logic in the sense of this work.
This chapter begins by discussing the problems of characterising DLP and
providing some fundamental results in Section 7.1. Section 7.2 presents a simplified version of the main results by restricting attention to the smaller description
logic ALC, where it is significantly easier to define a DLP fragment and prove its
maximality. These simplifications allow us to outline the general proof structure
and some relevant methods, but they do neither cover all relevant parts of earlier
DLP definitions nor all relevant proof techniques needed in the general case. A
full definition for an extended language DLP is then provided in Section 7.3. In
Section 7.4, we show how DLP can be expressed using datalog. Section 7.5 discussed some important model-theoretic constructions for characterising fragments
of first-order logic that can be expressed in datalog. These constructions are then
used as a basis for showing maximality of DLP in Section 7.6. We discuss our
results in Section 7.7 and give pointers to related work in Section 7.7.
A report on some of the results of this chapter is given in [KRS10].

7.1

Initial Considerations and Problem Definition

In this section, we discuss why defining DLP is not straightforward, and we specify various design principles to guide our subsequent definition. The goal is to
arrive at a notion of DLP that is characterised by these principles, as opposed to
DLP being some ad hoc fragment of description logic that happens to be expressible in datalog without being maximal or canonical in any sense. The first design
principle fixes our choice of syntax and underlying DL:
DLP 1 (DL Syntax) Every DLP knowledge base should be a SROIQfree knowledge base.
The second principle states that the semantics of every DLP knowledge base
can be expressed in datalog. We will see below that it is sometimes useful to introduce auxiliary symbols during the translation to datalog. If this is done, the datalog
112

7.1 Initial Considerations and Problem Definition
program can no longer be semantically equivalent to the original knowledge base,
even if all consequences with respect to the original predicates are still the same.
Yet, equisatisfiability – the requirement that a DLP knowledge base is satisfiable
iff its datalog translation is – turns out to be too weak for many purposes. A suitable compromise is the notion of emulation as introduced in Section 2.2:
DLP 2 (Semantic Correspondence) There should be a transformation function
datalog that maps a DLP knowledge base KB to a datalog program datalog(KB)
such that datalog(KB) FOL≈ -emulates KB.1
DLP 2 is a strong requirement with many useful consequences. For example,
it ensures that instance retrieval queries can directly be answered over datalog,
without needing to know the details of the datalog transformation: to find out
whether KB entails C(a), it suffices to check if datalog(KB) entails C(a). But
DLP 2 is much stronger than the requirement of preserving such atomic consequences, since the entailment of any FOL≈ formula over the signature of KB can
be checked in datalog(KB).
The principles DLP 1 and DLP 2 set the stage for defining DLP but they do
not yet provide sufficient details to attempt a definition. The description of DLP
as the “intersection” of DL and datalog is not a useful basis for defining DLP: the
syntactic intersection of the two formalisms contains no terminological axioms at
all. This raises the question of how to define DLP in a canonical way. A naive approach would be to define a DL ontology to belong to DLP if it can be expressed
by a semantically equivalent datalog program. Such a definition would be of little
practical use: every inconsistent ontology can trivially be expressed in datalog,
and therefore a DL reasoner is needed to decide whether or not a knowledge base
should be considered to be in DLP. This is certainly undesirable from a practical viewpoint. It is therefore preferable to give a definition that can be checked
without complex semantic computations:
DLP 3 (Tractability) Containment of a knowledge base KB in a DLP description logic should be decidable in polynomial time with respect to the size of KB.
Note that typical syntactic language definitions are often sub-polynomial, e.g.
if they can be decided in logarithmic space (which leads to a linear-time algorithm that can be parallelised). Yet, polynomial-time language definitions might
still be acceptable: for example, every decidable DL with transitive roles, number
restrictions, and role hierarchies already requires polynomial time for computing
a maximal set of simple roles.
1

Recall that we use the first-order translation π to apply first-order notions such as semantic
emulation to description logics; see Section 3.2.
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The downside of a syntactic approach is that semantically equivalent transformations on a knowledge base may change its status with respect to DLP. This is
not a new problem – many DLs are not syntactically closed under semantically
equivalent transformations, e.g. due to simplicity restrictions – but it imposes
an additional burden on ontology engineers and implementers. To alleviate this
problem, a reasonable further design principle is to require closure under at least
some forms of equivalence or satisfiability preserving transformations. Particularly common transformations are the constructions of negation normal form and
disjunctive normal form as defined in Section 3.1.3.
DLP 4 (Closure Under NNF and DNF) A knowledge base KB should be in
DLP if and only if its negation normal form NNF(KB) and its disjunctive normal
form DNF(KB) are in DLP.
Closure under NNF will turn out to be mostly harmless, while closure under
DNF imposes some real restrictions to our subsequent treatment. We still include
it here since it allows us to generally present DL concepts as disjunctions, such
that the relationship to datalog rules (disjunctions of literals) is more direct.
The above principles still allow DLP to be defined in such a way that some
DLP knowledge base subsumes another knowledge base that is not in DLP. In
other words, it might happen that adding axioms to a non-DLP knowledge base
turns it into a DLP knowledge base. This “non-monotonic” behaviour is undesirable since it requires implementations and knowledge engineers to consider all
axioms of a knowledge base in order to check if it is in DLP. The following principle requires definitions to be more well-behaved:
DLP 5 (Modularity) Consider two knowledge bases KB1 and KB2 . Then KB1 ∪
KB2 should be in DLP if and only if both KB1 and KB2 are. Moreover, in this
case the datalog transformation should be datalog(KB1 ∪ KB2 ) = datalog(KB1 ) ∪
datalog(KB2 ).
Modularity ensures that one can decide for each axiom of a knowledge base
whether or not it belongs to DLP without regarding any other axioms. The goal
thus has changed from defining DLP knowledge bases to defining DLP axioms.
Note that SROIQ with global constraints (regularity, simplicity) does not satisfy
DLP 5 (to see this, set KB1 = {R ◦ S ⊑ R} and KB2 = {R ◦ S ⊑ S }) which is the
main reason for considering SROIQfree instead of SROIQ in this chapter. The
above principles already suffice to establish an interesting result about tractability
of reasoning in DLP:
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Proposition 7.1.1 Consider a class K of knowledge bases that belong to a DL for
which DLP 1 to DLP 3, and DLP 5 are satisfied, and such that the maximal size
of axioms in K is bounded. Then deciding satisfiability of knowledge bases in K
is possible in polynomial time.
Proof. By DLP 2, satisfiability of KB ∈ K can be decided by checking satisfiability of datalog(KB). Assume that the size of axioms in knowledge bases in K is
at most n. Up to renaming of symbols, there is only a finite number of different
axioms of size n. We can assume without loss of generality that the transformation datalog produces structurally similar datalog for structurally similar axioms,
so that there are only a finite number of structurally different datalog theories
datalog({α}) that can be obtained from axioms α in K. The maximal number of
variables occurring within these datalog programs is bounded by some m. By
DLP 5, the same holds for all programs datalog(KB) with KB ∈ K. Satisfiability
of datalog with at most m variables per rule can be decided in time polynomial in
2m (Fact 4.1.4). Since m is a constant, this yields a polynomial-time upper bound
for deciding satisfiability of knowledge bases in K.

We do not require DLP 4 in the previous result since no set of formulae that is
closed under NNF can be restricted to axioms of a bounded size. Proposition 7.1.1
states that reasoning in any DLP language is necessarily “almost” tractable. Indeed, many DLs allow complex axioms to be decomposed into a number of simpler normal forms of bounded size, and in any such case tractability is obtained.
It turns out that there are arbitrarily large DLP axioms that cannot be decomposed
in DLP, yet Proposition 7.1.1 clarifies why Horn-SHIQ cannot be in DLP: it is
not hard to modify the proof of Theorem 6.4.7 to establish ExpTime worst-case
complexity of reasoning for a class K of Horn-SHIQ knowledge bases as in the
above Proposition 7.1.1. Indeed, the knowledge bases constructed to show ExpTime hardness in Section 6.4.2 contain only two types of axioms that are not of
bounded size: the tested GCI Iw ⊑ A and the universal acceptance axioms (4) of
Fig. 6.8. Both include conjunctions with a linear number of conjuncts which can
easily be decomposed by introducing a linear number of axioms of bounded size.
Note that none of the above principles actually require DLP to contain any
knowledge base at all. An obvious approach thus is to define DLP to be the largest
DL that adheres to all of the chosen design principles. The question to ask at this
point is whether this is actually possible: is there a definition of DLP that adheres
to the above principles and that includes as many DL ontologies as possible? The
answer is a resounding no:
Proposition 7.1.2 Consider a description logic LDLP that adheres to the principles DLP 1 to DLP 5. There is a description logic L′DLP that adheres to DLP 1 to
DLP 5 while covering more knowledge bases, i.e. LDLP ⊂ L′DLP .
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Proof. We first need to argue that, even with unlimited resources for the datalog
translation, it is not possible that DLP supports all SROIQ axioms. We show that,
if the concept expression C is satisfiable and does not contain the symbols R, A1 ,
A2 , c and d, then the axiom α ≔ {c} ⊑ C ⊓ ∃R.(d ⊓ (A1 ⊔ A2 )) cannot be FOL≈ emulated by any datalog program. For a contradiction, suppose that α is FOL≈ emulated by a datalog theory datalog(α). By construction, α is satisfiable, and so
is {α, Ai ⊑ ⊥} for each i = 1, 2. By Definition 2.2.1, we find that datalog(α)∪{Ai ⊑
⊥} is satisfiable, too. Thus, there are models Ii of datalog(α) such that AIi i = ∅.
By the least model property of datalog, there is also a model I of datalog(α) such
that AI1 = AI2 = ∅. But then datalog(α) ∪ {A1 ⊔ A2 ⊑ ⊥} is satisfiable although
{α, A1 ⊔ A2 ⊑ ⊥} is not, contradicting the supposed FOL≈ -emulation.
We can now show that there is some unsatisfiable axiom that is not in LDLP .
To this end, recall that deciding (un)satisfiability of SHOIQ concept expressions
is NExpTime hard. This follows from NExpTime hardness of deciding consistency
of SHOIQ knowledge bases [Tob01] together with the fact that knowledge base
satisfiability in SROIQ can be reduced to concept satisfiability [Sch94]. However,
we just showed that, if the axiom α = {c} ⊑ C ⊓ ∃R.({d} ⊓ (A1 ⊔ A2 )) is in
LDLP with symbols R, A1 , A2 , c, d not in C, then the concept C is unsatisfiable.
Thus, if LDLP contains all unsatisfiable SHOIQ axioms of the form of α, then
deciding whether α ∈ LDLP is equivalent to deciding whether C is unsatisfiable
(since one can clearly construct α from C in polynomial time). By DLP 3, this
would yield a polynomial decision procedure for SHOIQ concept satisfiability –
a contradiction.
Therefore, there is an unsatisfiable axiom α with α < LDLP . Now let L′DLP be
defined as {KB | DNF(NNF(KB)) \ {DNF(NNF(α))} ∈ LDLP }. The transformation
is given by datalog′ (KB) = datalog(KB) if KB ∈ LDLP , and datalog′ (KB) =
{⊤ → A(x), A(x) → ⊥} ∪ datalog(DNF(NNF(KB)) \ {DNF(NNF(α))}) otherwise, where A is a new predicate symbol. It is immediate that this defines a DL
fragment (DLP 1), and that this definition is tractable (DLP 3). Equisatisfiability
(DLP 2) follows since any knowledge base containing an axiom that is equivalent
to α is unsatisfiable. Closure under negation normal form (DLP 4) and modularity
(DLP 5) are immediate.

This shows that any attempt to arrive at a maximal definition of DLP based on
the above design principles must fail. Summing up, the above design principles
are still too weak for characterising DLP: any concrete definition requires further choices that, lacking concrete guidelines, are necessarily somewhat arbitrary.
Thus, while it is certainly useful to capture some general requirements in explicit
principles, the resulting approach of defining DLP would not be a significant improvement over existing ad hoc approaches.
Analysing the proof of Proposition 7.1.2 reveals the reason why DLP 1 to
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DLP 5 are still insufficient. Intuitively, a definition of DLP cannot reach the desired maximum since the computations that were required in this case would no
longer be polynomial (DLP 3). Even DLP 5 does not ameliorate the situation,
since expressive DLs can encode complex semantic relationships within single
axioms. The core of the argument underlying Proposition 7.1.2 in this sense is
the fact that there is no polynomial-time procedure for deciding whether or not a
single SROIQ axiom can be expressed in datalog.
These considerations highlight a strategy for further constraining DLP to obtain a clearly defined canonical definition instead of infinitely many non-optimal
choices. Namely, it is necessary to prevent complicated semantic effects that may
arise when considering even single DL axioms from having any impact on the definition of DLP. Intuitively speaking, the reason for the high complexity of evaluating single axioms is that individual parts of an axiom, even if they are structurally
separated, may semantically affect each other. In expressive DLs, individual parts
of an axiom can capture the semantics of arbitrary terminological axioms: the
TBox can be internalised into a single axiom.
An important observation now is that the semantic interplay of parts of an
axiom usually requires entity names to be reused. For example, the axiom ⊤ ⊑
A ⊓ ¬A is unsatisfiable because the concept name A is used in both conjuncts,
while the structurally similar formula ⊤ ⊑ A ⊓ ¬B is satisfiable. So, in order to
disallow complex semantic effects within single axioms to affect DLP, we can
require DLP to be closed under the exchange of entities in the following sense:



Definition 7.1.3 Let F be a FOL≈ formula, a DL axiom, or a DL concept expression, and let S be a signature. An expression F ′ is a renaming of F in S if F ′
can be obtained from F by replacing each occurrence of a role/concept/individual
name with some role/concept/individual name in S . Multiple occurrences of the
same entity name in F need not be replaced by the same entity name of S in this
process.
A knowledge base KB′ is a renaming of a knowledge base KB if it is obtained
from KB by replacing each axiom with a renaming.
Note that we do not require all occurrences of an entity name to be renamed
together, so it is indeed possible to obtain A ⊓ ¬B from A ⊓ ¬A.
DLP 6 (Structurality) Consider knowledge bases KB and KB′ such that KB′ is
an arbitrary renaming of KB. Then KB is in DLP iff KB′ is.
This is clearly a very strong requirement since it forces DLP to be based on
the syntactic structure of axioms rather than on the semantic effects that occur for
one particular axiom that has this structure. We will thus study the semantics and
117

The Datalog Fragment of Description Logic
expressivity of formulae based on their syntactic structure, disregarding any possible interactions between signature symbols. We therefore call a FOL≈ formula,
DL axiom, or DL concept expression F name-separated if no signature symbols
occur more than once in F.
Together with modularity (DLP 5), the principle of structurality captures the
essential difference between a “syntactic” and a “semantic” transformation from
DL to datalog. Indeed, if DLP adheres to DLP 5 and DLP 6, then it may only
include knowledge bases for which all potential semantic effects can be faithfully
represented in datalog. The datalog transformation thus needs to take into account
that additional axioms may be added (DLP 5) to state that certain entity names
are semantically equivalent, while hardly any semantic consequences can be computed in advance without knowing about these equivalences. In consequence, the
semantic computations that determine satisfiability must be accomplished in datalog, and not during the translation. This intuition will turn out to be quite accurate
– but a lot more is needed to establish formal results below.
Structurality also interacts with normal form transformations. For example,
the concept (¬A ⊔ ¬B) ⊓ C can be emulated in datalog using rules ⊤ → C(x)
and A(x) ∧ B(x) → ⊥. But its DNF (¬A ⊓ C) ⊔ (¬B ⊓ C) is only in DLP if its
renaming (¬A⊓C)⊔(¬B⊓ D) is, which turns out to not be the case. Therefore, the
knowledge base {¬A⊔¬B, C} is in DLP but the knowledge base {(¬A⊔¬B)⊓C} is
not. We have discussed above why such effects are not avoidable in general. The
more transformations are allowed for DLP, the less knowledge bases are contained
in DLP. Note that such effects do not occur for negation normal forms.

7.2

The Datalog Fragment of ALC

Our investigations in later sections show that the definition of a maximal DLP
fragment of SROIQfree is surprisingly complex, and the required proofs for showing its maximality are rather intricate. For this reason, we first characterise the
maximal DLP fragment of the much simpler description logic ALC. The absence
of nominals and cardinality restrictions simplifies the required constructions significantly. Various basic aspects of the relationship between DL and datalog can
also be found in this simpler case, but there are also a number of aspects that
are not touched at all. To further simplify the syntactic presentation here, we also
drop the requirement DLP 4 where especially closure under DNF otherwise leads
to more complicated descriptions that do not serve the didactic purpose of this
section.
Throughout this section, we use ∃ and ∀ instead of >1 and 60 . . . ¬, which
yields a more natural syntax for ALC. Exploiting DLP 4 we can simplify the
definition of DLP by giving concepts in negation normal form only.
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Concepts that are necessarily equivalent to ⊤ and ⊥
A
A
A
A
LA
⊤ F ⊤ | ∀R.L⊤ | L⊤ ⊓ L⊤ | L⊤ ⊔ C
A
A
A
A
LA
⊥ F ⊥ | ∃R.L⊥ | L⊥ ⊓ C | L⊥ ⊔ L⊥

Body concepts: for C in normal form, C ∈ LA
B iff C ⊔ A (or ¬C ⊑ A) is in DLPALC
A
A
A
A
A
A
A
LA
B F L⊤ | L⊥ | ¬A | ∀R.L B | L B ⊓ L B | L B ⊔ L B

Head concepts: for C in normal form, C ∈ LA
H iff A ⊑ C is in DLPALC
A
A
A
A
A
A
LA
H F L B | A | ∀R.LH | LH ⊓ LH | LH ⊔ L B

Assertional concepts: for C in normal form, C ∈ LA
a iff C(a) is in DLPALC
A
A
A
A
A
A
LA
a F LH | ∃R.La | La ⊓ La | La ⊔ L B

Figure 7.1: Grammars of DLPALC concepts in negation normal form, simplified
as discussed in Section 3.1.3
Definition 7.2.1 We define the description logic DLPALC to contain all knowledge bases consisting only of SROIQfree axioms which are
– GCIs C ⊑ D such that NNF(¬C ⊔ D) is an LA
H concept as defined in Fig. 7.1,
or
– ABox axioms C(a) where NNF(C) is an LA
a concept as defined in Fig. 7.1.



Note that the simplifications of Section 3.1.3 are used to specify concepts only up
to associativity and commutativity of ⊓ and ⊔.
A
Intuitively speaking, the grammars LA
H and L B in Fig. 7.1 serve as “head” and
“body” concepts of DLP, and hence play a similar rôle as the concepts C1 and C0
have played for Horn DLs in Section 6.1. Concepts of type LA
a account for cases
where Skolemisation is admissible for emulating existential statements. Finally,
A
the languages LA
⊤ and L⊥ encompass concept expressions that are necessarily
equivalent to ⊤ or ⊥, even under arbitrary renamings.
Following the grammatical structure of DLPALC , we specify three auxiliary
functions for constructing datalog programs to FOL≈ -emulate a DLPALC knowledge base.

Lemma 7.2.2 Given a concept name A, and a concept C ∈ LA
H , Fig. 7.2 recurA
sively defines a datalog program dlgH (A ⊑ C) that semantically emulates A ⊑ C.
Proof. First note that the definition of dlgA
H (A ⊑ C) is well. In particular, programs
A
dlgA
(¬B
⊑
D)
are
only
used
if
D
∈
L
B
B . The claim is shown by induction over
A
the definitions of dlgB (¬A ⊑ C) and dlgA
H (A ⊑ C), where the hypothesis for the
former is that it semantically emulates ¬A ⊑ C. The easy induction steps can
directly be established by showing that any model of the datalog program can be
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C

dlgA
H (A ⊑ C)

D ∈ LA
B

dlgA
B (¬X ⊑ D) ∪ {A(x) ∧ X(x) → ⊥}

B

{A(x) → B(x)}

∀R.D

dlgA
H (X ⊑ D) ∪ {A(x) ∧ R(x, y) → X(y)}

D1 ⊓ D2

A
dlgA
H (A ⊑ D1 ) ∪ dlgH (A ⊑ D2 )

A
D1 ⊔ D2 ∈ (LA
H ⊔ LB )

A
dlgA
H (X2 ⊑ D1 ) ∪ dlg B (¬X1 ⊑ D2 ) ∪ {A(x) ∧ X1 (x) → X2 (x)}

C

dlgA
B (¬A ⊑ C)

D ∈ LA
⊤
D∈

LA
⊥

{}
{A(x)}

¬B

{B(x) → A(x)}

∀R.D

dlgA
B (¬X ⊑ D) ∪ {R(x, y) ∧ X(y) → A(x)}

A
D1 ⊓ D2 ∈ (LA
B ⊓ LB )

A
dlgA
B (¬A ⊑ D1 ) ∪ dlg B (¬A ⊑ D2 )

A
D1 ⊔ D2 ∈ (LA
B ⊔ LB )

A
dlgA
B (¬X1 ⊑ D1 ) ∪ dlg B (¬X2 ⊑ D2 ) ∪ {X1 (x) ∧ X2 (x) → A(x)}

A, B concept names, R a role, X(i) fresh concept names
A
Figure 7.2: Transforming axioms A ⊑ LA
H and ¬A ⊑ L B to datalog

restricted to a model of the corresponding DL axiom, and any model of the DL
axiom can be extended to an interpretation that models the datalog program. We
omit further details here. Examples of a very similar argument are found in the

proofs of Lemma 7.4.1 and 7.4.2.
Lemma 7.2.3 Given a constant a and a concept C ∈ LA
a , Fig. 7.3 recursively
defines a datalog program dlgA
(C(a),
⊥)
that
semantically
emulates C(a).
a
Proof. The construction of Fig. 7.3 uses a “guard” concept E that is used to
defer the encoding of LA
B disjunctions. The induction claim thus is that, for every
A
A
E ∈ LB , C ∈ La , and a ∈ I, the program dlgA
H (C(a), E) semantically emulates
(C ⊔ E)(a).
A
The concept E is processed in case C ∈ LA
H by using dlgH . Another more interesting case is C = ∃R.D. The basic encoding works by standard Skolemisation,
but the guard concept is also processed and a new guard ¬Y is created for the
Skolem constant d. It is not hard to show semantic emulation in all cases and we

omit further details and refer to the full proofs given in Section 7.4.
We summarise these results in the emulation theorem for DLPALC .
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C

dlgA
a (C(a), E)

D ∈ LA
H

dlgA
H (X ⊑ D ⊔ E) ∪ {X(a)}

D1 ⊓ D2

A
dlgA
a (D1 (a), E) ∪ dlga (D2 (a), E)

A
A
A
D1 ⊔ D2 ∈ (LA
a ⊔ L B ) dlg B (¬X ⊑ D2 ) ∪ dlga (D1 (a), E ⊔ ¬X)

∃R.D

A
dlgA
B (¬X ⊑ E) ∪ {X(a) → R(a, b), X(a) → Y(b)} ∪ dlga (D(b),¬Y)

E ∈ LA
B , X, Y fresh concept names, b a fresh constant

Figure 7.3: Transforming axioms C(a) with C ∈ LA
a to datalog
Theorem 7.2.4 For every DLPALC axiom α as in Definition 7.2.1, one can construct a datalog program datalog(α) that semantically emulates α.
Proof. If α = C ⊑ D is a TBox axiom, define datalog(α) ≔ dlgA
H (A ⊑ NNF(¬C ⊔
D)) ∪ {A(x)}. If α = C(a) is an ABox axiom, define datalog(α) ≔ dlgA
a (C(a), ⊥).
The result follows by Lemma 7.2.2 and 7.2.3.

It remains to show that DLPALC is indeed the largest DLP fragment of ALC.
We first define auxiliary datalog programs to entail that a concept’s extension is
empty for arbitrary concepts that are not in LA
⊤.
Definition 7.2.5 Given a name-separated concept C < LA
⊤ , a datalog program
~C ⊑ ⊥A is recursively defined as follows:
– If C = ⊥ set ~C ⊑ ⊥A ≔ {}.
– If C ∈ A set ~C ⊑ ⊥A ≔ {C(x) → ⊥}.
– If C = ¬B ∈ ¬A set ~C ⊑ ⊥A ≔ {B(x)}.
– If C = ∀R.D with D < LA
⊤ set ~C ⊑ ⊥A ≔ {R(x, x)} ∪ ~D ⊑ ⊥A .
– If C = ∃R.D set ~C ⊑ ⊥A ≔ {R(x, y) → ⊥}.
– If C = D1 ⊓ D2 with D1 < LA
⊤ set ~C ⊑ ⊥A ≔ ~D1 ⊑ ⊥A .
– If C = D1 ⊔ D2 with D1 , D2 < LA
⊤ set ~C ⊑ ⊥A ≔ ~D1 ⊑ ⊥A ∪ ~D2 ⊑ ⊥A .



Given a name-separated concept C < LA
⊥ , a datalog program ~⊤ ⊑ CA is defined
as ~⊤ ⊑ CA ≔ ~NNF(¬C) ⊑ ⊥A .
Note that this definition is well. In particular, observe that C < LA
⊥ implies
A
NNF(¬C) < L⊤ . Moreover, it is easy to see that ~C ⊑ ⊥A (~⊤ ⊑ CA ) is
satisfiable and entails C ⊑ ⊥ (⊤ ⊑ C).
The next lemma shows that concepts that are not in LA
B can be forced to require
certain positive entailments to hold in any model in which they have a non-empty
extension.
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Lemma 7.2.6 If C < LA
B is name-separated then there is a datalog program ~C ⊑
AA for a fresh concept name A such that
– ~C ⊑ AA ∪ {C(a)} is satisfiable for any individual name a, and
– ~C ⊑ AA |= C ⊑ A.
Proof. The result is shown by induction over the structure of C. If C ∈ A is
a concept name, then ~C ⊑ AA ≔ {C(x) → A(x)} clearly satisfies the claim. If
C = ∀R.D with D < LA
B set ~C ⊑ AA ≔ ~D ⊑ AA ∪ {R(x, x)}. The claim follows
by induction. If C = ∃R.D with D , ⊥ then ~C ⊑ AA ≔ {R(x, y) → A(x)}
A
clearly satisfies the claim. If C = D1 ⊓ D2 with D1 < LA
B , D1 , D2 < L⊥ then
~C ⊑ AA ≔ ~D1 ⊑ AA satisfies the claim by the induction hypothesis. For the
A
case C = D1 ⊔ D2 with D1 < LA
B and D1 , D2 < L⊤ , we can define ~C ⊑ AA ≔
~D1 ⊑ AA ∪ ~D2 ⊑ ⊥A . The claim follows by induction.

Note that the program ~C ⊑ AA does not FOL≈ -emulate C ⊑ A since the
subprogram ~D2 ⊑ ⊥A that is used for the ⊔ case excludes a number of interpretations that satisfy C. But the previous result suffices for our subsequent
arguments.
Theorem 7.2.7 Consider a name-separated concept C, an individual name a, and
a concept name A not occuring in C.
(1) If C < LA
a then C(a) cannot be FOL≈ -emulated by any datalog program.
(2) If C < LA
H then A ⊑ C and ⊤ ⊑ C cannot be FOL≈ -emulated by any datalog
program, unless P = PSpace.
In particular, no fragment of ALC that is larger than DLPALC can be FOL≈ emulated by datalog, unless P = PSpace.
Proof. The proof for both claims proceeds by an interleaved induction over the
structure of C. Note that C cannot be atomic in either case. We begin with the
induction steps for claim (1), assuming that the claims hold for all subformulae of
C. Suppose for a contradiction that there is a datalog program PC(a) that FOL≈ emulates C(a).
If C = ∃R.D with D < LA
a then PC(a) ∪ {R(a, y) → y ≈ b} FOL≈ -emulates
D(b) for a fresh individual b, contradicting the induction hypothesis (1) for D. If
C = ∀R.D with D < LA
H then PC(a) ∪ {A(x) → R(a, x)} FOL≈ -emulates A ⊑ D,
contradicting the induction hypothesis (2) for D. If C = C1 ⊓ C2 with C1 < LA
a
and C1 , C2 < LA
⊥ then PC(a) ∪ ~⊤ ⊑ C 2 A FOL≈ -emulates C 1 (a), contradicting the
induction hypothesis (1) for C1 .
A
Consider the case C = C1 ⊔ C2 where C1 , C2 < LA
⊤ . If C 1 < La then PC(a) ∪
~C2 ⊑ ⊥A FOL≈ -emulates C1 (a), again contradicting the induction hypothesis
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A
(1) for C1 . Otherwise, if C1 , C2 ∈ LA
a then C 1 , C 2 < L B . Using fresh concept names
A1 and A2 , consider datalog programs Pi ≔ {Ai (x) → ⊥} ∪ ~C1 ⊑ A1 A ∪ ~C2 ⊑
A2 A (i = 1, 2). It is not hard to see that {C(a)} ∪ Pi is satisfiable, so the same is
true for PC(a) ∪ Pi by FOL≈ -emulation. Thus, PC(a) ∪ ~C1 ⊑ A1 A ∪ ~C2 ⊑ A2 A
must have a model Ii such that AIi i = ∅ for i = 1, 2. By the least model property of
datalog (see, e.g., [DEGV01]), this implies that PC(a) ∪ ~C1 ⊑ A1 A ∪ ~C2 ⊑ A2 A
has a model I such that AI1 = AI2 = ∅. Thus PC(a) ∪ P1 ∪ P2 is satisfiable. But
clearly Pi |= Ci ⊑ ⊥ (i = 1, 2) so {C(a)} ∪ P1 ∪ P2 is unsatisfiable, contradicting
the supposed FOL≈ -emulation.
This finishes the induction steps for claim (1). For claim (2), suppose for a
contradiction that A ⊑ C is FOL≈ -emulated by some datalog program PA⊑C . First
consider the case that C < LA
a . Then PA⊑C ∪ {A(a)} FOL≈ -emulates C(a) for
some fresh individual a, contradicting the induction hypothesis (1) for C. Thus,
A
the remaining induction steps only need to cover the cases of C ∈ LA
a \ LH .
The case for C = C1 ⊓ C2 is similar to step (1). Likewise, the only remaining
A
case of C = C1 ⊔ C2 is the case where, w.l.o.g., C1 LA
a \ LH , which can also be
treated as before. There are no remaining cases for C = ∀R.D.
Consider the case C = ∃R.D with D < LA
⊥ . Then PA⊑C ∪ ~⊤ ⊑ DA FOL≈ emulates A ⊑ ∃R.⊤. The logic obtained by extending DLPALC with axioms of the
form A ⊑ ∃R.⊤ is Horn-FL− for which reasoning was shown to be PSpace-hard
in Section 6.3.1. It is not hard to modify the proof of the according Lemma 6.3.5
to use only axioms of bounded size. Assuming that P , PSpace the supposed
FOL≈ -emulation contradicts Proposition 7.1.1.


Our subsequent results for the maximal DLP fragment of SROIQfree further
strengthen the previous theorem so that the assumption P , PSpace is no longer
required. We thus do not invest any more effort to accomplish this for the above
case. Another direct proof of this result is given in [KRS10].

7.3

Defining Description Logic Programs

In this section, we provide a direct definition of DLP as a fragment of SROIQfree ,
where we assume that the universal role U is not a special role operator but rather
is introduced a posteriori by suitable axiomatisation. Adding U is not a problem in
principle, but based on the discussions in the next sections it will become obvious
that this would further complicate our presentation substantially. Our motivation
for considering SROIQ is to cover the essential features that were considered for
DLP and OWL 2 RL, neither of which includes the universal role.
We first summarise the characterisation of DLP as presented in Section 7.1.

123

The Datalog Fragment of Description Logic



Definition 7.3.1 A description logic L is a DLP description logic if the set of its
knowledge bases adheres to the principles DLP 1–DLP 6 of Section 7.1.
Our goal in this section thus is to define the maximal DLP description logic.
Some further considerations are needed for this to become practically feasible.
Namely, it turns out that the characterisation as given in the previous section leads
to a prohibitively complex syntactic description of the language. Our first goal
in this section therefore is to identify ways of simplifying its presentation. Note
that it is not desirable to simply eliminate “syntactic sugar” in general, since the
very goal of this work is to characterise which SROIQ knowledge bases can be
considered as syntactic sugar for datalog.
A natural approach is to restrict attention to axioms in some normal form.
DLP 4 requires closure under negation normal form, which seems to free us from
the burden of explicitly considering negative occurrences of non-atomic concepts.
But NNF does not allow for this simplification, since concepts of the form 6n R.D
still contain D in negative polarity. Hence, the positive negation normal form of
Definition 3.1.10 is more adequate for our purposes.
While pNNF effectively reduces the size of a DLP definition by half, the definition is still exceedingly complex. The construction of disjunctive normal forms
is compatible with pNNF, so we can additionally require this form of normalisation. Another source of complexity is the fact that SROIQ features many concept
expressions for which all possible renamings are necessarily equivalent to ⊤ or
⊥. Simple examples such as ⊤ ⊔ C were already encountered in the definitions of
A
LA
⊤ and L⊥ in Section 7.2, but SROIQ also includes expressions like >0 R.C or
63 R.{a} ⊔ {b}.
Definition 7.3.2 Let C be a SROIQ concept expression.
– C is structurally valid if ⊤ ⊑ C ′ is valid for every renaming C ′ of C.
– C is structurally unsatisfiable if C ′ ⊑ ⊥ is valid for every renaming C ′ of C.
– C is structurally refutable if it is not structurally valid, i.e. if there is a renaming
C ′ of C such that ⊤ ⊑ C ′ is refutable.
– C is structurally satisfiable if it is not structurally unsatisfiable, i.e. if there is a
renaming C ′ of C such that C ′ ⊑ ⊥ is refutable.



The renamings C ′ considered here refer to renamings over arbitrary signatures,
and are not restricted to the signature of C.
Many non-trivial examples for such concepts are based on the fact that some
DL concepts do not allow for arbitrary interpretations but are in fact constrained to
certain extensions. It is possible to provide a complete syntactic characterisation
of these SROIQ concepts.
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Concepts containing at most n elements in any interpretation, and their complements
L⊥ = L≤0 F ⊥ | L⊥ ⊓ C | L⊥ ⊔ L⊥ | >n R.L≤n−1 (n ≥ 1)
L≤m+1 F {I} | L≤m | L≤m+1 ⊓ C | L≤m′ ⊔ L≤m′′ (m′ + m′′ = m + 1)
L⊥ = L≤0 F ⊤ | A | {I} | ∃R.Self | ¬A | ¬{I} | ¬∃R.Self | L⊥ ⊓ L⊥ | L⊥ ⊔ C |
6n R.¬C (n ≥ 0) | >0 R.C | >n R.L≤n−1 (n ≥ 1)
L≤m+1 F ⊤ | A | ∃R.Self | ¬A | ¬{I} | ¬∃R.Self |
L≤m+1 ⊓ L≤m+1 | L≤m+1 ⊔ C | L≤m′ ⊔ L≤m′′ (m′ + m′′ = m) |
6n R.¬C (n ≥ 0) | >0 R.C | >n R.L≤n−1 (n ≥ 1)
Concepts not containing at most n elements in any interpretation; their complements
L⊤ = L≥ω−0 F ⊤ | L⊤ ⊔ C | L⊤ ⊓ L⊤ | >0 R.C | 6n R.¬L≥ω−n (n ≥ 0)
L≥ω−m−1 F ¬{I} | L≥ω−m | L≥ω−m−1 ⊔ C | L≥ω−m′ ⊓ L≥ω−m′′ (m′ + m′′ = m + 1)
L⊤ = L≥ω−0 F ⊥ | A | {I} | ∃R.Self | ¬A | ¬{I} | ¬∃R.Self | L⊤ ⊔ L⊤ | L⊤ ⊓ C |
>n R.C (n ≥ 1) | 6n R.¬L≥ω−n (n ≥ 0)
L≥ω−m−1 F ⊥ | A | {I} | ∃R.Self | ¬A | ¬{I} | ¬∃R.Self |
L≥ω−m−1 ⊔ L≥ω−m−1 | L≥ω−m−1 ⊓ C | L≥ω−m′ ⊓ L≥ω−m′′ (m′ +m′′ = m) |
>n R.C (n ≥ 1) | 6n R.¬L≥ω−n (n ≥ 0)
C: any SROIQfree concept

Figure 7.4: Grammars of structurally valid, unsatisfiable, refutable, and satisfiable
concepts
Lemma 7.3.3 The grammars given in Fig. 7.4 characterise sets of SROIQ concept expressions as follows:
– C ∈ L≤n iff C I contains at most n elements for any interpretation I,
– C ∈ L≤n iff C I contains more than n elements for some interpretation I,
– C ∈ L≥ω−n iff ∆I \ C I contains at most n elements for any interpretation I,
– C ∈ L≥ω−n iff ∆I \ C I contains more than n elements for some interpretation I.
In particular, L⊤ , L⊥ , L⊤ , and L⊥ characterise the sets of structurally valid, unsatisfiable, refutable, or satisfiable concept expressions.
Proof. We first show the “only if” direction of L≤n by induction over the structure
of the grammars. The base cases ⊥ and {I} (where n ≥ 1 is required) are obvious.
The case L≤n−1 (where n ≥ 1) is immediate from the induction hypothesis. Note
that the cases of ⊔ and ⊓ for n = 0 are simply special instances of the respective
cases for n ≥ 1. The cases for L≤n ⊓ C and L≤m′ ⊓ L≤m′′ are again obvious from
the induction hypothesis.
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Considering the grammar for each operator, it can be seen that L≤n is indeed
the set complement of L≤n for each n. An easy induction over n is used to show
this formally, where it suffices to compare the cases for each constructor to see
that they are exhaustive and non-overlapping. Thus, to show the “if” direction of
the claim for L≤n , it suffices to show the “only if” direction of the claim for L≤n .
The “only if” direction of the claim for L≤n if again established induction over
the structure of concepts in L≤n . Most cases are obvious. For the case of C ⊓ D, it
is necessary to note that the extensions of C and D, in addition to containing more
than n elements, can always be selected freely to ensure that the intersection of
both extensions contains enough elements.
The proofs for the claims about L≥ω−n and L≥ω−n are similar.

The previous result shows that structural validity, satisfiability, unsatisfiability,
and refutability of a concept expression can be recognised in polynomial time by
using the given grammars.2 For another simplification of our characterisation, we
may thus assume that almost all occurrences of such concepts have been eliminated in the concepts that we consider. This completes the ingredients we need for
defining the normal form that is used below.
Definition 7.3.4 A concept C is in DLP normal form if C = DNF(pNNF(C)) and
– if C has a structurally valid subconcept D, then D = ⊤ and either C = D or D
occurs in a subconcept of the form >n R.D,

The unique DLP normal form of a concept D is denoted by DLPNF(C).



– if C has a structurally unsatisfiable subconcept D, then D = ⊥ and either C = D
or D occurs in a subconcept of the form 6n R.¬D.

It is easy to see that DLPNF(C) can be computed in polynomial time. In particular, structurally valid and unsatisfiable subconcepts can be replaced by ⊤ and
⊥, respectively, and expressions of the form C ⊔ ⊥ and C ⊓ ⊤ can be reduced to
C. Also note that the order of applying the single normalisation steps does not
affect the DLP normal form. It therefore suffices to characterise concepts in DLP
normal form that are in a DLP description logic. When convenient, we continue to
use GCIs C ⊑ D to represent the unique DLP normal form of ¬C ⊔ D. Exploiting
associativity and commutativity of ⊓ and of ⊔, we furthermore disregard order
and nesting of multiple conjunctions or disjunctions.
Whereas structurally valid and invalid subconcepts are ignored in DLP normal
forms, we still have reason to consider concepts with restricted extensions. We
2

Note that the omission of the universal role allows us to ignore concepts such as 60 U.{a}
which would otherwise be structurally unsatisfiable; similar simplifications occur throughout this
section.
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thus use D≤n (D≥ω−n ) to denote the sublanguage of concepts of L≤n (L≥ω−n ) that
are in DLP normal form.
Before giving the full definition of a large – actually, as we will show below,
the largest – DLP description logic, we provide some examples to sketch the complexities of this endeavour (datalog emulations are provided in parentheses). DLP
expressions of the form A ⊓ ∃R.B ⊑ ∀S .C (A(x) ∧ R(x, y) ∧ B(y) ∧ S (x, z) → C(z))
are well-known. The same is true for A ⊑ ∃R.{c} (A(x) → R(x, c)) but hardly for
A ⊑ >2 R.({c} ⊔ {d}) (A(x) → R(x, c), A(x) → R(x, d), c ≈ d → ⊥). Another
unusual form of DLP axioms arises when Skolem constants (not functions) can
be used, as in the case {c} ⊑ >2 R.A (R(c, s), R(c, s′ ), A(s), A(s′ ), s ≈ s′ → ⊥
with fresh s, s′ ) and A ⊑ ∃R.({c} ⊓ ∃S .⊤) (A(x) → R(x, c), A(x) → S (c, s) with
fresh s). Besides these simple cases, there are various DLP axioms for which
the emulation in datalog is significantly more complicated, typically requiring
an exponential number of rules. Examples are {c} ⊑ >2 R.(¬{a} ⊔ A ⊔ B) and
{c} ⊑ >5 R.(A ⊔ {a} ⊔ ({b} ⊓ 61 S .({c} ⊔ {d}))). These cases are based on the complex semantic interactions between nominals and atleast-restrictions.
Definition 7.3.5 We define the description logic DLP to contain all knowledge
bases consisting only of SROIQfree axioms which are
– RBox axioms, or
– GCIs C ⊑ D such that the DLP normal form of ¬C ⊔ D is a DDLP concept as
defined in the following grammar:
DDLP F ⊤ | ⊥ | CH | D=n (n ≥ 1) | C,⊤
where CH is defined as in Fig. 7.5, and D=n and C,⊤ are defined as in Fig. 7.6,
or
– ABox axioms C(a) where the DLP normal form of C is ⊤, ⊥, or a Da concept
as defined in Fig. 7.5.



As before, the simplifications of Section 3.1.3 are used to omit ∃ and ∀, and to
specify concepts only up to associativity and commutativity of ⊓ and ⊔.
In spite of the immense simplifications that DLP normal form provides, the
definition of DLP still turns out to be extremely complex. We have not succeeded
in simplifying the presentation any further without loosing substantial expressive
features. Some intuitive explanations help to understand the underlying ideas. It
is instructive to also compare these intuitions to the above examples.
The core language elements are in Fig. 7.5. Since all concepts are in DNF, each
sublanguage consists of a conjunctive part C and a disjunctive part D. Definitions
of DLP typically distinguish between “head” and “body” concepts, and CH and
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Body concepts: for C in normal form, C ∈ DB iff C ⊔ A (or ¬C ⊑ A) is in DLP
CB F ¬A | ¬{I} | ¬∃R.Self | 60 R.¬(DB ∪ {⊥}) | CB ⊓ CB
DB F CB | DB ⊔ DB
Head concepts: for C in normal form, C ∈ DH iff A ⊑ C is in DLP
CH F CB | A | {I} | ∃R.Self | >n R.Dn! | 60 R.¬DH | 61 R.¬(DB ∪ {⊥}) |
CH ⊓ CH | D1!
DH F CH | DH ⊔ DB | Da ⊔ C≥
Assertional concepts: for C in normal form, C ∈ Da iff {a} ⊑ C is in DLP
Ca F CH | >n R.D>n | Ca ⊓ Ca
Da F Ca | Da ⊔ DB
Disjunctions of nominal assertions of the form {I} ⊓ Ca
D1! F {I} | {I} ⊓ Ca
Dm+1! F Dm! ⊔ D1!
Conjunction of negated nominals, i.e. complements of some nominal disjunction
C¬1 F ¬{I}
C¬(m+1) F C¬m ⊓ ¬{I}
C≥ F ¬{I} | C≥ ⊓ C≥
Filler concepts for >n in Da
D>n F ⊤ | C¬m ⊔ D+a (1 ≤ m ≤ n2 − n) | DB ⊔ D+m! (m < n) |
Da ⊔ D+m! ⊔ Dl! (for r ≔ n − (m + l) we have r > 0 and r(r − 1) ≥ m)
where no disjuncts are added for expressions D+0! and D0!
Extended concepts with restricted forms of (“local”) disjunctions, used in D>n only
C+B F CB | 60 R.¬D+B | 6n R.¬(D+a ∩ D≥ω−m ) | C+B ⊓ C+B
D+B F C+B | D+B ⊔ D+B | D+a ⊔ C≥
C+H F CH | >n R.D+n! | 60 R.¬D+H | 61 R.¬D+B | 6n R.¬(D+a ∩ D≥ω−m ) |
C+H ⊓ C+H | D+1!
D+H F C+H | D+H ⊔ D+B | D+a ⊔ C≥
C+a F C+H | >n R.(D+a ∪ {⊤}) | C+a ⊓ C+a
D+a F C+a | D+a ⊔ D+a
D+1! F {I} ⊓ C+a
D+m+1! F D+m! ⊔ D+1!

Figure 7.5: Grammars of DLP concepts in DLP normal form, simplified as discussed in Section 3.1.3
CB play a similar role in our definition. CH represents concepts that carry the full
expressive power of a DLP GCI, and can serve as right-hand sides (“heads”) of
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Additional concepts based on global domain size restrictions
p

D=1 F {I} ⊓ CH
)
D=m+1 F D=m ⊔ ({I} ⊓ C=m+1
⊥
Additional concepts expressing ⊤ for unary domains (‘propositional’ case)
p

p

p

p

C⊤ F {I} | C⊤ ⊓ C⊤ | 60 R.¬(D⊤ ) | 6n R.¬D (n ≥ 1)
p
p
p
D⊤ F C⊤ | D⊤ ⊔ D
Additional head and body concept expressions for unary domains (‘propositional’ case)
p

CB
p
DB
p
CH
p
DH

p

p

p

p

F C=1
⊥ | C⊤ | ¬A | ¬∃R.Self | C B ⊓ C B | 60 R.¬(D B ∪ {⊥})
p
p
p
p
F D⊤ | DB | DB ⊔ DB
p
p
p
p
p
F CB | A | ∃R.Self | CH ⊓ CH | >1 R.DH | 60 R.¬DH
p
p
p
p
F D⊤ | CH | DH ⊔ DB

Additional structurally unsatisfiable concepts for domains of restricted size
=1
=1
C=1
⊥ F ¬{I} | C⊥ ⊓ C | >1 R.D⊥ | >n R.D (n ≥ 2)
C=m+1
F C=m+1
⊓ C | >n R.D=m+1
(n ≥ 1) | >n R.D (n ≥ m + 2)
⊥
⊥
⊥
=m
=m
=m
=m
D⊥ F C⊥ | D⊥ ⊔ D⊥

Concepts that can never hold for all individuals
C,⊤ F ¬{I} | C,⊤ ⊓ C
D: concepts in DLP normal form that are not structurally valid or unsatisfiable
C: concepts of D that are no disjunctions

Figure 7.6: Grammars of DLP concepts: special cases with restricted domain size

DLP GCIs. CB concepts can be seen as negated generic left-hand sides (“bodies”)
of GCIs. However, these basic classes are not sufficient for defining a maximal
DLP. Ca characterises concept expressions which can be asserted for named individuals – these are even more expressive than CH in that existential restrictions
are allowed (intuitively, this is possible as in the context of known individuals the
existentially asserted role neighbours can be expressed by Skolem constants). Dm!
concepts then can be viewed as collections of individual assertions (e.g. {a} ⊓ B).
Another way of stating such assertions is to use C≥ in a disjunction (e.g. ¬{a}⊔ B).
By far the most complex semantic interactions occur for atleast-restrictions in
ABox assertions: D>n and all subsequent definitions address this single case. For
example, the DLP axiom {a} ⊑ >2 R.(¬{b} ⊔ A ⊔ B) can be semantically emulated
by the following set of datalog rules, where ci are auxiliary constants:
R(a, c1 ), R(a, c2 ), b ≈ c1 → A(b), b ≈ c2 → B(b), c1 ≈ c2 → ⊥.
This emulation uses internal symbols to resolve apparently disjunctive cases
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in a deterministic way. The datalog program does not represent disjunctive information: its least model simply contains two successors that are not equal to b. The
nested disjunction only becomes relevant in the context of some disjunctive FOL≈
formula, such as ∀x.x ≈ a ∨ x ≈ b. The considered theory is no longer datalog
in this case, and the program simply “re-uses” the disjunctive expressive power
provided by the external theory. The fact that the actual program is far from being
semantically equivalent to the original axiom illustrates the motive and utility of
our definition of semantic emulation.
Many uses of nominals and atleast-restrictions lead to more complex interactions, some of which require completely different encodings. This is witnessed by
the more complex arithmetic side condition used in D>n . Concepts in D≤m ∩ D+a
correspond to disjunctions of m nominal classes, each of which is required to satisfy further disjunctive conditions, as e.g. {b} ⊓ >1 R.(A ⊔ B). Now, as an example,
a disjunction of an atomic class and four such “disjunctive nominals” is allowed
as a filler for >7 (since 3 × 2 ≥ 4) but not for >6 (since 2 × 1 < 4). Also note that
the disjunctive concepts like D+H and D+a that are allowed in fillers do not allow all
types of disjunctive information but only a finite amount of “local” disjunctions.
For example, {a} ⊔ B ⊔ C requires one “local” decision about a, whereas concepts
like {a} ⊓ 60 R.¬(B ⊔ C) or {a} ⊓ 62 R.¬⊥ require arbitrarily many decisions for
all R successors.
The remaining grammars in Fig. 7.6 take care of less interesting special cases.
Most importantly, CHp covers all concepts that can be emulated if the interpretation
domain is restricted to contain just one individual. C,⊤ contains axioms which
make the knowledge base inconsistent as they deny the existence of a nominal.
The auxiliary classes C=m
⊥ describe concepts that cannot be satisfied by an interpretation with at most m elements in their domain, as described in the following
lemma.
Lemma 7.3.6 A name-separated concept C , ⊥ in DLP normal form is in C=m
⊥
as defined in Fig. 7.6 for some m ≥ 1 iff, for all interpretations I with domain size
#(∆I ) ≤ m, we find I |= C ⊑ ⊥.
Proof. The “only if” direction can be shown by an easy induction, where the base
cases are given by concepts >n R.D with n > m, and – in the case n = 1 – negated
nominals ¬{a}. The proof is straightforward and we omit further details.
For the “if” direction, assume that C < C=m
⊥ ∪{⊥}, and let ∆ be a domain of size
m, i.e. #(∆) = m. Then, for any δ ∈ ∆, we can find an interpretation I(δ, C) such
that ∆I(δ,C) = ∆ and δ ∈ C I(δ,C) . The base cases with C of the form C, ∃R.Self, {I},
¬C, ¬∃R.Self, and – if n = 1 – ¬{I} are obvious. If C = D1 ⊔ D2 , then, without
loss of generality, D1 < C=m
⊥ and I(δ, C) ≔ I(δ, D1 ) satisfies the claim.
Now assume that C is of the form D1 ⊓ D2 . Then D1 , D2 < C=m
⊥ ∪ {⊥}, and
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C

dlgB (¬A ⊑ C)

⊥

{A(x)} ∪ PInv

¬B

{B(x) → A(x)} ∪ PInv

¬{c}

{A(c)} ∪ PInv

¬∃R.Self {R(x, x) → A(x)} ∪ PInv
D1 ⊓ D2

dlgB (¬A ⊑ D1 ) ∪ dlgB (¬A ⊑ D2 )

D1 ⊔ D2

dlgB (¬X1 ⊑ D1 ) ∪ dlgB (¬X2 ⊑ D2 ) ∪ {X1 (x) ∧ X2 (x) → A(x)}

60 R.¬D

dlgB (¬X ⊑ D) ∪ {R(x, y) ∧ X(y) → A(x)}

A, B concept names, c an individual name, R a role, X(i) fresh concept names

Figure 7.7: Transforming axioms ¬A ⊑ (DB ∪ {⊥}) to datalog
we find interpretations I(δ, D1 ) and I(δ, D2 ) as in the hypothesis. Since C is
name-separated, the hypothesis for D1 is also satisfied by any variant I′ (δ, D1 )
of I(δ, D1 ) which is obtained by changing the interpretation of symbols that occur in D2 . Thus we can assume without loss of generality that I(δ, D1 ) has been
chosen such that it agrees with I(δ, D2 ) on all signature symbols that occur in D2 .
By a symmetric argumentation for I(δ, D2 ), we find that such an I(δ, D1 ) would
also satisfy the hypothesis for D2 , and hence we can set I(δ, C) ≔ I(δ, D1 ).
If C = 6n R.D, then any interpretation I(δ, C) with RI (δ, C) = ∅ satisfies the
claim. If C = >n R.D with n ≤ m, then consider distinct elements δ1 , . . . , δn ∈ ∆.
Using structurality and the induction hypothesis again, we find a model I(δ, C) =
I(δ1 , D) = . . . = I(δn , D) such that RI(δ,C) = {hδ, δi | 1 ≤ i ≤ ni}.


7.4

Emulating DLP in Datalog

In this section, we show that knowledge bases of DLP as given in Definition 7.3.5
can indeed be emulated in datalog.
Emulations are generally established by means of recursively defined functions that translate DLP axioms to datalog. Relevant (auxiliary) transformations
are required for each of the languages defined in Fig. 7.5 and 7.6. In all cases, the
built-in semantics of inverse roles is explicitly needed in datalog. For this purpose,
an auxiliary datalog program PInv is defined as PInv ≔ {R(x, y) → Inv(R)(y, x) |
R ∈ R}, where R is the set of roles of the given signature. We begin with the rather
simple case of DB .
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Lemma 7.4.1 Every DLP axiom ¬A ⊑ C with A a concept name and C ∈ DB ∪
{⊥} is semantically emulated by the datalog program dlgB (¬A ⊑ C) as defined in
Fig. 7.7.
Proof. Note that the definition in Fig. 7.7 is well – especially all recursive uses
of dlgB refer to arguments in the domain of this function. The proof proceeds by
induction over the structure of C, showing that the conditions of Definition 2.2.1
are satisfied. We show a single induction step to illustrate the easy argumentation.
Consider the case C = D1 ⊔ D2 . For one direction of the claim, consider any
model I of ¬A ⊑ C. An interpretation I′ over the extended signature is defined
′
by setting XiI ≔ ∆I \ DIi for i = 1, 2. It is easy to see that I′ |= {¬Xi ⊑ Di |
i = 1, 2} ∪ {X1 (x) ∧ X2 (x) → A(x)}. By the induction hypothesis, we can find an
interpretation I1 that extends I′ and such that I1 |= dlgB (¬X1 ⊑ D1 ). Another
application of the hypothesis yields a model I2 |= dlgB (¬A ⊑ C) as required
to show the claim. The other direction requires us to show that every model of
dlgB (¬A ⊑ C) is also a model of ¬A ⊑ C, which is obvious when applying the
induction hypothesis.

Now define, for a datalog program P and a ground literal A(c), a datalog program P|A(c) ≔ {A(c) ∧ F → H | F → H ∈ P}. This way of manipulating datalog
programs is convenient for our following definitions. Clearly, if P semantically
emulates a formula ϕ, then P|A(c) semantically emulates ϕ ∨ ¬A(c).
The remaining language definitions of Fig. 7.5 are interdependent, so the corresponding translation needs to be established in a single recursion for which semantic emulation is shown in a single structural induction. We still separate the
relevant claims for clarity, so the following lemmata can be considered as induction steps in the overall proof. The following lemma illustrates a first, simple
induction step:
Lemma 7.4.2 Consider a concept C ∈ DH such that, for every proper subconcept
D ∈ Da of C and individual name d, the program dlga ({d} ⊑ D) semantically
emulates {d} ⊑ D. Then, given a concept name A, the datalog program dlgH (A ⊑
C) as defined in Fig. 7.8 semantically emulates A ⊑ C, where we use ind(E) to
denote the set of individual names that occur in a concept E.
Proof. Note that the definition is well, and especially that all uses of programs
dlga ({d} ⊑ D) do indeed refer to proper subconcepts D of C. The proof proceeds
by induction, using similar arguments as in Lemma 7.4.1. We illustrate a single
case which uses some features that did not occur before.
Consider the case C = {c} ⊓ D ∈ D1! . For the one direction, let I be a model
of A ⊑ C. If π({c} ⊑ D) is a first-order formula that corresponds to {c} ⊑ D,
then I |= ¬A(c) ∨ π({c} ⊑ D). Moreover, I |= A ⊑ {c}. By our assumptions and
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C

dlgH (A ⊑ C)

D ∈ DB

dlgB (¬X ⊑ D) ∪ {A(x) ∧ X(x) → ⊥}

B

{A(x) → B(x)} ∪ PInv

{c}

{A(x) → c ≈ x} ∪ PInv

∃R.Self

{A(x) → R(x, x)} ∪ PInv

D1 ⊓ D2 ∈ (DH ⊓ DH ) dlgH (A ⊑ D1 ) ∪ dlgH (A ⊑ D2 )
{c} ⊓ D ∈ D1!

dlga ({c} ⊑ D)|A(c) ∪ dlgH (A ⊑ {c})

D1 ⊔ D2 ∈ (DH ⊔ DB ) dlgH (X2 ⊑ D1 ) ∪ dlgB (¬X1 ⊑ D2 ) ∪ {A(x) ∧ X1 (x) → X2 (x)}
S
D1 ⊔ D2 ∈ (Da ⊔ C≥ )
c∈ind(D2 ) dlga ({c} ⊑ D1 )|A(c)

S
S
>n R.D ∈ (>n R.Dn! )
c∈ind(D) {A(x) → R(x, c)} ∪ d∈ind(D)\{c} {A(x) ∧ c≈d → ⊥} ∪

dlga ({c} ⊑ Dc )
where Dc is such that D = D′c ⊔ (Dc ⊓ {c}) for some D′c ∈ Dn−1!
60 R.¬D

dlgH (X ⊑ D) ∪ {A(x) ∧ R(x, y) → X(y)}

61 R.¬D

dlgB (¬X ⊑ D) ∪ {A(x) ∧ R(x, y) ∧ X(y) ∧ R(x, z) ∧ X(z) → y ≈ z}

A, B concept names, c, d individual names, R a role, X(i) fresh concept names,
dlga ({c} ⊑ C) as defined in Fig. 7.9 below

Figure 7.8: Transforming axioms A ⊑ DH to datalog
the induction hypothesis, dlga ({c} ⊑ D) semantically emulates {c} ⊑ D – hence
dlga ({c} ⊑ D)|A(c) semantically emulates ¬A(c) ∨ π({c} ⊑ D) –, and dlgH (A ⊑ {c})
semantically emulates A ⊑ {c}. Since the auxiliary symbols that may occur in
both datalog programs are distinct, semantic emulation yields a single extended
interpretation I′ such that I′ |= dlga ({c} ⊑ D)|A(c) and I′ |= dlgH (A ⊑ {c}),
as required. The other direction is shown in a similar fashion by applying the
induction hypothesis and assumptions of the lemma.

The induction steps for defining dlga ({c} ⊑ C) are rather more complex, and
some preparation is needed first. Concepts of the forms D+a , D+H , and D+B allow
for restricted forms of “local” disjunction. To make this notion explicit, we first
elaborate how such concepts can be expressed as disjunctions of finitely many
DLP knowledge bases.
Definition 7.4.3 Consider concept expressions C and D such that:
– C ∈ ¬C and D ∈ D+B , or
– C ∈ C and D ∈ D+H , or
– C ∈ {I} and D ∈ D+a .
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A set of knowledge bases KC⊑D is defined recursively as follows:

(1) If D ∈ Da then KC⊑D ≔ {C ⊑ D} .
Assume D < Da for the remaining cases.

(2) If D = D1 ⊓ D2 then KC⊑D ≔ KB1 ∪ KB2 | KB1 ∈ KC⊑D1 , KB2 ∈ KC⊑D2 .
(3) If D = D1 ⊔ D2 then:

(3a) If D1 ∈ C≥ , define auxiliary
sets of knowledge bases K M for M ⊆ ind(D1o)
n

S
as follows: K M ≔ C ⊑ d∈M ¬{d} ∪ d∈ind(D1 )\M KBd | KBd ∈ K{d}⊑D2 .
S
Then set KC⊑D ≔ M⊆ind(D1 ) K M .
(3b) If D1 ∈ Dn+B \ C≥ , then consider fresh concept names B1 and B2 , and define
o
KC⊑D ≔ {C ⊑ ¬B1 ⊔ B2 } ∪ KB1 ∪ KB2 | KB1 ∈ K¬B1 ⊑D1 , KB2 ∈ KB2 ⊑D2 .
(3c) If D1 , D2 < D+B , then KC⊑D ≔ KC⊑D1 ∪ KC⊑D2 .

(4) If D = >n R.D′ then:
′
⊔ . . . ⊔ Dn with Di = {di } ⊓ D′i and Do′i ∈
(4a) If D′ ∈ D+n! then w.l.o.g.
n D = D1 F
S
C+a . Define KC⊑D ≔ C ⊑ >n R. ni=1 {di } ∪ ni=1 KBi | KBi ∈ K{di }⊑D′i .

(4b) If D′ < D+n! then consider a fresh individual name d and assume that
K{d}⊑D′ = {KB1 , . . . , KB s }. Let di (i = 1, . . . , n) be fresh individuals, and
let KBij denote the knowledge base KB j with all occurrences of d ren

placed by di . Then define KC⊑D ≔ {di } ⊓ {d j } ⊑ ⊥ | 1 ≤ i < j ≤ n ∪ C ⊑
o
S
>1 R.{di } | 1 ≤ i ≤ n ∪ 1≤i≤n KBiki | k1 , . . . , kn ∈ {1, . . . , s} .

(5) If D = 6n R.¬D′ then:

(5a) If D′ ∈ C≥ then a ≥n-partitioning M of ind(D′ ) is a set M = {M1 , . . . , Mm }
of m ≥ n mutually disjoint non-empty sets Mi ⊆ ind(D′ ). Given such a

≥n-partitioning, define KBM ≔ {c} ⊑ {d} | c, d ∈ Mi for some i ∈


{1, . . . , m} ∪ C ⊓ c∈S >1 R.{c} ⊑ ⊥ | S ⊆ ind(D′ ), #{Mi | Mi ∩ S , ∅} >

n . Then define KC⊑D ≔ KBM | M a ≥n-partitioning of ind(D′ ) .
(5b) If D′ = D1 ⊔ D2 where D1 ∈ C≥ and D2 ∈ D+a , then define anset of
knowledge bases K M for a set M ⊆ ind(D1 ) as follows: K M ≔ KB ∪

S
| KB ∈ KC⊑D′′ with D′′ = 6n R.¬ d∈ind(D1 )\M ¬{d}, KBd ∈
d∈M KB
o d
S
K{d}⊑D2 . Then define KC⊑D ≔ M⊆ind(D1 ) K M .

(5c) If n ≤ 1 and D′ ∈ D+H then consider a fresh concept name B, and
n set
′
′
′
+
C ≔ ¬B if D ∈ DB and C ≔ B otherwise. Define KC⊑D ≔ C ⊑
o
6n R.¬C ′ ∪ KB | KB ∈ KC ′ ⊑D′ .
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As usual, empty conjunctions are treated as ⊤. In cases (3a) and (5b), the construction may lead to axioms in L⊤ ; these axioms are omitted from KC⊑D .
Observe that, without loss of generality, the cases in the previous definition
are indeed exhaustive and mutually exclusive for D ∈ D+a . In particular, cases (5a)
and (5b) cover all situations where D ∈ (D≥ω−m ∩ D+a ), where we find #ind(D′ ) > n
and #ind(D1 ) > n, respectively, since we assume that D < Da . It is easy to verify
that all recursive uses of KC⊑D satisfy the definition’s conditions on C and D, and
that all axioms in knowledge bases of KC⊑D are in DLP normal form. Note that
case (4b) can only occur if D ∈ D+a \ D+H , so C must be a nominal in these cases.
Similar observations for the other cases allow us to state the following lemma.
Lemma 7.4.4 Consider concept expressions C and D as in Definition 7.4.3. If D
is in D+a (D+H , D+B ) then all axioms of the form C ⊑ E in knowledge bases of KC⊑D
are such that E is in Da (DH , DB ).
In particular, the knowledge bases in KC⊑D are in DLP.
Proof. The claim can be verified by considering all axioms that are created in the
cases of Definition 7.4.3. The claims for D+a , D+H , and D+B are interdependent and
must be proven together.
The claim clearly holds for the base case (1). Case (2) immediately follows
from the induction hypothesis. Case (3a) is trivial since additional axioms of the
form C ⊑ E do not occur in knowledge bases of K{d}⊑D2 . Case (3b) and (3c)
are again immediate from the induction hypothesis, where we note for (3b) that
D1 ⊔ D2 is in Da (DH , DB ) for D1 ∈ DB \ C≥ whenever D2 is in Da (DH , DB ).
Case (4a) can only occur if D ∈ D+H \ D+B so it suffices to note that the concept
F
>n R. ni=1 {di } is in DH . Case (4b) in turn requires that D ∈ D+a \ D+H , and clearly
>1 R.{di } ∈ Da .

Cases (5a) is immediate, since C ⊓ c∈S >1 R.{c} ⊑ ⊥ is equivalently expressed
F
as C ⊑ c∈S 60 R.¬¬{c}, the conclusion of which is in DB . Case (5b) follows
directly by induction. Case (5c) comprises three relevant cases: n = 0 and D′ ∈ D+B
(D ∈ D+B ), n = 0 and D′ ∈ D+H (D ∈ D+H ), n = 1 and D′ ∈ D+B (D ∈ D+H ). We find
that C ′ is in DB (DH ) whenever D′ is in D+B (D+H ), so that the claim holds in each
case.
It remains to show the second part of the claim. Using the first part of the claim,
the preconditions on C and D imply that all axioms C ⊑ E that are constructed
for KC⊑D are in DLP. Axioms C ′ ⊑ E in KC⊑D with C ′ , C must be obtained
from some KC ′ ⊑D′ that was used in the construction of KC⊑D . But such recursive
constructions only occur in cases where the preconditions of the definition are
satisfied, so the claim follows by induction.

The next proposition shows that C ⊑ D is emulated by the disjunction of the
knowledge bases in KC⊑D , thus establishing the correctness of the decomposition.
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DL does not provide a syntax for knowledge base disjunctions, and we do not
want to move to first-order logic here, so we use a slightly different formulation
that follows Definition 2.2.1.
Proposition 7.4.5 Consider concept expressions C and D as in Definition 7.4.3,
both based on some signature S . Let S ′ be the extended signature of KC⊑D .
– Every interpretation I over S with I |= C ⊑ D can be extended to an interpretation I′ over S ′ such that I′ |= KB for some KB ∈ KC⊑D .
– For every interpretation I′ over S ′ such that I′ |= KB for some KB ∈ KC⊑D ,
we find that I′ |= C ⊑ D.
Proof. We proceed by induction. Case (1) is obvious. Cases (2) is immediate from
the induction hypothesis. For case (3a), let M be the largest set of individuals such

that I |= C ⊑ d∈M ¬{d}. Using the induction hypothesis, it is easy to see that
I |= C ⊑ D implies that there is an extension I′ of I such that I′ |= KB for some
KB ∈ K M . The converse is similar.
For case (3b), consider an interpretation I over S with I |= C ⊑ D. Consider
the extended signature S ′ with the fresh concept names B1 and B2 , and define
′′
′′
an extension I′′ of I over S ′ by setting BI1 ≔ ¬DI1 and BI2 ≔ DI2 . Then
I′′ |= ¬B1 ⊑ D1 and I′′ |= B2 ⊑ D2 , and we can apply the induction hypothesis
for K¬B1 ⊑D1 and KB2 ⊑D2 to obtain models I′′i (over some extended signature S ′′′ )
such that I′′1 |= KB1 for some KB1 ∈ K¬B1 ⊑D1 and I′′2 |= KB2 for some KB2 ∈
KB2 ⊑D2 . Since I′′1 and I′′2 agree on B1 , B2 , and all symbols of C ⊑ D, there is an
′
′
interpretation I′ such that I′ |= KB1 ∪ KB2 . Since C I = ¬BI1 ∪ BI2 , it is easy to
see that I′ satisfies the conditions of the claim. The other direction of the claim
for (3b) is an easy consequence of the induction hypothesis.
Case (3c) can only occur if C ∈ {I}, and it is easy to see that the claim holds in
this case.
Case (4a) is again not hard to see when using the induction hypothesis. For
case (4b), first note that C must be a nominal since D is cannot be in DH . The
required semantic emulation then is an easy consequence of standard Skolemisation, where each successor di may satisfy any of the sufficient subconditions that
are captured by KBi1 , . . . , KBis .
The reasoning for case (5a) is similar to case (3a): given an interpretation I,
we find a ≥n-partitioning M such that c, d ∈ Mi iff cI = dI . It is easy to see that
I |= C ⊑ D implies I |= KB M ; no induction is required. The other direction is
again obvious.
Case (5b) is a simple extension of case (5a) where a subset M of individuals is
selected in each knowledge base to ensure that all individuals of M are instances
of D2 , thus reducing the requirement to a maximal number of R-successors that do
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not belong to M. To express this more formally, we use expressions >1 U.({d} ⊓ E)
where U is the universal role that can be semantically emulated in DLP – this
allows us to embed ABox assertions into GCIs. With this notation, we observe
that C ⊑ 6n R.¬(D1 ⊔ D2 ) is semantically emulated by the disjunction of all the


axioms C ⊑ 6n R.¬ d∈ind(D1 )\M ¬{d} ⊓ d∈M >1 U.({d} ⊓ C2 ) for all M ⊆ ind(D1 ).
It is easy to see that the construction in (5b) corresponds to this disjunction, where
conjunction is modelled as in case (2), and individual assertions are encoded using
the recursive constructions K{d}⊑D2 that are valid by the induction hypothesis. The
converse is easily obtained by similar considerations.
Case (5c) uses a similar argument as case (3b). Consider an interpretation I
over S with I |= C ⊑ D. For the extended signature S ′ with fresh concept
′′
name B, an extension I′′ of I is defined by setting C ′I ≔ DI . By the induction
hypothesis for KC ′ ⊑D′ , we find a model I′ (over some extended signature S ′′ )
such that I′ |= KB for some KB ∈ KC ′ ⊑D′ . But then there is a corresponding

knowledge base KB′ = C ⊑ 6n R.¬C ′ ∪ KB in KC⊑D such that I′ |= KB′ . Thus
I′ satisfies the conditions of the claim when restricted to S ′ . The other direction
is again easy.

We can now define datalog programs for semantically emulating axioms of
the form {c} ⊑ >n R.D>n . We consider all three main cases – C¬m ⊔ D+a , DB ⊔ D+m! ,
Da ⊔ D+m! ⊔ Dl! – individually, before combining these cases with the remaining
forms of Da to complete the induction.
Lemma 7.4.6 Consider a constant c, and a concept C = >n R.D1 ⊔ D2 such that
D1 ∈ C¬m , D2 ∈ D+a , and (1 ≤ m ≤ n2 − n).
Assume that, for every individual symbol d and every knowledge base KB ∈
K{d}⊑D2 , there is a datalog program datalog(KB) that semantically emulates KB.
Then we can effectively construct a datalog program dlga ({c} ⊑ C) that semantically emulates {c} ⊑ C.
Proof. Let h be the smallest number such that 2h ≥ (#K{d}⊑D2 )n , where d is an
arbitrary constant (clearly, the cardinality #K{d}⊑D2 does not depend on the choice
of d). Now let S ≔ {ci jk | i, j ∈ {1, . . . , n}, k ∈ {1, . . . , h}} be a set of n × n × h
fresh constants. It is convenient to consider the indices of constants in S to be
coordinates, so that S consists of the elements of a three dimensional matrix with
n rows, n columns, and h layers. Now given any k = 1, . . . , h, we define sets
Aki , Bki ⊆ S for all i = 1, . . . , n by setting:
Aki ≔ {ci1k , ci2k , . . . , cink } and

Bki ≔ {c1ik , c2ik , . . . , cnik }.

In other words, Aki (Bki ) is the ith row (column) in layer h of S . Now given a
set O ⊆ S , define O(k) ≔ {ci jk ∈ O | i, j ∈ {1, . . . , n}} – the intersection of O
with layer h in S . Now for every h-tuple v = hX1 , . . . , Xh i with Xk ∈ {A, B} for all
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k = 1, . . . , h, there is a unique partitioning Pv = {O1 , . . . , On } of S into n disjoint
subsets Oi ⊆ S (1 ≤ i ≤ n) for which the following holds: for every i ∈ {1, . . . , n}
and k ∈ {1, . . . , h}, we find that Oi (k) = (Xk )ki . Observe that the 2h partitions Pv
that can be constructed in this way are indeed mutually distinct. Intuitively, the
partitions Pv thus encode binary numbers of h digits.
Given partitionings P = {O1 , . . . , O p } and P′ = {O′1 , . . . , O′p′ } of S , we say that
P is finer than P′ if, for every i ∈ {1, . . . , p′ }, we find that O′i is a union of parts
O j ∈ P. Note that every part O j can be contained in at most one part O′i , and thus
p′ ≤ p. Partitions of the form Pv have the following important property: for every
partition P = {O1 , . . . , O p } of S with p ∈ {n, . . . , n + m − 1}, there is at most one
partition of the form Pv such that P is finer than Pv . To show this, consider two htuples v, w ⊆ {A, B}h that differ in (at least) the kth component (k ∈ {1, . . . , h}), i.e.
(w.l.o.g.) the kth component of v is A, and the kth component of w is B. Now for
any partition P that is finer than Pv and Pw , for every i ∈ {1, . . . , n} there are parts
O1 , . . . , O j ∈ P such that Aki = O1 (k) ∪ . . . ∪ O j (k), and parts O′1 , . . . , O′j′ ∈ P such
that Bki = O′1 (k) ∪ . . . ∪ O′j′ (k). This implies that P cannot contain a part O such
that #O(k) > 1 since no two sets Aki and Bki′ share more than one constant. Hence P
must have at least n2 parts to cover all elements in layer k. Now the precondition
m ≤ n2 − n implies that n + m − 1 < n2 , which establishes the claim.
To establish the required datalog program, partitions of constants are considered as equality classes, and rules are created to check for particular equalities. To
this end, define a conjunction ~O ≔ c1 ∧. . .∧c j for every set O = {c1 , . . . , cn } ⊆ S .
This notation is extended to partitions P = {O1 , . . . , Oi } of S by setting ~P ≔
~O1  ∧ . . . ∧ ~Oi .
Consider a fresh constant d. For every h-tuple v ∈ {A, B}h , let φv : Pv → K{d}⊑D2
be a mapping of parts of Pv to knowledge bases in K{d}⊑D2 such that, for every
n
of knowledge bases, there is an h-tuple
n-tuple K = hKB1 , . . . , KBn i ∈ K{d}⊑D
2
h
w ∈ {A, B} with partition Pv = {O1 , . . . , On } as defined above, and φw (Oi ) = KBi
for all i = 1, . . . , n. This choice of the functions φv is possible due to our initial
n
choice of h, since there are 2h such functions but only #K{d}⊑D
different n-tuples
2
of knowledge bases from K{d}⊑D2 .
For every partition P of S into i ∈ {1, . . . , n + m − 1} parts, datalog rules are
constructed as follows. If P is not finer than any partition of the form Pv , then
only the rule ~P → ⊥ is added (this includes the case of P having less than n
parts). Otherwise, let Pv be the unique partition of this form that is finer than P.
For every part O of Pv , select one part π(O) of P such that π(O) ⊆ O, so that there
are n distinct selected parts in P. Now let d1 , . . . , dm denote the m constants of D1 .
For every e = d1 , . . . , dm and for every part O ∈ Pv , let A be a fresh concept name
and construct the following datalog:
(i) ~P ∧ e ≈ f → A(e), where f ∈ π(O) is arbitrary,
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(ii) datalog(KB′ )|A(e) where KB′ is obtained from φv (O) by replacing all occurrences of {d} with {e}.
Now dlga ({c} ⊑ C) is defined to be the union of PInv and all datalog rules constructed above, and the datalog facts R(c, ci jk ) for all i, j ∈ {1, . . . , n} and k ∈
{1, . . . , h}.
It remains to show that dlga ({c} ⊑ C) semantically emulates {c} ⊑ C. For the
one direction, consider a model I of {c} ⊑ C. We need to show that it can be
extended to a model of dlga ({c} ⊑ C). Select n distinct R-successors δ1 , . . . , δn of
cI such that δi ∈ (D1 ⊔ D2 )I for all i = 1, . . . , n. By Proposition 7.4.5, for all
e ∈ {d1 , . . . , dm }, if eI ∈ DI2 then there is an extended interpretation Ie such that
Ie |= KBe for some KBe ∈ K{e}⊑D2 . Since Ie extends I only over fresh symbols
that occur in one K{e}⊑D2 , all interpretations Ie can be combined into a single
extension I′ of I.
Now let KB′e ∈ K{d}⊑D2 denote the knowledge base from which KBe is obtained
by replacing all axioms of the form {d} ⊑ F by {e} ⊑ F, where d is the constant
used when constructing dlga ({c} ⊑ C). By the construction of dlga ({c} ⊑ C), there
is a tuple v ∈ {A, B}h and a partition Pv = {O1 , . . . , On } such that φv (Oi ) = KB′d j for
all i = 1, . . . , n for which dIj = δi and dlI , δi for all l < j.
Consider any e ∈ {d1 , . . . , dm } with eI ∈ DI2 . The model I′ above was constructed such that I′ |= KBe , and thus, by the assumption of the lemma, there is
an extension J ′ of I′ such that J ′ |= datalog(KBe ). We define a model J of
dlga ({c} ⊑ C) by further extending J ′ . For all constants f ∈ S , define f J ≔ δi for
the unique i ∈ {1, . . . , n} such that f ∈ Oi . Moreover, for each of the fresh concept
name A introduced in (i) above, let AJ be the smallest extension for which all
rules of (i) are satisfied by J.
Now it is easy to see that J satisfies the facts R(c, ci jk ) for all i, j ∈ {1, . . . , n}
and k ∈ {1, . . . , h}. To see that it also satisfies the rules constructed in (ii) above,
note that the rules (ii) for some particular e ∈ {c1 , . . . , cm } are always satisfied if
J 6|= A(e). Assume J |= A(e). By minimality of AJ , this implies that J |= e ≈ f
for some f ∈ S that belongs to a part Oi of Pv , and thus eJ = δi for some i ∈
{1, . . . , n}. By construction, φv (Oi ) is of the form KB′d j (where e might be unequal
to d j , but with eJ = dJj = δi ). Since δi ∈ (D1 ⊔ D2 )I , we find δi ∈ DI2 and thus
J |= dlga ({b′ } ⊑ F) for all {b} ⊑ F ∈ KB′d j , where b′ = e if b = d and b′ = b
otherwise. This shows that the rules (ii) are indeed satisfied by J.
For the other direction, consider a model I of dlga ({c} ⊑ C). We need to show
that it is also a model of {c} ⊑ C. Let P be the partition of S that corresponds to the
≈ equivalence classes on S induced by I. By the construction of dlga ({c} ⊑ C),
the partition P is finer than some partition of the form Pv , and thus has at least n
parts. Moreover, n of the parts of P are selected parts of the form π(O) for some
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O ∈ Pv . It is not hard to see that the n domain elements of I that correspond to
the selected parts are R-successors of c that belong to (D1 ⊔ D2 )I , which is an
easy consequence of rules (i) and (ii) together with the assumed model-theoretic
correspondences for axioms in K{d}⊑D2 .

Lemma 7.4.7 Consider a constant c, and a concept C = >n R.D1 ⊔ D2 such that
D1 ∈ DB , D2 ∈ D+m! with m < n of the form D2 = ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cm } ⊓ Cm ).
Assume that, for every i ∈ {1, . . . , m} and every knowledge base KB ∈ K{ci }⊑Ci ,
there is a datalog program datalog(KB) that semantically emulates KB.
Then we can effectively construct a datalog program dlga ({c} ⊑ C) that semantically emulates {c} ⊑ C.
Proof. For each i = 1, . . . , m, let li ≥ 1 be the least number such that 2li ≥
#K{ci }⊑Ci , and consider a set S i of fresh constants S i ≔ {ai1 , bi1 , . . . , aili , bili }. Let
Vi denote the set of all sets of the form {x1 , x2 , . . . , xli } with xh ∈ {aih , bih } for all
h ∈ {1, . . . , li }. Let φi : Vi → K{ci }⊑Ci be an arbitrary surjective function (which
exists due to the choice of a sufficiently large li ).
Consider fresh constants d1 , . . . , dn−m (note that n − m ≥ 1) and a fresh concept
name B. We construct the following datalog rules and programs:
(i) dlgB (¬B ⊑ D1 )
(ii) for every i ∈ {1, . . . , n − m}:
R(c, di ),
B(di ) → ⊥ for a fresh concept name A,
(iii) for every i, j ∈ {1, . . . , n − m}, i , j:
di ≈ d j → ⊥,
(iv) for every i ∈ {1, . . . , n − m} and j ∈ {1, . . . , m}:
di ≈ c j → ⊥,
(v) for every i ∈ {1, . . . , m} and h ∈ {1, . . . , li }:
R(c, aih ),
R(c, bih ),
aih ≈ bih → ⊥,
(vi) for every i ∈ {1, . . . , m} and v = {xi1 , xi2 , . . . , xili } ∈ Vi :
B(xi1 ) ∧ . . . ∧ B(xili ) → A(ci ) for a fresh concept name A,
A(ci ) → ci ≈ xi1 ,
datalog(φi (v))|A(ci ) ,
(vii) for every i, j ∈ {1, . . . , m}, i , j, for every e ∈ S i and f ∈ S j ∪{d1 , . . . , dn−m }:
e ≈ f → e ≈ d1 .
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Now dlga ({c} ⊑ C) is defined as the union of PInv and all rules and programs
constructed above.
It remains to show that dlga ({c} ⊑ C) semantically emulates {c} ⊑ C. For the
one direction, consider any model I of {c} ⊑ C. Select n distinct R-successors
δ1 , . . . , δn of cI such that δi ∈ (D1 ⊔ D2 )I for all i = 1, . . . , n. By Proposition 7.4.5,
for all i ∈ {1, . . . , m}, if cIi ∈ CiI then there is an extended interpretation Ii such
that Ii |= KBi for some KBi ∈ K{ci }⊑Ci . Since Ii extends I only over fresh symbols
that occur in one K{ci }⊑Ci , all interpretations Ii can be combined into a single
extension I′ of I. By the assumption of the lemma, we find an extension J ′ of I′
such that J ′ |= datalog(KBi ).
A model J of dlga ({c} ⊑ C) is defined by further extending J ′ . For the
auxiliary concept B of (i), define BJ ≔ (¬D1 )I and let J be such that J |=
dlgB (¬B ⊑ D1 ) (which is possible by Lemma 7.4.1). For each i ∈ {1, . . . , n − m},
select diJ ∈ {δ1 , . . . , δn } such that rules (ii)–(iv) above are satisfied. This is always
possible since at most m elements of {δ1 , . . . , δn } can be in (¬D1 )I . Without loss
of generality, we assume that diJ = δi .
Now select an injective function ψ : {1, . . . , m} → {2, . . . , n} such that ψ(i) = j
if cIi = δ j for some j ∈ {1, . . . , n} and there is no i′ < i such that cIi′ = δ j ; and
ψ(i) ∈ DI1 otherwise. Again, it is not hard to see that this is always possible. Now
for each i ∈ {1, . . . , m}, interpretations for constants in S i are defined as follows. If
cIi ∈ CiI , then let v ∈ Vi be such that KBi = φi (v). Otherwise, let v ∈ Vi be arbitrary.
For all h ∈ {1, . . . , li } and x ∈ {aih , bih }, define xJ ≔ δψ(i) if x ∈ v, and xJ ≔ δ1
otherwise. It is not hard to see that J satisfies rules (v) and (vii). For the auxiliary
concepts A introduced in (vi) for some set w ∈ Vi , set AJ ≔ {cIi } if w = v and
δψ(i) ∈ (¬D1 )I (which also implies cIi = δψ(i) ), and set AJ ≔ ∅ otherwise. Thus,
there is at most one such auxiliary concept for i that is non-empty, corresponding
to the set v ∈ Vi for which KBi = φi (v). The construction of J ′ ensures that the
remaining rules of (vi) are satisfied as required. It should be observed that this
construction also works in the case that cIi = cIj for some i , j.
For the other direction, consider any model I of dlga ({c} ⊑ C). The rules of
(i)–(iv) obviously establish n − m distinct R-successors d1 , . . . , dn−m of c that are
in D1 . According to rules (vii), for every i ∈ {1, . . . , m} and every k ∈ {1, . . . , li },
some xik ∈ {aik , bik } is unequal to all constants in S j ∪ {d1 , . . . , dm−n } for all j , i
with j ∈ {1, . . . , m}. Hence, if the premise of the first rule of (vi) is false for all
v ∈ Vi , then there must be some k ∈ {1, . . . , li } such that xikI < BI and hence,
by (i), xikI ∈ DI1 , yielding the required distinct R-successor for i. Otherwise, if
the premise of the first rule of (vi) is true for some v ∈ Vi , then cIi ≈ xi1 is the
required successor, since cIi ∈ DI2 is ensured by the rules of (vi) together with the
assumptions of the lemma.
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Lemma 7.4.8 Consider a constant c, and a concept C = >n R.D1 ⊔ D2 ⊔ D3 such
that D1 ∈ Da , D2 ∈ D+m! of the form D2 = ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cm } ⊓ Cm ), D3 ∈ D+l!
of the form D3 = ({cm+1 } ⊓ Cm+1 ) ⊔ . . . ⊔ ({cm+l } ⊓ Cm+l ), and for r ≔ n − (m + l)
we have r > 0 and r(r − 1) ≥ m.
Assume that, for every constant e, dlga ({e} ⊑ D1 ) semantically emulates {e} ⊑
D1 , and that, for every KB ∈ K{ci }⊑Ci (i ∈ {1, . . . , m+l}), datalog(KB) semantically
emulates KB.
Then we can effectively construct a datalog program dlga ({c} ⊑ C) that semantically emulates {c} ⊑ C.
Q
Proof. Let s ≥ 1 be such that 2 s ≥ mi=1 #K{ci }⊑Ci . Consider the following sets of
fresh constants:
– {di | i = 1, . . . , r},
– {ei j | i = 1, . . . , m, j = 1, . . . , s},
– { fi | i = 1, . . . , l}.
Now, for each i = 1, . . . , m, let φi : {1, 2} s → K{ci }⊑Ci be a surjective function from
s-ary binary numbers to K{ci }⊑Ci , which exists due to our choice of s. Moreover, for
each i = 1, . . . , m, let ψi = hh, ki be a pair of distinct numbers h, k ∈ {1, . . . , r}, h ,
k such that ψi , ψ j whenever i , j. This choice is possible since there are r(r − 1)
such pairs and r(r − 1) ≥ m was assumed. Given any j-ary tuple θ, we use θ(k) to
denote the kth component of θ for k = 1, . . . , j. In particular, we use the notation
ψi (ν( j)) (i = 1, . . . , m, j = 1, . . . , s) with tuples ν ∈ {1, 2} s below.
Let B be a fresh concept name – we will use it to mark certain distinct Rsuccessors that the datalog program must ensure to exist. We construct the following datalog rules and programs:
(i) for all e, f ∈ {d1 , . . . , dr , c1 , . . . , cm+l } with e , f :
B(e) ∧ B( f ) ∧ e ≈ f → ⊥,
B(e) → R(c, e),
(ii) for all i ∈ {1, . . . , r}:
B(di ),
dlga ({di } ⊑ D1 ),
(iii) for all i ∈ {1, . . . , m}, ν ∈ {1, 2} s , h ∈ {1, . . . , s}:
R(c, eih ),
dlga ({eih } ⊑ D1 ),
for all j ∈ {1, . . . , r}, j , ψi (1), j , ψi (2): eih ≈ d j → ⊥,
ei1 ≈ dψi (ν(1)) ∧ . . . ∧ eis ≈ dψi (ν(s)) → A(ci ) for a fresh concept name A,
A(ci ) → B(ci ),
datalog(φi (v))|A(ci ) ,
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(iv) for all i, j ∈ {1, . . . , m} with i , j, for all h ∈ {1, . . . , s}:
if there is k ∈ {1, 2} such that ψi (k) = ψ j (k): eih ≈ e jh → eih ≈ dψi (k) ,
otherwise: eih ≈ e jh → ⊥,
(v) for all i ∈ {1, . . . , l}, j ∈ {1, . . . , r}:
R(c, fi ),
dlga ({ fi } ⊑ D1 ),
fi ≈ d j → A(cm+i ) for a fresh concept name A,
A(cm+i ) → B(cm+i ),
dlga ({cm+i } ⊑ Cm+i )|A(cm+i ) ,
(vi) for all e ∈ { f1 , . . . , fl , e11 , . . . , e1s , . . . , em1 , . . . , ems }:
for all f ∈ { f1 , . . . , fl } with e , f : f ≈ e → f ≈ d1 ,
for all f ∈ {c1 , . . . , cm+l }: B( f ) ∧ f ≈ e → ⊥.
Now dlga ({c} ⊑ C) is defined as the union of PInv and all rules and programs
constructed above.
It remains to show that dlga ({c} ⊑ C) that semantically emulates {c} ⊑ C. For
the one direction, consider any model I of {c} ⊑ C. Select n distinct R-successors
δ1 , . . . , δn of cI such that δi ∈ (D1 ⊔ D2 ⊔ D3 )I for all i = 1, . . . , n. By Proposition 7.4.5, for all i ∈ {1, . . . , m}, if cIi ∈ CiI then there is an extended interpretation
Ii such that Ii |= KBi for some KBi ∈ K{ci }⊑Ci . As in the proof of Lemma 7.4.7
above, we can find an extended interpretation J ′ such that J ′ |= KBi . Using
a similar argument, we can chose J ′ such that J ′ |= dlga ({c j } ⊑ C j ) for each
j ∈ {m + 1, . . . , m + l} for which cIj ∈ C Ij .
A model J of dlga ({c} ⊑ C) is defined by further extending J ′ . At least r
elements δ ∈ {δ1 , . . . , δn } must satisfy δ ∈ DI1 – w.l.o.g. we assume that this is the
case for δ1 , . . . , δr . Then set diJ ≔ δi for all i ∈ {1, . . . , r}.
Now select an injective function σ : {1, . . . , m + l} → {1, . . . , n} such that
σ(i) = j if cIi ∈ CiI , cIi = δ j for some j ∈ {1, . . . , n} and there is no i′ < i such that
cIi′ = δ j ; and σ(i) ∈ DI1 otherwise. Such a function clearly exists. Consider some
i ∈ {1, . . . , m}. If δIσ(i) ∈ DI1 , then set eJ
ih ≔ σ(i) for each h ∈ {1, . . . , s}. Otherwise,
I
I
I
δσ(i) = ci and ci ∈ Ci . In this case, let ν ∈ {1, 2} s be such that KBi = φi (ν),
J
and define eJ
ih ≔ dψi (ν(h)) for each h ∈ {1, . . . , s}. Finally, for i ∈ {1, . . . , l}, define
fiJ ≔ δσ(m+i) .
By the assumption of the lemma, for each program of the form dlga ({e} ⊑ D)
that is constructed in rules (ii), (iii), and (v), we can extend J to symbols of
dlga ({e} ⊑ D) so that the respective programs are satisfied. For B we select the
smallest extensions BJ for which the rules of (ii), (iii), and (v) that use B are
satisfied. It is easy to check that the rules of (i) are satisfied. Similarly, we assign
minimal extensions to all auxiliary concept names A introduced in (iii) and (v).
Now it is not hard to check that J satisfies all rules of (i)–(vi) as required.
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C

dlga ({c} ⊑ C)

D ∈ DH

dlgH (X ⊑ D) ∪ {X(c)}

D1 ⊓ D2

dlga ({c} ⊑ D1 ) ∪ dlga ({c} ⊑ D2 )

D1 ⊔ D2 ∈ (Da ⊔ DB ) dlgB (¬X ⊑ D2 ) ∪ dlga ({c} ⊑ D1 )|X(c)
>n R.⊤
{R(c, a1 ), . . . , R(c, an )} ∪ PInv
>n R.D (D , ⊤)
dlga ({c} ⊑ C) as defined in Lemma 7.4.6, 7.4.7, and 7.4.8
X a fresh concept name, ai fresh constants

Figure 7.9: Transforming axioms {I} ⊑ Da to datalog
For the other direction, consider any model I of dlga ({c} ⊑ C). The rules of (ii)
establish r distinct R-successors d1 , . . . , dr of c that are in D1 . For any i ∈ {1, . . . , l},
the rules of (iv) ensure that fi is not equal to any c j in B. The rules of (v) leave
two possibilities. Either fi is equal to some constant d j , in which case cm+i is an
R-successor of c that is in Cm+i , and that is distinct from all other ch and dh by (i).
Or fi is not equal to any constant d j or fh (h , i), and thus not equal to any ehk
either (vi); so fi constitutes a new R-successor of c that is in D1 .
For any i ∈ {1, . . . , m}, if some eih is not equal to dψi (1) or dψi (2) , then the rules
of (iii) and (iv) ensure that eih is not equal to any other constant of the form d j
or e jk . Rules (iv) ensure that eih is also not equal to any constant of the form f j ,
and thus eih constitutes an additional R-successor of c that is in D1 . If no such eih
exists, then a rule of (iii) applies for some ν ∈ {1, 2} s , implying that cIi ∈ AI for
the respective fresh concept name A. But then the rules of (iii) together with the
assumptions of the lemma imply that I |= φi (ν) ∈ K{ci }⊑Ci . By Proposition 7.4.5,
we find that cIi ∈ CiI . Rules (i) and (iv) ensure that ci is distinct from the remaining
R-successors. Overall, we thus obtain r + m + l = n distinct R-successors of c that
belong to D1 ⊔ D2 ⊔ D3 .

Lemma 7.4.9 Consider a concept C ∈ Da and constant c such that every datalog
program dlga ({c} ⊑ D) (dlgH (X ⊑ D)) on the right-hand side of Fig. 7.9 semantically emulates {c} ⊑ D (X ⊑ D). Then the datalog program dlga ({c} ⊑ C) as
defined in Fig. 7.9 semantically emulates {c} ⊑ C.
Proof. The proof proceeds by induction. The complex cases have already been
established in Lemma 7.4.6, 7.4.7, and 7.4.8. The remaining induction steps are
very similar to the steps in Lemma 7.4.1 and 7.4.2.

We can now complete our induction by summarising the previous lemmata.
Proposition 7.4.10 Consider concepts C ∈ DH , D ∈ Da , a concept name A, and
a constant symbol c. Lemma 7.4.1, 7.4.2, 7.4.6, 7.4.7, 7.4.8, and 7.4.9 together
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define a recursive construction procedure for datalog programs dlgH (A ⊑ C) and
dlga ({c} ⊑ D) that semantically emulate A ⊑ C and {c} ⊑ D, respectively.
Proof. The mentioned results are the basis for establishing an inductive argument to proof the claim. Lemma 7.4.6, 7.4.7 and 7.4.8 require the existence of
certain datalog programs datalog(KB). For this proof, we define datalog(KB) ≔
{dlgB (¬A ⊑ E) | ¬A ⊑ E ∈ KB} ∪ {dlgH (A ⊑ E) | A ⊑ E ∈ KB} ∪ {dlga ({ f } ⊑ E) |
{ f } ⊑ E ∈ KB} (we provide a more general definition of datalog(KB) for other
forms knowledge bases at the end of this section). According to Lemma 7.4.4 this
definition is well and covers all axioms that can occur in KB.
It remains to show that the preconditions of each induction step are indeed satisfied by applying the induction hypothesis that the claim hold for proper subconcepts of the considered concepts. This is obvious whenever preconditions require
the claim to hold for programs of the form dlgH (A′ ⊑ C ′ ) or dlga ({c′ } ⊑ D′ ) where
C ′ and D′ are proper subconcepts of C and D, respectively.
The induction steps for dlga ({c} ⊑ D), however, need to use Lemma 7.4.6,
7.4.7 which 7.4.8 additionally require that, for a proper subconcept D′ of D and
some KB ∈ K{c′ }⊑D′ , the claim holds for all programs dlgH (A ⊑ E) with A ⊑
E ∈ KB and for all programs dlga ({ f } ⊑ E) with { f } ⊑ E ∈ KB (the translations
dlgB (¬A ⊑ E) are always given by Lemma 7.4.1). Inspecting Definition 7.4.3, we
find that most axioms in knowledge bases of K{c′ }⊑D′ are of the form C ⊑ D′′ with
D′′ a proper subconcept of D′ , so that the induction hypothesis applies. However,
all cases other than (1), (2), and (3c) also introduce additional axioms that are not
referring to subconcepts. By checking the recursive definitions of these axioms, it
is easy to see that the claim holds for all axioms of this form.

We still need to show that the “propositional” concepts in D=n can also be
emulated in datalog.
Lemma 7.4.11 For every concept C ∈ D=n for some n ≥ 1, one can construct a
datalog program datalog(C) that semantically emulates C.
Proof. C is of the form ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cn } ⊓ Cn ) with C1 ∈ CHp and Ci ∈ C=i
⊥
for i = 2, . . . , n. It is not hard to see that C is semantically equivalent to {c1 } ⊓ C1 .
This is shown by induction over n. Clearly, all models of C have domains with at
most n elements. By Lemma 7.3.6, for all n > 2, ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cn } ⊓ Cn ) is
semantically equivalent to ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cn−1 } ⊓ Cn−1 ), as required.
All models of {c1 } ⊓ C1 have a unary domain, so that further simplifications
are possible. Given any concept D in DLP normal form, let φ(D) be the concept
that is obtained by exhaustively applying the following rules:
– If D has a subconcept >1 R.E, replace this subconcept by E ⊓ ∃R.Self.
– If D has a subconcept >m R.E with m > 1, replace this subconcept by ⊥.
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α

dlg(α) \ PInv

Ref(R)

{R(x, x)}

Irr(R)

{R(x, x) → ⊥}

Sym(R)

{R(x, y) → R(y, x)}

Asy(R)

{R(x, y) ∧ R(y, x) → ⊥}

Dis(R1 , R2 )

{R1 (x, y) ∧ R2 (x, y) → ⊥}

Tra(R)

{R(x, y) ∧ R(y, z) → R(x, z)}

R1 ◦ R2 ◦ . . . ◦ Rn ⊑ R

{R1 (x0 , x1 ) ∧ . . . ∧ Rn (xn−1 , xn ) → R(x0 , xn )}

Figure 7.10: Transforming SROIQ RBox axioms to datalog
– If D has a subconcept 6m R.¬E with m > 1, replace this subconcept by ⊤.
It is easy to check that D ∈ CBp implies DLPNF(φ(D)) ∈ DB , and that D ∈ CHp
implies DLPNF(φ(D)) ∈ DH . Clearly, {c1 } ⊓ C1 is semantically equivalent to
{c1 } ⊓ φ(C1 ), which is in turn equivalent to the knowledge base {⊤ ⊑ {c1 }, {c1 } ⊑
φ(C1 )}. Thus, by Proposition 7.4.10, C is semantically emulated by datalog(C) ≔
{x ≈ c1 } ∪ dlga ({c1 } ⊑ DLPNF(φ(C1 ))) as long as DLPNF(φ(C1 )) < {⊤, ⊥}. If
DLPNF(φ(C1 )) = ⊤ set datalog(C) ≔ {}. If DLPNF(φ(C1 )) = ⊥ set datalog(C) ≔
{⊤ → ⊥} (the unsatisfiable rule with empty body and head).

To obtain the main result of this section, it remains to show that RBox and
ABox axioms in DLP can also be emulated in datalog.
Theorem 7.4.12 For every DLP axiom α as in Definition 7.3.5, one can construct a datalog program datalog(α) that semantically emulates α.
Proof. If α is a TBox axiom of the form C ⊑ D, then set E ≔ DLPNF(¬C ⊔ D).
If E = ⊤ then datalog(α) ≔ {}. If E = ⊥ of E ∈ C,⊤ then datalog(α) ≔
{⊤ → ⊥} (the unsatisfiable rule with empty body and head). It is easy to see, that
concepts of the form C,⊤ are indeed unsatisfiable when used as axioms. If E ∈ D=n
for some n ≥ 1 then set datalog(α) ≔ datalog(E) as defined in Lemma 7.4.11.
Finally, if E ∈ DH then set datalog(α) ≔ dlgH (A ⊑ E) ∪ {A(x)} as defined in
Proposition 7.4.10, where A is a fresh concept name.
If α is an ABox axiom of the form C(a) with DLPNF(C) ∈ Da then define
datalog(α) ≔ dlga ({a} ⊑ DLPNF(C)) as given in Proposition 7.4.10.
If α is an RBox axiom then dlgR (α) is obtained as the union of PInv and the
rules given in Fig. 7.10. Set datalog(α) ≔ dlgR (α). It is easy to see that this datalog
program satisfies the claim.
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Model Constructions for Datalog

In this section, we introduce constructions on first-order logic interpretations that
will be essential for showing that certain formulae cannot be in DLP. The general
approach is to find operations that preserve models for datalog programs, i.e. operations under which the set of models of any datalog program must be closed. A
well-known model construction in logic programming is the intersection of two
Herbrand models, and it is well-known that Horn logic is closed under such intersections. The next definition generalises intersections in two ways: on the one
hand, it uses functions to allow for interpretations with different (non-Herbrand)
domains; on the other hand, it allows us to construct additional domain elements
as feature combinations of existing elements.
Definition 7.5.1 Consider a datalog signature S and two interpretations I1 and
I2 over that signature. Consider a set ∆ and functions µ : ∆ → ∆I1 and ν : ∆ →
∆I2 such that, for each constant c in S , there is exactly one element δc ∈ ∆ for
which µ(δc ) = cI1 and ν(δc ) = cI2 . The product interpretation J = I1 ×µ,ν I2 is
defined as follows:
– ∆J ≔ ∆,
– for each constant c in S , set cJ ≔ δc ,



– for each n-ary predicate symbol p and n-tuple δ̄ ∈ ∆n , set δ̄ ∈ pJ iff µ(δ̄) ∈ pI1
and ν(δ̄) ∈ pI2 , where µ(δ̄) and ν(δ̄) denote the tuples obtained by applying µ
and ν to each component of δ̄.
The previous definition does not imply that constants have distinct interpretations: δc = δd if and only if cI1 = dI1 and cI2 = dI2 . As the definition of equality in
product models is similar to the definition of predicate extensions, it is convenient
to formulate Definition 7.5.1 for first-order logic without equality, assuming that
≈ is introduced by the well-known axiomatisation of its properties as discussed in
Section 4.1.3. A direct definition for FOL≈ is straightforward.
The construction of product interpretation can be considered as a combination
of direct product and sub-model constructions known in model theory [CK90].
The essential property of product interpretations is the following:
Proposition 7.5.2 Consider a signature S , interpretations I1 and I2 , and functions µ : ∆ → ∆I1 and ν : ∆ → ∆I2 as in Definition 7.5.1. Then, for every datalog
program P over S , we find that I1 |= P and I2 |= P implies I1 ×µ,ν I2 |= P.
Proof. Let J ≔ I1 ×µ,ν I2 . Consider any rule B → H in P, and a variable
assignment Z for J such that J, Z |= B. Define a variable assignment Z1 for I1
by setting Z1 (x) ≔ µ(Z(x)). By Definition 7.5.1, it is easy to see that I1 , Z1 |= B,
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and thus I1 , Z1 |= H. Analogously, we construct a variable assignment Z2 such
that I2 , Z2 |= B and I2 , Z2 |= H. It is easy to see that this implies J, Z |= H as
required.

A well-known special case of the above product construction is obtained for
∆ = ∆I1 × ∆I2 with µ and ν being the projections to the first and second component of each pair in ∆. It turns out that this canonical product construction
is not sufficient to detect all cases of knowledge bases that cannot be FOL≈ emulated in datalog. For example, the set of models of the non-DLP axiom {a} ⊑
>2 R.(¬{b} ⊔ 61 S .¬A) is closed under canonical products. The more general construction above is needed to address such cases.
When using Proposition 7.5.2 to show that a knowledge base cannot be FOL≈ emulated in datalog, it must be taken into account that FOL≈ -emulation is not as
strong as semantic equivalence. It is not sufficient to show that the models of
a knowledge base are not closed under products. For example, the DLP axiom
{a} ⊑ >1 R.⊤ has a model I with domain ∆I ≔ {a, x}, aI ≔ a, and RI ≔ ha, xi.
Yet, the function µ : {a} → {a, x} with µ(a) = a can be used to construct an interpretation I ×µ,µ I that is not a model of the axiom. Note that all preconditions of
Definition 7.5.1 are satisfied. Proposition 7.5.2 allows us to conclude that there is
no datalog program that is semantically equivalent to {a} ⊑ >1 R.⊤, but not that
there is no such program FOL≈ -emulating the axiom. To show that a knowledge
base cannot even be emulated in datalog, we therefore use the following observation.
Lemma 7.5.3 Consider a knowledge base KB over some signature S . If there
are FOL≈ theories T 1 and T 2 over S such that:
– KB ∪ T 1 and KB ∪ T 2 are satisfiable, and
– for every pair of models I1 |= KB∪T 1 and I2 |= KB∪T 2 , possibly based on an
extended signature S ′ , there are functions µ and ν such that I1 ×µ,ν I2 6|= KB,
then KB cannot be FOL≈ -emulated in datalog.
If T 1 = T 2 then this conclusion can also be obtained if the precondition only
holds for pairs of equal models I1 = I2 .
Proof. For a contradiction, suppose that the preconditions of the lemma hold
and there is a datalog program P that FOL≈ -emulates KB. Then P ∪ KB ∪ T i is
satisfied by some model Ii of P for each i = 1, 2, where the relevant signature of
P may be larger than the signature of KB. Let J = I1 ×µ,ν I2 denote the product
interpretation from the second condition. Applying Proposition 7.5.2, we find that
J is a model of P that is not a model of KB. But then the union of P with a FOL≈
formula of S that is semantically equivalent to the negation of the conjunction of
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all axioms in KB is satisfiable, contradicting the supposed FOL≈ -emulation. The
last part of the claim is obvious.

The optional extension of the signature in the previous lemma can be important since the preconditions of Definition 7.5.1 require that the domain of the
constructed model contains elements for all constant symbols.
As a simple example for this approach, we show that KB = {⊤ ⊑ A⊔ B} cannot
be FOL≈ -emulated in datalog. Define auxiliary knowledge bases KB1 = {A ⊑ ⊥}
and KB2 = {B ⊑ ⊥}. Clearly, KB ∪ KB1 and KB ∪ KB2 are satisfied by some
models I1 and I2 , respectively. However, it is easy to see that no product of I1
and I2 can be a model of KB – independent of the choice of µ and ν – since the
extensions of A and B must always be empty in such a product.
Of course there are other examples for which µ and ν must be chosen more
carefully. In particular, it is sometimes necessary to restrict the amount of new
elements that are introduced by the product. The following definition provides a
useful notation for such a restricted form of products that will be sufficient for
most applications:
Definition 7.5.4 Consider interpretations I1 and I2 over a signature S , and let I
be the set of constants in S . Given a set S ⊆ I × I, functions µ : ∆ → ∆I1 and
ν : ∆ → ∆I2 are defined as follows:
– ∆ ≔ S ∪ {hc, ci | c ∈ I},
– µ(hc, di) ≔ cI1 ,

I1 ×S I2 denotes the product interpretation I1 ×µ,ν I2 for these functions.



– ν(hc, di) ≔ dI2 .

A special aspect of the previous definition is that it restricts attention to named
elements – elements that are represented by some individual name – in the original
models. It is an easy corollary of Proposition 7.5.2 that all other elements are
indeed irrelevant for satisfying a datalog program.

7.6

Showing Structural Maximality of DLP

In this section, we show that the earlier definition of DLP is indeed maximal
for the underlying principles. The proof mainly uses the principle of structurality
(DLP 6) due to which it suffices to show that structural concept expressions that
are not in DLP cannot be FOL≈ -emulated in datalog. To this end, we generally
use the strategy suggested by Lemma 7.5.3. The below discussions often use datalog rules or DL axioms in the context of first-order logic to conveniently denote an
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arbitrary FOL≈ theory of the same semantics, as obtained by any of the standard
translations. Especially, this abbreviated form never refers to the more complex
datalog transformation of DLP concepts, and it is only used when syntactic details are not relevant. Moreover, we assume that ≈ always denotes the equality
predicate, and do not explicitly provide an axiomatisation for it.
The outline of the proof is as follows. We start by specifying some useful
kinds of auxiliary datalog programs in Definition 7.6.1 and 7.6.2. The first major
class of concept expressions is excluded by Proposition 7.6.6 which shows that
concepts that are not in D+a can usually not be emulated in datalog. This result
is prepared by Lemma 7.6.3, Lemma 7.6.4, and Lemma 7.6.5. These lemmata
also are of some utility later on, since they can be used to exclude most forms of
existential statements from DLP.
The second main ingredient of the maximality proof is Corollary 7.6.9. It extends Proposition 7.6.6 by establishing that concepts can typically not be emulated
in datalog if they are not in DH . The chief insight that leads to this result is formulated in Lemma 7.6.8 which sports the most complex proof of this section. After
this, it is comparatively easy to establish Lemma 7.6.10 to treat some pathological cases that had been excluded from the earlier considerations. In particular, it
includes the “propositional” case where a DL concept enforces a unary interpretation domain.
The outcomes of Proposition 7.6.6, Corollary 7.6.9, and Lemma 7.6.10 are
finally summarised in the main Theorem 7.6.11.
To pursue the proof strategy outlined by Lemma 7.5.3, our main work consists in specifying suitable auxiliary theories T 1 and T 2 . To simplify this task, we
first define some auxiliary theories that will be used frequently. Many of these
constructions have the additional advantage of being in datalog – with the important consequence that they are still satisfied by product interpretations (Proposition 7.5.2). Often this is relevant for showing that said product interpretations
cannot satisfy a given non-DLP concept.
Whereas many concept expressions C cannot be FOL≈ -emulated in datalog,
it is usually possible to specify a datalog program that entails {c} ⊑ C for a given
constant c by specifying sufficient properties that c must satisfy for this to be true.
This only fails if C is structurally unsatisfiable. The below construction generalises
this idea to any number of constants, and to the dual case where {c} ⊑ ¬C is
entailed. The constructions in Definition 7.6.1 and 7.6.2 should be compared to
the simpler cases discussed in Definition 7.2.5 which serve essentially the same
purpose for ALC.
Definition 7.6.1 Consider a name-separated concept C in positive normal form,
and individual names c0 , . . . , cn for n ≥ 0.
If C < L≤n the datalog program ~c0 , . . . , cn ∈ C is defined recursively as follows:
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– If C = ⊤ or C = >0 R.D then ~c0 , . . . , cn ∈ C ≔ ∅.
– If C = {d} then n = 0 and ~c0 ∈ C ≔ {c0 ≈ d}.
– If C is of the form A, ¬A, ¬{I}, ∃R.Self, or ¬∃R.Self, then ~c0 , . . . , cn ∈ C ≔
S
0≤i≤n datalog({ci } ⊑ C).

– C = D1 ⊓ D2 , then Di < L≤n for i = 1, 2, and ~c0 , . . . , cn ∈ C ≔ ~c0 , . . . , cn ∈
D1  ∪ ~c0 , . . . , cn ∈ D2 .
– If C = D1 ⊔ D2 with D1 < L≤n , then ~c0 , . . . , cn ∈ C ≔ ~c0 , . . . , cn ∈ D1 .

– If C = D1 ⊔ D2 with D1 ∈ L≤m′ and D1 ∈ L≤m′′ such that m′ + m′′ = n − 1, then
~c0 , . . . , cn ∈ C ≔ ~c0 , . . . , cm′ ∈ D1  ∪ ~cm′ +1 , . . . , cm′ +m′′ +1 ∈ D2 .
– If C = >m R.D with m ≥ 1, consider fresh constants d0 , . . . , dm , and define
~c0 , . . . , cn ∈ C ≔ ~d0 , . . . , dm ∈ D ∪ {R(ci , d j ) | 0 ≤ i ≤ n, 0 ≤ j ≤ m} ∪ {di ≈
d j → ⊥ | 0 ≤ i < j ≤ m}.
– If C = 6m R.¬D, then ~c0 , . . . , cn ∈ C ≔ {x ≈ ci ∧ R(x, y) → ⊥ | 1 ≤ i ≤ n}.



If C < L≥ω−n then define a datalog program ~c0 , . . . , cn < C ≔ ~c0 , . . . , cn ∈
pNNF(¬C).
Note that the given cases directly follow the definition of L≤n in Fig. 7.4. Also
note that ~c0 , . . . , cn ∈ C and ~c0 , . . . , cn < C are satisfiable, even if we additionally require that all constants ci are mutually unequal (which is not implied by the
datalog programs).
Definition 7.6.1 can be viewed as a way to entail statements of the form
{c0 } ⊔ . . . ⊔ {cn } ⊑ C if C < L≤n . For cases where C is not in L≤n for any n ≥ 0 this
approach can be generalised to entail statements of the form D ⊑ C for a more
general class of concepts D. The necessary construction is provided by the following definition which is very similar to Definition 7.6.1. We provide an alternative
perspective and specify the dual case – entailing C ⊑ D in cases where C < L≥ω−n
for all m ≥ 0 – which is the only case that is needed in our subsequent arguments.
Definition 7.6.2 Consider a name-separated concept C in positive normal form,
and a concept D ∈ DH .
If C < L≥ω−m for any m ≥ 0, the datalog program ~C ⊑ D≤ is defined
recursively as follows:
– If C = ⊥ then ~C ⊑ D≤ ≔ ∅.
– If C is of the form A, {I}, or ∃R.Self, then ~C ⊑ D≤ ≔ datalog(C ⊑ D).
– If C is of the form ¬A, or ¬∃R.Self, then ~C ⊑ D≤ ≔ datalog(C ⊑ ⊥).
– If C = D1 ⊔ D2 , then Di < L≥ω−m for any m ≥ 0 (i = 1, 2), and ~C ⊑ D≤ ≔
~D1 ⊑ D≤ ∪ ~D2 ⊑ D≤ .
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– If C = D1 ⊓ D2 with D1 < L≥ω−m for any m ≥ 0, then ~C ⊑ D≤ ≔ ~D1 ⊑ D≤ .

– If C = >m R.E, then ~C ⊑ D≤ ≔ datalog(>1 R.⊤ ⊑ D).



– If C = 6m R.¬E, consider fresh constants d0 , . . . , dm , and set ~C ⊑ D≤ ≔
S
~d0 , . . . , dm < E ∪ {di ≈ d j → ⊥ | 0 ≤ i < j ≤ m} ∪ 0≤i≤m datalog(>1 R.{di }).
It should be noted that the cases of the definition are indeed exhaustive. Also
observe that ~C ⊑ D≤ is always satisfiable, where D , ⊥ is important to ensure
that this is actually true for cases like ~{c} ⊑ D≤ . This also shows that ~C ⊑
A≤ ∪ {A ⊑ ⊥} cannot be assumed to be satisfiable in general.
Some further observations should be made in order to understand how Definitions 7.6.1 and 7.6.2 can be used when discussing datalog emulation. The constructions in both cases do certainly not FOL≈ -emulate the statement that they
entail. For example, ~c ∈ C enforces one particular case for which {c} ⊑ C; it
does in general not describe all such cases. Moreover, the program ~C ⊑ D≤ may
enforce a much stronger condition such as C ⊑ ⊥ as in the case of C = 6m R.¬E.
This illustrates that the extension of C can be constrained by ~C ⊑ D≤ . Conversely, a knowledge base ~A ⊔ B ⊑ D≤ might entail the stronger statement
A ⊑ D.
Luckily, as long as structurality is assumed, the knowledge bases of Definition 7.6.1 and 7.6.2 hardly semantically interact with concept expressions other
than those that they are constructed from. Yet, it must be noted that ~c0 , . . . , cn ∈
C may introduce mutually unequal individuals di for the case C = >m R.D, and
that two distinct individuals are already required if C = ¬{d}. This effect can occur for all of the above constructions. Logical theories in FOL≈ can restrict the
maximum size of the domain, and the same is accomplished by DL axioms that
correspond to concept expressions in L≤m for some m ≥ 0. We need to exclude
this possibility when using the above definitions.
The previous discussion shows that it is important to carefully check all uses
of Definitions 7.6.1 and 7.6.2 to avoid undesired semantic ramifications. A useful
intuition is that the constructed theories enforce a simplification upon C that allows us to disregard the concept’s internal structure. As an example of a typical
usage of these constructions, consider the axiom α = {a} ⊑ C1 ⊔ C2 with C2 < L⊤ .
Then α ∪ ~a < C2  implies {{a} ⊑ C1 }.3 So ~a < C2  allowed us to dismiss an
“uninteresting” C2 to focus on the impact of C1 .
The following lemmata use the product construction to create elements that
are not in a given concept’s extension, where we usually use the abbreviated product construction of Definition 7.5.4. In the weakest case, elements outside the
extension must be provided to achieve this (Lemma 7.6.3). With stronger side
3

This implication is not quite a FOL≈ -emulation since ~a < C2  can require a minimal domain
cardinality, as discussed above.
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conditions, some or even all of the elements can be part of the concept extension
(Lemma 7.6.4 and 7.6.5). The lemmata are essential ingredients for showing that
subconcepts that are not in D+a cannot occur in any DLP concept that is in normal
form, and the assumptions of the lemma are therefore motivated by the definition
of D+a .
Lemma 7.6.3 Consider a name-separated concept C in DLP normal form such
that C , ⊥ and C < D≥ω−n for all n ≥ 0 (in particular C , ⊤). Let c0 , . . . , cn be
fresh constants. There is a consistent datalog program ~c0 , . . . , cn < C× such that
– ~c0 , . . . , cn < C× |= ¬(ci ≈ c j ) for all i, j ∈ {0, . . . , n} with i , j,
– ~c0 , . . . , cn < C× |= {ci } ⊑ ¬C for all i = 0, . . . , n,
– for all models I1 , I2 of ~c0 , . . . , cn < C× , and any set of constants N ⊆ I with
{c0 , . . . , cn } ⊆ N, the product J = I1 ×(N×N) I2 is such that hci , c j i < C J for all
i, j ∈ {0, . . . , n}.
Proof. Using a fresh concept name A, we define ~c0 , . . . , cn < C× ≔ ~C ⊑
¬A≤ ∪ {A(ci ) | 0 ≤ i ≤ n} ∪ {ci ≈ c j → ⊥ | 0 ≤ i < j ≤ n}. Given models I1 and
I2 of ~c0 , . . . , cn < C× , and J = I1 ×(N×N) I2 , we find that hci , c j i ∈ AJ for all
i, j ∈ {0, . . . , n}. Since ~c0 , . . . , cn < C× is in datalog, it is satisfied by J, and thus
we conclude hci , c j i < C J for all i, j ∈ {0, . . . , n} as required.

The next lemma considers concepts C < D+B . The lemma is also stated for sets
of individuals, and additional care is now needed to ensure that it is possible for
C to have a set of (distinct) instances. It is not enough to assume C < D≤n for
some or all n ≥ 0 since this pre-condition cannot be preserved by all recursive
constructions. Namely, the recursion in the case C = D1 ⊔ D2 must be based on
the one subconcept Di for which we have Di < D+B , but there is no reason for
Di < D≤n to hold for any n ≥ 1 (only n = 0 is excluded since C is in DLP normal
form). This explains why the lemma considers multiple individuals c0 , . . . , cn only
in cases where this problem can be avoided.
Lemma 7.6.4 Consider a name-separated concept C in DLP normal form such
that C < D+B , and C does not have a subconcept D < D+a . Let n ≥ 0 be such that
n = 0 if C is a disjunction or C ∈ D≤k for some k ≥ 0, and consider fresh constants c0 , . . . , cn , d0 , . . . , dm . There is a consistent datalog program ~c0 , . . . , cn ∈
C, d0 , . . . , dm < C× and according set M ≔ {c0 , . . . , cn , d0 , . . . , dm } ∪ {c ∈ I |
c occurs in ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× } such that
– ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× |= ¬(e ≈ f ) for all e, f ∈ {c0 , . . . , cn , d0 , . . . , dm }
with e , f ,
– ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× |= {ci } ⊑ C for all i = 0, . . . , n,
153

The Datalog Fragment of Description Logic
– ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× |= {di } ⊑ ¬C for all i = 0, . . . , m,
– for all models I1 , I2 of ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× , and any set of
constants N ⊆ I with M ⊆ N, the product J = I1 ×(N×N) I2 is such that
hci , d j i < C J for all i ∈ {0, . . . , n} and j ∈ {0, . . . , m}.
Proof. Note that the conditions imply that C ∈ D+a , and hence C < {⊤, ⊥}.
Set P ≔ {e ≈ f → ⊥ | e, f ∈ {c0 , . . . , cn , d0 , . . . , dm }, e , f }. We define
~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× recursively based on the structure of C, and we
inductively show that it has the required properties. Both parts can conveniently
be interleaved. Thus, in each of the following cases, let I1 and I2 be models of
the ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× just defined, and let J be the product interpretation as in the claim:
– If C has the form A, {I} or ∃R.Self, then ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× ≔
P ∪ ~c0 , . . . , cn ∈ C ∪ ~d0 , . . . , dm < C.
It is easy to see that J satisfies the claim. Note that the pre-conditions of the
lemma imply n = 0 whenever C ∈ {I}.
– If C = D1 ⊓ D2 with D1 < D+B , then ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× ≔
~c0 , . . . , cn ∈ D1 , d0 , . . . , dm < D1 × .
Since I1 and I2 are models of ~c0 , . . . , cn ∈ D1 , d0 , . . . , dm < D1 × , the claim
follows immediately by induction.
– If C = D1 ⊔ D2 with D1 < C+B and D2 < D≥ω−k for all k ≥ 0, then n = 0 is
required. Define ~c0 ∈ C, d0 , . . . , dm < C× ≔ ~c0 ∈ D1 , d0 , . . . , dm < D1 × ∪
~D2 ⊑ {c0 }≤ .
I1 and I2 are models of ~c0 , . . . , cn ∈ D1 , d0 , . . . , dm < D1 × and we can apply
the induction hypothesis. The desired result follows since the product J also
satisfies the datalog program ~D2 ⊑ {c0 }≤ .
– If C = >k R.D with k ≥ 1, then ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× ≔ P ∪
{R(ci , e j ) | 0 ≤ i ≤ n, 1 ≤ j ≤ k} ∪ ~e1 , . . . , ek ∈ D ∪ {R(di , x) → ⊥ | 0 ≤ j ≤ m}
for fresh individual names e1 , . . . , ek .
It is again easy to see that J satisfies the claim.
– If C = 60 R.¬D with D < D+B , then, for a fresh constant e, define ~c0 , . . . , cn ∈
C, d0 , . . . , dm < C× ≔ P ∪ {R(ci , x) → x ≈ e, R(ci , e) | 0 ≤ i ≤ n} ∪ {R(di , f ) |
0 ≤ i ≤ m} ∪ ~e ∈ D, f < D× .
We find that hhci , d j i, he, f ii ∈ RJ for all i ∈ {0, . . . , n} and j ∈ {0, . . . , m}. The
claim follows from the induction hypothesis.
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– If C = 61 R.¬D with D < D≥ω−k for all k ≥ 0, then consider fresh individuals e, f, g. Define ~c0 , . . . , cn ∈ C, d0 , . . . , dm < C× ≔ P ∪ {R(ci , x) → x ≈
e, R(ci , e) | 0 ≤ i ≤ n} ∪ {R(di , f ), R(di , g) | 0 ≤ i ≤ m} ∪ ~e, f, g < D× . Note
that the last component of this union also requires that the individuals denoted
by e, f, g are mutually distinct.
We find that hhci , d j i, he, f ii ∈ RJ and hhci , d j i, he, gii ∈ RJ for all i ∈ {0, . . . , n}
and j ∈ {0, . . . , m}. The claim follows from Lemma 7.6.3.
It should be verified that the given cases are exhaustive. Especially, C = 61 R.¬D
with D < D≥ω−k for all k ≥ 0 is the only case where C = 6k R.¬D for some k ≥ 1 –
all other forms are either in D+B or not in D+a . Moreover, all recursive applications of
the construction satisfy the necessary pre-conditions, especially the requirements
for n ≥ 1 are preserved.

The third and final lemma in this series is only needed for two individuals
so that we can simplify our presentation slightly. However, the construction now
becomes more complex since we can no longer use an auxiliary datalog theory,
and since more care is needed in selecting a suitable product interpretation.
Lemma 7.6.5 Consider a name-separated concept C in DLP normal form such
that C < D+H , and C does not have a subconcept D < D+a . Let c0 , c1 be fresh constants. There is a consistent first-order theory ~c0 , c1 ∈ C× and a set of constants
N ⊆ I such that
– ~c0 , c1 ∈ C× |= ¬(c0 ≈ c1 ),
– ~c0 , c1 ∈ C× |= {ci } ⊑ C for i = 0, 1,
– for all models I of ~c0 , c1 ∈ C× , the product J = I ×(N×N) I is such that
hc0 , c1 i < C J .
Proof. The conditions again imply that C ∈ D+a , and hence C < {⊤, ⊥}. Moreover,
C < D+H and C ∈ D+a implies that C < D≤1 . Indeed, C < D≤0 since C is in DLP
normal form, and thus C ∈ D≤1 would imply that C is of the form {I} ⊓ C+a ⊆ D+1! ⊆
D+H . This property is inherited by subconcepts D of C as long as D < D+H .
We define ~c0 , c1 ∈ C× recursively based on the structure of C, and we inductively show that it has the required properties. Both parts can conveniently be
interleaved. In addition, we also specify a suitable set N of constant symbols to
use in the product construction in the recursion. Thus, in each of the following
cases, let I be a model of the ~c0 , . . . , cn ∈ C× just defined, and let J be the
product interpretation as in the claim.
– If C = D1 ⊔ D2 with D1 , D2 < D+B then ~c0 , c1 ∈ C× ≔ ~c0 ∈ D1 , c1 <
D1 × ∪ ~c1 ∈ D2 , c0 < D2 × and the set N is defined as in Lemma 7.6.4.
Using Lemma 7.6.4, it is easy to see that J satisfies the claim.
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– If C = D1 ⊔ D2 with D1 < D+H and D2 ∈ D+B then consider a fresh concept name
A. Since C < D≥ω−n for all n ≥ 0, the same holds for D1 and D2 . Moreover,
D1 < D≤1 as discussed initially. We thus can define ~c0 , c1 ∈ C× ≔ ~c0 , c1 ∈
D1 × ∪ ~D2 ⊑ ¬A≤ ∪ {A(c0 ), A(c1 )}. The set N is defined to be the same as for
~c0 , c1 ∈ D1 × .
I is a model of ~c0 , c1 ∈ D1 × and we can apply the induction hypothesis. The
desired result follows since the product J also satisfies the datalog program
~D2 ⊑ ¬A≤ ∪ {A(c0 ), A(c1 )} (Proposition 7.5.2).
– If C = D1 ⊓ D2 then we can assume D1 < D+H . Clearly, C < D≤1 implies
D1 , D2 < D≤1 . Thus we can set ~c0 , c1 ∈ C× ≔ ~c0 , c1 ∈ D1 × ∪ ~c0 , c1 ∈ D2 ,
where N is again taken to be the set of constants as defined for ~c0 , c1 ∈ D1 × .
We can again apply the induction hypothesis since I |= ~c0 , c1 ∈ D1 × , and use
the fact that J |= ~c0 , c1 ∈ D2 .
– If C = >n R.D then D < D+n! ∪ D≤n−1 ∪ {⊥}. Since all subconcepts of C are
assumed to be in D+a , we conclude that D < D≤n . Thus we can introduce fresh
individual symbols d0 , . . . , dn and set ~c0 , c1 ∈ C× ≔ ~d0 , . . . , dn ∈ D ∪
W
{¬(e ≈ f ) | e, f ∈ {c0 , c1 , d0 , . . . , dn }, e , f } ∪ {∀x.R(c0 , x) ↔ 0≤i<n x ≈
W
di } ∪ {∀x.R(c1 , x) ↔ 0<i≤n x ≈ di }. Define N ≔ {c0 , c1 }.
We claim that hc0 , c1 i ∈ ∆J is such that hc0 , c1 i < C J . Consider any element
he, f i ∈ ∆J such that hhc0 , c1 i, he, f ii ∈ RJ . By the construction of J, we
have that hcI0 , eI i, hcI1 , f I i ∈ RI , and thus eI = diI and f I = dIj for some
i ∈ {0, . . . , n − 1}, j ∈ {1, . . . , n}. Since the constants di are unequal to c0 , c1 , this
implies that e, f < N, and thus e = f = di = d j . Therefore, he, f i is equal to
diJ for some i ∈ {1, . . . , n − 1} whenever hhc0 , c1 i, he, f ii ∈ RJ , as required for
hc0 , c1 i < C J .

– If C = 60 R.¬D with D < D+H then define ~c0 , c1 ∈ C× ≔ ~c0 , c1 ∈ D× ∪
{R(c0 , c0 ), R(c1 , c1 )}, where N is defined as for ~c0 , c1 ∈ D× .
The claim follows by induction as before.
– If C = 61 R.¬D with D < DB ∪ {⊥} then ~c1 , c0 ∈ C× ≔ ~c0 ∈ D, c1 <
D× ∪ {R(c0 , c0 ), R(c0 , c1 ), R(c1 , c0 ), R(c1 , c1 )}, where N is defined to be the set
M as given in Lemma 7.6.4.
The claim is a consequence of Lemma 7.6.4.
– If C = 6n R.¬D with n ≥ 2 then consider fresh individual symbols c2 , . . . , cn
and define ~c0 , c1 ∈ C× ≔ ~c0 , c1 < D× ∪ ~c2 , . . . , cn < D ∪ {R(ci , c j ) | i ∈
{0, 1}, j ∈ {0, . . . , n}, i , j} ∪ {¬(ci ≈ c j ) | 0 ≤ i < j ≤ n}, where N is defined to
be the set M as given in Lemma 7.6.3.
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It is easy to see that hc0 , c1 i in J has at least n distinct R-successors hci , ci i
(i = 2, . . . , n) and hc1 , c0 i. The former are not in D since J satisfies the datalog
program ~c2 , . . . , cn < D. The latter are not in D by Lemma 7.6.3.
Atomic concepts, nominals, Self restrictions, and their negations do not occur
since C < D+H .

The previous result is used in the following proposition to show that certain
kinds of atmost-concepts are generally excluded from DLP, even if they occur as
subconcepts only.
Proposition 7.6.6 Given a name-separated concept C < {⊤, ⊥} in DLP normal
form, the following three statements are equivalent:
– C < D+a ,
– C has a subconcept D < D+a ,
– C contains a subconcept 6k S .¬F such that F ∈ D+a and F < D≥ω−l for all l ≥ 0
and:
(a) k = 0 and F < D+H ∪ {⊥}, or
(b) k = 1 and F < D+B ∪ {⊥}, or
(c) k ≥ 2.
If these statements hold and, in addition, C < D≤n for all n ≥ 0, and C < C,⊤ ,
then C cannot be FOL≈ -emulated in datalog.
Proof. Note that the preconditions on C imply that {C} is satisfiable. The claimed
equivalence is easily verified by considering the grammar for D+a given in Fig. 7.5,
where it should be noted that some cases are inherited from D+H and D+B . Also
observe that F ∈ D+a is thus equivalent to saying that F has no subconcept E < D+a .
First, we define an auxiliary theory that requires 6k S .¬F to be non-empty in
order for C to be satisfied. As before, we sometimes mix first-order logic and DL
to denote an arbitrary FOL≈ theory that represents the first-order semantics of
this combination. Given a constant symbol c, and a subconcept D of C such that
6k S .¬F is a subconcept of D, we recursively construct a FOL≈ theory T (c, D):
– If D = 6k S .¬F, then T (c, D) ≔ ∅.
– If D = D1 ⊓ D2 with 6k S .¬F a subconcept of D1 , then T (c, D) ≔ T (c, D1 ).
– If D = D1 ⊔ D2 with 6k S .¬F a subconcept of D1 , then T (c, D) ≔ T (c, D1 ) ∪
~c < D2 .
– If D = >n R.D′ , then consider fresh constants c1 , . . . , cn and define T (c, D) ≔
W
{∀x.R(c, x) → 1≤i≤n ci ≈ x} ∪ T (c0 , D′ ).
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– If D = 6n R.¬D′ (with R , S ), then consider fresh constants c0 , . . . , cn and set
V
V
T (c, D) ≔ { 0≤i≤n R(c, ci ) ∧ 0≤i< j≤n ¬(ci ≈ c j )} ∪ ~c1 , . . . , cn < D ∪ T (c0 , D′ ).

Note that T (c, D) is satisfiable, due to structurality of C and the fact that the
subconcept 6k S .¬F cannot be part of a subconcept of the form L⊤ or L⊥ since C
is in DLP normal form. Now the theory T is defined as T ≔ T (c, C) for some fresh
constant c. It is easy to see that T ∪{C} is satisfiable, and that T ∪{C}∪{6k S .¬F ⊑
⊥} is unsatisfiable.
Consider the case k = 0. Let a and b be fresh constants. We use the construction of Lemma 7.6.5 to ensure that every element in the respective product
interpretations has an S -successor ha, bi in ¬F, and N denotes the according set of
constant symbols as in the definition of ~a, b ∈ F× . Some care is needed to ensure
that the auxiliary theory T remains true in any such product interpretation. Thus
define T ′ ≔ T ∪ {¬(c ≈ d) | c ∈ N, d occurs in T } ∪ {∀x.S (x, a) ∧ S (x, b)} ∪ ~a, b ∈
F× . It is not hard to see that T ′ ∪ {C} is satisfiable. For an arbitrary model I of
T ′ ∪ {C}, consider the product interpretation J ≔ I ×(N×N) I. Since J satisfies
∀x.S (x, a) ∧ S (x, b) (by Proposition 7.5.2), we find hδ, ha, bii ∈ S J for all δ ∈ ∆J .
Thus Lemma 7.6.5 entails J |= 60 S .¬F ⊑ ⊥.
Moreover, J satisfies T . This is a consequence of Proposition 7.5.2 for all
axioms of T that are in datalog. The only axioms for which this is not the case are
W
of the form ∀x.R(c, x) → 1≤i≤n ci ≈ x. Consider any element he, f i ∈ ∆J such
that hcJ , he, f ii ∈ RJ . By the construction of J, we have that hcI , eI i, hcI , f I i ∈
RI , and thus eI = cIi and f I = cIj for some i, j ∈ {1, . . . , n}. Since all constants
in N must be unequal to constants ci , this implies that e, f < N, and thus e =
f = ci = c j . Therefore, he, f i is equal to cJ
i for some i ∈ {1, . . . , n} whenever
J
J
hc , he, f ii ∈ R , so that the considered axiom of T is indeed satisfied.
Since T ∪ {C} ∪ {6k S .¬F ⊑ ⊥} is unsatisfiable, this implies J 6|= {C}. This
establishes the preconditions for Lemma 7.5.3 (for the case T 1 = T 2 ) and thus
shows the claim.
The other cases k = 1 and k ≥ 2 are very similar, using constructions ~a ∈
F, b < F× and ~c1 , . . . , ck < F× of Lemma 7.6.4 and 7.6.3. For k = 1, it is
admissible that aI < F I is an S -successor of all elements. For k ≥ 2, k such S successors cI1 , . . . , cIk < F I are allowed. In either case, the product construction
generates further S -successors that require 6k S .¬F to be empty.

Observe how the previous proof depends on using the second pre-condition
of Lemma 7.5.3 where a single model is multiplied with itself. This is essential
to ensure that the auxiliary theory T is satisfied in the product, even though it
contains non-datalog axioms. The above result also marks a case where we really
need product constructions that are different from the canonical product that uses
all pairs of (named) individuals as the new interpretation domain. The auxiliary
theory T in the above case would not generally be satisfied in a canonical product:
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the non-datalog axioms introduced for atleast-restrictions require a fixed set of
successor individuals, whereas a canonical product contains additional successors
that correspond to pairs of the original individuals.
For the remaining steps of the proof, we use some additional auxiliary constructions. The datalog programs of Definitions 7.6.1 and 7.6.2 are not suitable to
isolate properties that exclude a concept from DLP: to the contrary, they simply
enforce certain entailments to override any complex semantic effects. The following definition therefore provides us with knowledge bases that can be used
to “measure” information about the extension of a concept C without enforcing
C ⊑ ⊥. The underlying intuition is that non-emptiness of some concepts can be
ensured to entail positive information. The construction thus can be viewed as a
generalisation of the construction in Lemma 7.2.6 to the more complex case of
SROIQ.
We provide two cases: ~c ∈ C { AB is used to detect whether a constant
c is in C, while ~C { AB≤ is used to detect if C is generally non-empty. Both
constructions can only work (in DLP) if C “contains” positive information, i.e. if
it is not in DB . Note that the constructions can be considered as specialisations of
~a < C and ~C ⊑ A≤ .
Definition 7.6.7 Consider a name-separated concept C in DLP normal form such
that C < DB ∪ {⊥, ⊤} ∪ D≥ω−k for some k ≥ 0. For individual names c0 , . . . , ck and
concepts A0 , . . . , Ak ∈ DH , a datalog program ~c0 , . . . , ck ∈ C { A0 , . . . , Ak B is
defined recursively as follows:
– If C has the form A, {I} or ∃R.Self, then ~c0 , . . . , ck ∈ C { A0 , . . . , Ak B ≔
S
0≤i≤k datalog({ci } ⊓ C ⊑ Ai ).

– If C = D1 ⊓ D2 with D1 < DB , then w.l.o.g. D1 is not a conjunction and
thus D1 < D≥ω−m for all m ≥ 0. Define ~c0 , . . . , ck ∈ C { A0 , . . . , Ak B ≔
~c0 , . . . , ck ∈ D1 { A0 , . . . , Ak B .
– If C = D1 ⊔ D2 with D1 < DB , then D1 , D2 < D≥ω−k . Set ~c0 , . . . , ck ∈ C {
A0 , . . . , Ak B ≔ ~c0 , . . . , ck ∈ D1 { A0 , . . . , Ak B ∪ ~c0 , . . . , ck < D2 .
– If C = >n R.D with n ≥ 1, then ~c0 , . . . , ck ∈ C { A0 , . . . , Ak B ≔ {R(ci , x) →
Ai (ci ) | 0 ≤ i ≤ k}.
– If C = 60 R.¬D, then, for a fresh constant d and fresh concept name B, define
~c0 , . . . , ck ∈ C { A0 , . . . , Ak B ≔ ~d ∈ D { BB ∪ {R(ci , d), B(d) → Ai (ci ) |
0 ≤ i ≤ k}.
– If C = 6n R.¬D with n ≥ 1, then consider fresh constants di (i = 0, . . . , n).
Define ~c0 , . . . , ck ∈ C { A0 , . . . , Ak B ≔ {R(ci , d j ) | 0 ≤ i ≤ k, 0 ≤ j ≤
n} ∪ {d j ≈ dl → Ai (ci ) | 0 ≤ j < l ≤ n, 0 ≤ i ≤ k} ∪ ~d0 , . . . , dn < D.
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Moreover, if C < D≥ω−k for all k ≥ 0, then a datalog program ~C { AB≤ is
defined recursively as follows:
– If C has the form A, {I} or ∃R.Self, then ~C { AB≤ ≔ datalog(C ⊑ A).
– If C = D1 ⊓ D2 with D1 < DB and D1 < D≥ω−n for all n ≥ 0, then ~C { AB≤ ≔
~D1 { AB≤ .
– If C = D1 ⊔ D2 with D1 < DB , then ~C { AB≤ ≔ ~D1 { AB≤ ∪ ~D2 ⊑ A≤ .
– If C = >n R.D with n ≥ 1, then ~C { AB≤ ≔ {R(x, y) → A(x)}.
– If C = 60 R.¬D, then, for a fresh constant c and fresh concept name B, define
~C { AB≤ ≔ ~c ∈ D { BB ∪ {R(x, c), B(c) → A(x)}.



– If C = 6n R.¬D with n ≥ 1, then consider fresh constants ci (i = 0, . . . , n).
Define ~C { AB≤ ≔ {R(x, ci ) | 0 ≤ i ≤ n} ∪ {ci ≈ c j → A(x) | 0 ≤ i < j ≤
n} ∪ ~c0 , . . . , cn < D.
It should be noted that the cases in the previous definition are indeed exhaustive: side conditions usually are only provided to specify a particular situation
that can be assumed without loss of generality. Conditions that follow from the
assumptions are omitted. Observe that the necessary conditions for recursion are
satisfied in all cases of the definition. The choice of D1 in the cases for C = D1 ⊓D2
is possible since we disregard the nesting order of ⊔: if there is some D1 < DB ,
then there is some such D1 that does not have a C≥ disjunct (which is in DB ) while
still D1 < DB . But then this D1 < D≥ω−m for all m ≥ 0 as required.
It is not hard to see that, given the preconditions of Definition 7.6.7, we find
S

that ~c0 , . . . , ck ∈ C { A0 , . . . , Ak B |= 0≤i≤k C ⊓ {ci } ⊑ Ai and ~C { AB≤ |=
C ⊑ A. Notably, the case C = 6n R.¬D uses a different approach than the other
cases: the positive information used to entail non-emptiness of A is found in the
equality relations that are implied between auxiliary constants di .
Observe that the datalog programs of Definition 7.6.7 again may significantly
constrain the extension of C. For example, if C = 61 R.¬⊥ then ~C { AB≤ is
only satisfied by interpretations that entail either C ⊑ ⊥ or ⊤ ⊑ C. This may
entail ⊤ ⊑ A, so we will only use ~C { AB≤ if ⊤ ⊑ A or C ⊑ ⊥ is satisfiable.
Non-emptiness of C might also be unavoidable, so one cannot assume that ~C {
AB≤ ∪ {A ⊑ ⊥} is satisfiable. Yet, the remaining freedom will generally suffice for
our purposes.
Another noteworthy fact is that ~c0 , c1 ∈ C { A0 , A1 B is not the same as
~c0 ∈ C { A0 B ∪ ~c1 ∈ C { A1 B , which is the reason why the definition must
explicitly include cases with k > 0. To see this, consider C = (¬{a} ⊓ ¬{b}) ⊔ B.
Then ~c0 , c1 ∈ C { A0 , A1 B = {B(c0 ) → A0 (c0 ), B(c1 ) → A0 (c1 ), c0 ≈ a, c1 ≈ b}
but ~c0 ∈ C { A0 B ∪ ~c1 ∈ C { A1 B = {B(c0 ) → A0 (c0 ), B(c1 ) → A0 (c1 ), c0 ≈
a, c1 ≈ a}. The latter entails the unwanted consequence c0 ≈ c1 since the auxiliary
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programs ~ci < ¬{a} ⊓ ¬{b} are constructed independently for i = 0, 1 instead of
using ~c0 , c1 < ¬{a} ⊓ ¬{b}.
The following lemma provides some important ingredients for showing maximality of DLP, since it establishes the pre-conditions of Lemma 7.5.3 for broad
classes of concepts.
Lemma 7.6.8 Let C ∈ D+a be a name-separated concept expression in DLP normal form, let I be the set of constants of the given signature, and let a, b, c ∈ I be
arbitrary constants not occurring in C.
(1) If C < DH , then one of the following is true:
– There is a theory T and a set of constants N ⊆ I with a, b ∈ N such
that: given an arbitrary model I of {{a} ⊔ {b} ⊑ C} ∪ T , we find that
J = I ×(N×N) I is such that ha, bi < C J .
– There are theories T 1 , T 2 such that: given arbitrary models Ii of {{a} ⊔
{b} ⊑ C} ∪ T i (i = 1, 2), we find that J = I1 ×(I×I) I2 is such that
ha, bi < C J .
(2) If C < Da , then there are theories T 1 , T 2 such that: given arbitrary models
Ii of {{c} ⊑ C} ∪ T i (i = 1, 2), we find that J = I1 ×(I×I) I2 is such that
cJ = hc, ci < C J .
In all cases, models I, I1 and I2 as described in the claims exist.
Proof. By Proposition 7.6.6, C ∈ D+a implies D ∈ D+a for all subconcepts D of C.
We start by considering claim (1). Claim (2) is shown independently below,
so if C < Da then we obtain theories T 1 and T 2 as in claim (2) for some fresh
constant c. It is easy to see that the theories T i′ ≔ T i ∪ {a ≈ c, b ≈ c} (i = 1, 2)
suffice for establishing claim (1). It remains to show claim (1) for cases where
C ∈ Da . An easy induction can be used to show that D+H ∩ Da ⊆ DH . Hence, using
our assumption that C < DH , we can also conclude C < D+H .
The only remaining cases for claim (1) therefore are such that C < D+H , so that
Lemma 7.6.5 can be applied. Define T ≔ ~a, b ∈ C× , and define N as in the
lemma. The claim follows from Lemma 7.6.5.
For claim (2), we construct theories T 1 = T 1 (c, C) and T 2 = T 2 (c, C) for a fresh
constant c as in the claim. The proof proceeds by induction over the structure of
C. Note that C cannot be an atomic class, nominal, Self restriction, or the negation
thereof.
Consider the case C = D1 ⊓ D2 . Without loss of generality, we find that D1 <
Da . Applying the induction hypothesis, we obtain theories T i (c, C) ≔ T i (c, D1 )
(i = 1, 2) that satisfy the claim.
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Consider the case C = D1 ⊔ D2 . As a first case, assume that D1 < Da . Then
we can define theories T i (c, C) ≔ T i (c, D1 ) ∪ ~c < D2  (i = 1, 2). The claim then
follows from the induction hypothesis together with the fact that every product
interpretation constructed from models of T i (c, C) (i = 1, 2) must also satisfy
~c < D2  by Proposition 7.5.2. The case D2 < Da is similar.
Now assume that C = D1 ⊔ D2 with D1 , D2 < DB . Using fresh concept names
A1 , A2 and the construction of Definition 7.6.7, define T i (c, C) ≔ {Ai (c) → ⊥} ∪
S
any product interpretation J of any two
j=1,2 ~c ∈ D j { A j  B for i = 1, 2. Then
S
models of T i (c, C) (i = 1, 2) satisfies j=1,2 ~c ∈ D j { A j B ∪ {A j (c) → ⊥}, and
hence J 6|= {c} ⊔ Di (i = 1, 2) as required.
Consider the case C = 60 R.¬D with D < DH . Since C ∈ D+a we find D ∈ D+H .
Using D+H ∩ Da ⊆ DH as above, we conclude that D < Da , which allows us to
apply the induction hypothesis. Consider a fresh individual name d and define
T i (c, C) ≔ T i (d, D) ∪ {R(c, d)} (i = 1, 2). Given models Ii of T i (c, C) (i = 1, 2),
the induction hypothesis implies that J ≔ I1 ×(I×I) I2 does not satisfy {d} ⊑ D.
Since J |= R(c, d) we conclude J 6|= {c} ⊑ C.
Consider the case C = 61 R.¬D with D < DB and D < D≥ω−1 . Using fresh
symbols c1 , c2 , A1 , A2 , we define T i (c, C) ≔ {Ai (ci ) → ⊥} ∪ ~c1 , c2 ∈ D {
A1 , A2 B ∪ {R(c, c1 ), R(c, c2 )} for i = 1, 2. Using similar arguments as in the last
case of C = D1 ⊔ D2 , we find that no product interpretation of models of T i (c, C)
(i = 1, 2) can satisfy {c} ⊑ C.
Consider the case C = 6n R.¬D with n ≥ 2 and D < D≥ω−n . Using fresh
individuals symbols c0 , . . . , cn , set T ≔ ~c0 , . . . , cn < D ∪ {R(c, ci | 0 ≤ i ≤ n}.
We define T 1 (c, C) ≔ T ∪ {ci ≈ c j → ⊥ | 1 ≤ i < j ≤ n} and T 2 (c, C) ≔
T ∪ {ci ≈ c j → ⊥ | 0 ≤ i < j ≤ n − 1}. Thus, any model of {{c} ⊑ C} ∪ T 1 (c, C)
({{c} ⊑ C} ∪ T 2 (c, C)) entails c0 ≈ c1 (cn−1 ≈ cn ), but this entailment is lost in every
product interpretation. This shows the desired result since product interpretations
satisfy T by Proposition 7.5.2.
Consider the case C = >1 R.D with D < D>1 . Then D ∈ D+a and D < Da . For a
fresh constant d, define T i (c, C) ≔ T i (d, D) ∪ {R(c, x) → d ≈ x} for i = 1, 2. The
claim follows from the induction hypothesis and the fact that every considered
product interpretation also satisfies {R(c, x) → d ≈ x}.
Consider the case C = >n R.D with n ≥ 2 and D < D>n . Without loss of
generality, we can assume that D is of the form C1 ⊔ . . . ⊔ C p ⊔ E (p ≥ 1) where no
Ci is a disjunction, Ci < CB for i = 1, . . . , p, and E ∈ DB ∪ {⊥}. For the following
argument, we use E = ⊥ to cover the case where no such E is given in the original
DLP normal form. Note that E might be a disjunction but cannot be ⊤.
First assume that there is some F ∈ {E, C1 , . . . , C p } such that F ∈ D≥ω−k for
some k ≥ 0. Since F is in DLP normal form, it is a disjunction that contains some
disjunct in C¬m (m ≥ 1). All subconcepts of D are assumed to be in D+a , so if
m ≤ n2 − n then D ∈ D>n ; a contradiction. Thus D is of the form D1 ⊔ D2 with
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D1 ∈ C¬m and m > n2 − n. Moreover, D2 < Da since otherwise we would find
D ∈ Da ⊂ D>n .
Let ind(D1 ) = {c1 , . . . , cm } be the set of constants in D1 . Let p1 , p2 , . . . , pn2 −n
denote a sequence of all pairs pi = hd1 , d2 i of constants d1 , d2 ∈ {c1 , . . . , cn }
with d1 , d2 . The order is inessential, but some
for notational
o
n order is needed
W
purposes. Define auxiliary theories T i (c, C) ≔ ∀x.R(c, x) → 1≤ j≤n c j ≈ x ∪
S
1≤ j≤m T i (c j , D2 ) ∪ {c j ≈ di | n < j ≤ m, p j−n = hd1 , d2 i}. Observe that the first
component in this definition refers only to the first n constants c1 , . . . , cn , the second part is specified for all m constants, and the third component refers to the last
m − n constants cn+1 , . . . , cm only.
To see that these theories satisfy the claim, consider models Ii of {{c} ⊑ C} ∪
T i (c, C) (i = 1, 2), and let J = I1 ×(I×I) I2 denote their product. Observe that, by
the construction of T i (c, C), the constants c j (1 ≤ j ≤ m) are mutually unequal in
J. Now consider an arbitrary element δ ∈ ∆J such that hcJ , δi ∈ RJ . By definition
of the product, there must be a constant symbol d – possibly an auxiliary constant
that did not occur in C – such that δ = hd, di and hcIi , dIi i ∈ RIi for i = 1, 2. Since
W
the models Ii satisfy ∀x.R(c, x) → 1≤ j≤n c j ≈ x, we conclude that I1 |= d ≈ c j
and I2 |= d ≈ ck for some (possibly distinct!) j, k ∈ {1, . . . , n}. Thus, there are
at most n2 elements δ ∈ ∆J such that hcJ , δi ∈ RJ , since there are at most n2
distinct ways of selecting j, k. Now m of those n2 elements are of the for cJj for
some j = 1, . . . , m, and by the induction hypothesis we find that cJj < DJ
2 . Since
J
J
J
J
c j < D1 is immediate, we thus find that c j < D for all j = 1, . . . , m. Summing
up, we conclude that J can have most n2 − m distinct R-successors for c which
are in D. Since n2 − m < n2 − (n2 − n) = n, we find that J 6|= {c} ⊑ >n R.D, as
required.
For the rest of the proof, assume that F < D≥ω−k for all F ∈ {E, C1 , . . . , C p }
and k ≥ 0. In particular, we can use the constructions of Definition 7.6.2 and 7.6.7.
Now if {{c} ⊑ C}∪~E ⊑ 60 R− .¬¬{c}≤ is unsatisfiable, then C1 ⊔. . .⊔C p ∈ D≤n−1 .
Since we assumed that C1 ⊔ . . . ⊔ C p ∈ D+a , this again implies D ∈ D>n . Hence,
{{c} ⊑ C} ∪ ~E ⊑ 60 R− .¬¬{c}≤ must be satisfiable (note that this includes the
case E = ⊥). It is easy to see that {{c} ⊑ C} ∪ ~E ⊑ 60 R− .¬¬{c}≤ semantically
emulates {{c} ⊑ >n R.C1 ⊔ . . . ⊔ C p }, and that the claim can thus be established
by induction. So for the remaining considerations we can assume that E is not
present at all, i.e. that C = >n R.C1 ⊔ . . . ⊔ C p .
Using the assumptions on Ci , we can apply Definition 7.6.7 and define T ≔
S

1≤i≤p ~C i { Ai  B≤ ∪ {R(x, y) ∧ Ai (y) → Bi (x)} for fresh concept names A1 , . . . ,
A p , B1 , . . . , B p . It is easy to verify that {{c} ⊑ C} ∪ T is consistent. Now consider
the theory T ′ ≔ T ∪ {Bi (x) → ⊥ | T ∪ {{c} ⊑ C} ∪ {Bi ⊑ ⊥} is consistent}, where
it should be noted how the Bi are used to avoid inconsistencies that could arise
immediately when requiring Ai ⊑ ⊥. Consider the case (A) that T ′ ∪ {{c} ⊑ C}
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is inconsistent. Then there are two disjoint subsets I1 , I2 ⊆ {1, . . . , p} for which
T k (c, C) ≔ T ∪ {Bi ⊑ ⊥ | i ∈ Ik } is such that T k (c, C) ∪ {{c} ⊑ C} is consistent
for k = 1, 2, while T 1 (c, C) ∪ T 2 (c, C) ∪ {{c} ⊑ C} is inconsistent. Every product
interpretation of models of T k (c, C) (k = 1, 2) entails T (by Proposition 7.5.2) and
Bi ⊑ ⊥ (by Definition 7.5.1), and thus cannot be a model of {{c} ⊑ C}, as required.
Now consider the case (B) where T ′ ∪ {{c} ⊑ C} is consistent. Then there is
Bh such that T ∪ {{c} ⊑ C} ∪ {Bh ⊑ ⊥} is inconsistent. This implies that {{c} ⊑
C} ∪ {>1 R.Ch ⊑ ⊥} is inconsistent. Since Ch < C≥ ⊆ DB , we conclude that either
F
1≤i≤p,i,h C i ∈ D≤n−1 or this concept is empty, i.e. p = h = 1.
First consider the case (B.1) where Ch ∈ D≤1 . Then C1 ⊔ . . . ⊔ C p < D≤n−1
implies p = n and Ci ∈ D≤1 for all i , h, 1 ≤ i ≤ p. Since C is not of the DH -form
>n R.Dn! , there is k such that Ck < Da . Now Ck ∈ D≤1 implies that Ck = {a} ⊓ Ck′
for some individual a and concept Ck′ < Da . As each model of C requires one Rsuccessor of c in each concept of the form Ci , we find that {{c} ⊑ C} semantically
emulates {{a} ⊑ Ck }. The claim follows by induction.
As a second case (B.2), assume that Ch < D≤1 . Then Ch < D≤k for all k ≥ 0
since Ch is not a disjunction. Since this implies that T ∪{{c} ⊑ C}∪{Bi ⊑ ⊥ | i , h}
is consistent, this theory must be equal to T ′ ∪ {{c} ⊑ C}.
Consider the case (B.2.1) where Ch < Da . For fresh individuals c1 , . . . , cn deW
fine T ′′ ≔ T ′ ∪ {∀R(c, x) → 1≤i≤n ci ≈ x}. Note that T ′′ ∪ {{c} ⊑ C} is satisfiable
by interpretations I that have cIi ∈ ChI as the n distinct R-successors of c. Define
S
T i (c, C) ≔ 1≤ j≤n T i (c j , Ch ) ∪ T ′′ (i = 1, 2).
To show that this satisfies the claim, consider models Ii of {{c} ⊑ C} ∪ T i (c, C)
(i = 1, 2). Since the induction hypothesis only applies to named individuals, we
introduce n2 fresh constants hc j , ck i for j, k ∈ {1, . . . , n}. I1 is extended to I′1 over
′
this extended signature by setting hc j , ck iI1 ≔ cIj 1 , so that I′1 |= hc j , ck i ≈ c j . The
extended interpretation I′2 is defined analogously for the second components. Due
to the constructions in this proof, for any constants e, f , we find that T i (e, Ch ) is the
same as T i ( f, Ch ) with e uniformly replaced by f (i = 1, 2). Thus, we find that I′i |=
T i (hc j , ck i, Ch ) for i = 1, 2 and all j, k ∈ {1, . . . , n}. Moreover, I′i |= {{hc j , ck i} ⊑ Ch }
so the induction hypothesis can be applied to obtain I′1 ×(I′ ×I′ ) I′2 6|= {hc j , ck i} ⊑ Ch
where I′ denotes the extended set of constants.
It is not hard to see that the interpretations J ′ = I′1 ×(I′ ×I′ ) I′2 and J = I1 ×(I×I)
I2 are equal (possibly up to renaming of domain elements). In particular, J ′ entails hc j , ck i ≈ hhc j , c j′ i, hck′ , ck ii. Hence we find that J 6|= {hc j , ck i} ⊑ Ch . Moreover, since I1 and I2 satisfy T ′′ , we find that hcJ , δi ∈ RJ implies δ = hc j , ck iJ
for some j, k ∈ {1, . . . , n}. Thus we obtain J 6|= {{c} ⊑ C} as required.
As the final case (B.2.2), assume that Ch ∈ Da . Since D < D>n , we find D ,
F
Ch , i.e. p > 1. We concluded 1≤i≤p,i,h Ci ∈ D≤n−1 above for all sub-cases of
(B). Hence D is of the form Da ⊔ D+m! ⊔ Dl! – where we assume that m is the
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least natural number for which D has this form – and m and l do not satisfy the
relevant conditions in the definition of D>n . Accordingly, we denote D as Ch ⊔
M1 ⊔ . . . ⊔ Mm ⊔ L1 ⊔ . . . ⊔ Ll . Since M1 , . . . , Mm , L1 , . . . , Ll ∈ D≤1 , they are
each of the form {d} ⊓ C for some individual name d: let e1 , . . . , em , f1 , . . . , fl
denote these individual names. Set r ≔ n − (m + l), and consider fresh individual
names c1 , . . . , cr . Define a set X ≔ {c1 , . . . , cr , e1 , . . . , em , f1 , . . . , fl } of all constants
considered as R-successors of c. Using the induction hypothesis, define
T i (c, C) ≔ ~e1 , . . . , em , f1 , . . . , fl < Ch × ∪
~c1 , . . . , cr ∈ Ch , e1 , . . . , em , f1 , . . . , fl < Ch × ∪
W
S
d∈X d ≈ x}
1≤ j≤m T i (e j , M j ) ∪ {∀x.R(c, x) →

for i = 1, 2. Note that the construction of Lemma 7.6.3 is possible: if Ch would be
in D+B , then C ∈ Da would imply C ∈ DB , which cannot be.
To show that this satisfies the claim, consider models Ii of {{c} ⊑ C} ∪ T i (c, C)
(i = 1, 2), and let J = I1 ×(I×I) I2 be the corresponding product interpretation. By
the constructions of T i (c, C), we obtain that hcJ , δi ∈ RJ implies δ = ha, biJ for
some a, b ∈ X. We distinguish various cases:
– If a, b ∈ {e1 , . . . , em , f1 , . . . , fl } and a , b, then ha, biJ < E J for all E =
M1 , . . . , Mm , L1 , . . . , Ll can be concluded from ha, biJ , dJ for all d = e1 , . . . ,
em , f1 , . . . , fl . Moreover, ha, biJ < Ch by Lemma 7.6.3.
– If a = b = e j for some j = 1, . . . , m, then ha, biJ < Ch again by Lemma 7.6.3.
As above, ha, biJ < LiJ for all i = 1, . . . , l. A similar argument shows ha, biJ <
MiJ for all i = 1, . . . , m with i , j, whereas ha, biJ < M Jj follows by the
induction hypothesis.
– If a ∈ {e1 , . . . , em , f1 , . . . , fl } and b ∈ {c1 , . . . , cr }, then ha, biJ < Ch follows from
Lemma 7.6.4. The conclusion ha, biJ < E J for all E = M1 , . . . , Mm , L1 , . . . , Ll
follows as before.
In each of these cases, we thus find that ha, biJ < DJ . Therefore, the only elements
ha, biJ that might be in DJ are such that either a = b ∈ { fi , . . . , fl } or a, b ∈
{c1 , . . . , cr }. This yields a maximum of l + r2 R-successors for cJ . Since D < D>n ,
we find that r(r − 1) < m (the case r ≤ 0 cannot occur for any case under (B)).
Equivalently, r2 − r < m which in turn is equivalent to r2 − n + m + l < m. But then
r2 + l < n, and we find J 6|= {c} ⊑ C, as required.

The previous lemma already suffices to exclude a significant amount of axioms
from DLP:
Corollary 7.6.9 Let C be a name-separated concept expression in DLP normal
form, let A be a fresh concept name, and let c be a fresh constant symbol.
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(1) If C < DH ∪ {⊤, ⊥}, then A ⊑ C cannot be FOL≈ -emulated by any datalog
program.
(2) If C < Da ∪ {⊤, ⊥}, then {c} ⊑ C cannot be FOL≈ -emulated by any datalog
program.
(3) If C < DH ∪ {⊤, ⊥}, and C < D≤n for all n ≥ 0, and C < C,⊤ , then C cannot
be FOL≈ -emulated by any datalog program.
Proof. If C < D+a , then the result follows from Proposition 7.6.6 in all cases. Thus
assume that C ∈ D+a for the remainder of the proof.
For claim (1), consider fresh individual symbols a and b, and construct T 1 and
T 2 as in Lemma 7.6.8 (1). Define T i′ ≔ T i ∪ {A(a), A(b)} for i = 1, 2. Then T 1 and
T 2 satisfy the preconditions of Lemma 7.5.3 for the knowledge base KB = {{a} ⊑
A, {b} ⊑ A, A ⊑ C}. In particular, T i ∪ {A ⊑ C} is satisfiable since C is in DLP
normal form and C , ⊥. This suffices to establish the claim.
For claim (2) and (3), we can use the theories T 1 and T 2 of Lemma 7.6.8 (2)
and (1), respectively. To ensure that the preconditions of Lemma 7.5.3 hold for
claim (3), we need to ensure that {C} ∪ T i is satisfiable for i = 1, 2. To this end,
C < C,⊤ ∪ {⊥} ensures that {C} is satisfiable. C < D≤n for all n ≥ 0 ensures that C
is satisfiable by interpretations of arbitrary domain sizes, and it is not hard to see
that {C} ∪ T i is consistent when considering the construction in Lemma 7.6.8. 
The previous result already covers a significant amount of concept expressions
that are not in {⊤, ⊥} ∪ DH ∪ D=n ∪ C,⊤ . It remains to show that concepts in
D≤n \ (D=n ∪ C,⊤ ) for some n ≥ 1 cannot belong to DLP.
Lemma 7.6.10 Let C be a name-separated concept expression in DLP normal
form such that C < {⊤, ⊥}, and C ∈ D≤n \ (D=n ∪ C,⊤ ∪ DH ) for some n ≥ 1. Then
C cannot be FOL≈ -emulated by any datalog program.
=m+1
Proof. Observe that, for any m ≥ 1, we find CHp ⊂ DHp ⊂ C=m
. We
⊥ ⊂ C⊥
=m
define the degree d(D) of a concept expression D as follows. If D ∈ C⊥ for
some m ≥ 1, then let d(D) be the largest such m. Otherwise, if D ∈ DHp , then
define d(D) ≔ 1. Otherwise set d(D) ≔ 0. Now since C ∈ D=n it is of the form
C = ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cn } ⊓ Cn ), and we can assume that d(Ci ) ≤ d(Ci+1 ) for all
i = 1, . . . , n − 1. Using this notation, it is not hard to see that C < D=n is equivalent
to saying that d(Ci ) < i for some i = 1, . . . , n.
First consider the case that i > 1. We find that C is semantically equivalent to
({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({ci } ⊓ Ci ). To see this, assume that n ≥ i. Every model of C
has at most n elements in its domain. Since d(Cn ) ≥ n by construction, Cn ∈ C=n
⊥ .
By Lemma 7.3.6, we thus obtain Cn ⊑ C as a consequence of C, showing that
C is equivalent to ({c1 } ⊓ C1 ) ⊔ . . . ⊔ ({cn−1 } ⊓ Cn−1 ). The claim thus follows by
induction.
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Now C j < C=i
⊥ holds for all j ≤ i. Using Lemma 7.3.6, we thus find that
{c j } ⊑ C j is satisfiable by models of at most i elements in their domain. By name
separation of C, we find that C is satisfiable, and clearly C is only satisfied by
models with exactly i > 1 domain elements. Finite domain sizes can be enforced
by FOL≈ theories, and hence must be preserved by FOL≈ -emulation. But domain sizes greater than 1 are not preserved by the product construction of Definition 7.5.1, so the fact that C cannot be FOL≈ -emulated in datalog is a consequence
of Proposition 7.5.2.
Consider the case i = 1. Using the same argument as above, we find that C
is semantically equivalent to {c1 } ⊓ C1 . By construction, C1 < DHp . The claim is
now shown by a miniature version of the proof steps that were used to establish
Corollary 7.6.9, where relevant constructions and arguments largely collapse due
to the requirement that the domain of interpretation is unary. We first provide
two auxiliary constructions for the “propositional” variants of Definition 7.6.1
and 7.6.7. Given a name-separated concept D < D⊤p and a constant d, recursively
construct a datalog program ~d < D p as follows:
p
– If D ∈ C=1
⊥ then ~d < D ≔ ∅.

– If D is of the form A, ¬A, ¬{I}, ∃R.Self, or ¬∃R.Self, then ~d < D p ≔
datalog({d} ⊑ ¬D).
– If D = D1 ⊓ D2 with D1 < D⊤p , then ~d < D p ≔ ~d < D1  p .
– If D = D1 ⊔ D2 with D1 , D2 < D⊤p , then ~d < D p ≔ ~d < D1  p ∪ ~d < D2  p .
– If D = 60 R.¬D′ with D′ < D⊤p , then ~d < D p ≔ {R(d, d)} ∪ ~d < D′  p .
– If D = >n R.D′ with n > 0, then ~d < D p ≔ {¬R(d, d)}.
If D < DBp then, for a concept name A, we recursively construct a datalog program
~{d} ⊓ D ⊑ ABp as follows:
– If D has the form A or ∃R.Self, then ~{d} ⊓ D ⊑ ABp ≔ datalog({d} ⊓ D ⊑ A).
– If D = D1 ⊓ D2 with D1 < DBp , then ~{d} ⊓ D ⊑ ABp ≔ ~{d} ⊓ D1 ⊑ ABp .
– If D = D1 ⊔ D2 with D1 < DBp and D2 < D⊤p , then ~{d} ⊓ D ⊑ ABp ≔ ~{d} ⊓ D1 ⊑
ABp ∪ ~d < D2  p .
– If D = 60 R.¬D′ with D′ < DBp , then ~{d} ⊓ D ⊑ ABp ≔ ~{d} ⊓ D′ ⊑ ABp ∪
{R(d, d)}.
p
– If D = >1 R.D′ with D′ < C=1
⊥ , then ~{d} ⊓ D ⊑ A B ≔ {R(d, x) → A(x)}.

To establish the claim, we recursively construct theories T 1 ≔ T 1 (c1 , C1 ) and
T 2 ≔ T 2 (c1 , C1 ) that satisfy the preconditions of Lemma 7.5.3. Note that C cannot
be an atomic class, nominal, Self restriction, or the negation thereof.
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Consider the case C = D1 ⊔ D2 with D1 , D2 < DBp . It is easy to see that
S
T i (c1 , C) ≔ T i (c1 , D1 ) ∪ {¬Ai (x)} ∪ j=1,2 ~{d} ⊓ D j ⊑ A j Bp (i = 1, 2) satisfy the
claim for fresh concept names A1 , A2 . Furthermore, if C = D1 ⊔ D2 with D1 < DHp
and D2 ∈ DBp then the claim is satisfied by T i (c1 , C) ≔ T i (c1 , D1 ) ∪ ~d < D2  p
(i = 1, 2). Similarly, for the case C = D1 ⊓D2 with D1 < DHp , the theories T i (c1 , D1 )
(i = 1, 2) satisfy the claim.
Now consider the case C = >n R.D. Then n = 1 and D < DHp . Since C is
semantically equivalent to D on singleton domains, the claim follows again by
induction. A similar reasoning is possible for the case C = 6n R.¬D with n = 0
and D < DHp .

We are now, finally, in a position to state the main theorem of this section.
Theorem 7.6.11 If C is a concept expression in DLP normal form such that C <
DLP, then C cannot be contained in any DLP description logic in the sense of
Definition 7.3.1.
Proof. By Definition 7.3.5, C < {⊤, ⊥} ∪ CH ∪ D=n ∪ C,⊤ for all n ≥ 1. If C < D≤n
for all n ≥ 0 and C < D+a , then the result follows by Proposition 7.6.6. If C < D≤n
for all n ≥ 0 and C ∈ D+a , then the result follows by Corollary 7.6.9. If C ∈ D≤n
for some n ≥ 0, then the result follows by Lemma 7.6.10.


7.7

Summary

DLP provides an interesting example for the general problem of characterising
syntactic fragments of a logic that are motivated by semantic properties. We derived and motivated a number of design principles for achieving such a characterisation for DLP, most notably the principles of modularity (closure under unions
of knowledge bases) and structurality (closure under non-uniform renaming of
signature symbols), and showed that the presented DLP description logic is the
largest one possible. Formalisms like our maximal DLP are unnecessarily large
for practical applications, but understanding overall options and underlying design
principles is indispensable for making an informed choice of DL for a concrete
task.
Our work also clarifies the differences between DLP and the description logics SROEL(⊓s , ×) (and thus EL) and Horn-SHIQ which can both be expressed
in terms of datalog as well. First of all, neither SROEL(⊓s , ×) nor Horn-SHIQ
can be FOL≈ -emulated in datalog (DLP 2). The datalog obtained in these cases
still preserves satisfiability even when arbitrary ABox facts (without complex
concepts) are added. In other words, SROEL(⊓s , ×) and Horn-SHIQ satisfy a
weaker version of DLP 2 based on FOLground
-emulation of Definition 2.2.2, where
≈
168

7.8 Related Work
FOLground
is the variable-free fragment of FOL≈ . Under those weakened princi≈
ples, a larger space of possible DL fragments is allowed, but it is not clear whether
(finitely many) maximal languages exist in this case. There is clearly no largest
such language, since both SROEL(⊓s , ×) and DLP abide by the weakened principles whereas their (intractable) union does not.
Even when weakening the principles of DLP like this, Horn-SHIQ is still
excluded since it cannot be modular (DLP 5) by Proposition 7.1.1. It is open
which results can be established for Horn-SHIQ-like DLs based on the remaining weakened principles.
This chapter also heavily exploits the notion of semantic emulation as introduced in Section 2.2. In essence, emulation requires that a theory can take the
place of another theory in all logical contexts, based on a given interface signature.
Examples given in this chapter illustrate that emulation can indeed be very different from semantic equivalence. Yet, our criteria can be argued to define minimal
requirements for preserving a theory’s semantics even in combination with additional information, so emulation appears to be a natural tool for enabling information exchange in distributed knowledge systems. We therefore belief that notions
of emulation (and, closely related, conservative extension) are natural tools for
studying the semantic interplay of heterogeneous logical formalisms in general.
Finally, the approach of this chapter – seeking a structural logical fragment that
is provably maximal under certain conditions – immediately leads to a number of
further research questions. For example, what is the maximal fragment of SWRL
that can be expressed in SROIQ? This fragment would contain forms of DL Rules
and DL-safe rules as introduced in Chapter 8 and 9. But also the maximal FOL≈
fragment that can be expressed in some well-known subsets such as the Guarded
Fragment [AvBN98] or the two-variable fragment might be of general interest. We
argue that ultimate answers to such questions can indeed be obtained by a careful
articulation of basic design principles. At the same time, our study indicates that
the required definitions and arguments can become surprisingly complex when
dealing with a syntactically rich formalism like description logic. The main reason
for this is that constructs that are usually considered “syntactic sugar” have nontrivial semantic effects when considering logical fragments that are structurally
closed.

7.8

Related Work

DLP has originally been introduced in [GHVD03, Vol04] although already these
sources provide a number of distinct characterisations and variants. As explained
in Section 6.2, the Horn DL RL that subsumes the abstract part of OWL RL
[MCH+ 09] can also be considered as an extension of these works. It has been dis169
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cussed above how datalog reductions for other DLs, especially for Horn-SHIQ
and for (extensions of) EL, relate to DLP. Further pointers to works on datalog
reductions are given in Section 8.7.
We are not aware of any model-theoretic characterisation of datalog that is
closely related to the constructions introduced in Section 7.5. The least model
property of datalog is well-known [Llo88], and various generalised model constructions have been studied to characterise logics [CK90]. In particular, [CK90]
provides a characterisation theorem for Horn sentences, stating that a first-order
formula is semantically equivalent to some Horn sentence iff its validity is preserved under reduced products. Moreover, it is well-known that models of universal theories are closed under sub-model constructions. While both of these
constructions can be related to the products in Definition 7.5.1, we point out that
they are not distinguishing function-free universal Horn logic from universal Horn
logic with function symbols. The reason why our constructions are adequate for
establishing the given results must therefore be sought in the pre-conditions of
Lemma 7.5.3 which can no longer be established if the signature includes function
symbols (assuming a suitable extension of Definition 7.5.1 to such signatures).
More generally, constructions of models can be characterised by means of
categorical algebra based on suitable notions of morphisms between models and
logical theories. Institution theory has been proposed as a meta-logical framework
for studying logics in an abstract fashion [GB92]. Institution theory uses binary
relations (“|=”) as an abstraction for various model theories, and thus is related to
formal concept analysis (FCA) where binary relations are studied as formal contexts [GW97]. Indeed, the logical perspective on formal contexts is well-known
[KG09], and relationships to DLs have also been explored [Rud06, Ser07]. Other
approaches that can be related to institution theory in a more abstract setting are
information flow theory and channel theory [Gog06, Ken09]. We are not aware of
extended discussions of model constructions in any of these frameworks.
Another related branch of formal logic is the characterisation of logics based
on model-theoretic properties in general, in the spirit of the original Lindström
theorem for first-order logic (see [CK90] for an introduction). Again, we are not
aware of any such characterisation for universal function-free Horn-logic, i.e. for
datalog. Characterisation theorems of another type abound in modal logics and
related fields, starting with the seminal characterisation result by van Benthem
(see [BvBW06]). In these cases, various notions of bisimulation are employed to
relate models, and the preservation under bisimulation then characterises formulae
of certain logics. These results can yield insights for characterising DLs, and could
thus be useful when investigating the problem of representing other logics in terms
of DL – the converse of what was studied within this chapter.
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Chapter 8
Description Logic Fragments of
SWRL: DL Rules
We have already noted in previous chapters that various description logic axioms
can also be presented as (datalog) rules, and, equivalently, certain datalog rules
can be cast into description logic axioms with the same semantics. It is clear that
there must still be rules and axioms that cannot be rewritten in this way, or at least
that it is not possible to do this rewriting automatically. Otherwise, one could use
a rewriting algorithm followed by a standard reasoning algorithm for datalog or
description logics, respectively, to obtain a decision procedure for the combined
reasoning tasks. Such a procedure cannot exist according to the undecidability
result for SWRL (Fact 4.2.2).
In this chapter, we address the question which SWRL rules can be emulated
by description logic knowledge bases. The class of decidable SWRL fragments
that is obtained from this consideration is called Description Logic Rules, and
different description logics lead to different classes of DL Rules depending on the
expressive power that is available for emulating rules.
We begin this chapter by providing a number of motivating examples in Section 8.1, thereby introducing the essential methods that are used subsequently for
emulating SWRL rules in DL. Thereafter, in Section 8.2, we define SROIQ rules
as a large class of DL Rules that are also expressible in OWL 2. Section 8.3 further extends this framework for DLs that support logics with role constructors,
where especially role conjunctions and concept products are useful for encompassing SWRL rules that could not be emulated in SROIQ. Based on these rather
large DL Rule languages, Section 8.4 provides a general definition for obtaining a
DL Rule language for many further description logics, and shows that the worstcase complexity of reasoning is typically the same as for the underlying DL. The
close relationship of DL Rules and datalog is exploited in Section 8.5 to obtain a
direct translation procedure from SROEL(⊓s , ×) rules to SROEL(⊓s , ×), possi171
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bly extended with admissible range restrictions (concept products). The results of
this section also establish the correctness of the reasoning procedure that was presented for SROEL(⊓s , ×) in Section 5.4. We conclude by summarising our results
in Section 8.6 and provide pointers to related work in Section 8.7.
Various results reported in this chapter have been published in [KRH08a,
KRH08b, RKH08a].

8.1

Initial Observations

We first consider some examples to improve our intuition. The following rule
appeared in Section 1.3:
Person(x) ∧ authorOf(x, y) ∧ Book(y) → Bookauthor(x).
We noted that it can equivalently be expressed by the description logic axiom
Person ⊓ ∃authorOf.Book ⊑ Bookauthor. The important difference between
both representations is that the latter does not use any variables. We have already
seen that concept expressions play the rôle of unary predicates in SWRL. It is not
necessary to state the argument of these unary predicates since it is always the
same variable on both sides of a class inclusion axiom. The above example could
thus equivalently be written as a SWRL rule:
(Person ⊓ ∃authorOf.Book)(x) → Bookauthor(x).
This explains the whereabouts of variable x. The variable y in turn appears only
in two positions in the rule body. Since it is not referred to in any other part of
the rule, it suffices to state that there exists some object with the required relationship to x, so the rule atoms authorOf(x, y) ∧ Book(y) are transformed into
∃authorOf.Book(x). Rewriting atoms as description logic concepts in this fashion is called rolling-up, since a “branch” of the rule body is rolled-up into a statement about its first variable. A graphical representation of rules that is based on
this intuition is introduced in Definition 8.2.1 below.
For further examples, consider the SWRL rule base as specified in Fig. 8.1.
The rules given there have already been discussed in Chapter 4, but we introduce a
number of additional facts that will be useful for subsequent discussions.1 Indeed,
we will refer to Fig. 8.1 as a running example throughout this and the next chapter.
When reasoning as in Section 4.2.1, it is not hard to see that the rule base entails
that anja, bijan, ian, and markus are – for the sake of the example – Unhappy,
and the degree to which these conclusions are preserved will support our intuition
when comparing various SWRL fragments that are studied below.
1

Any similarities with real vegetarians, whether happy or not, are entirely coincidental.
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(1)
(2)
(3)
(4)
(5)

Vegetarian(x) ∧ FishProduct(y) → dislikes(x, y)
orderedDish(x, y) ∧ dislikes(x, y) → Unhappy(x)
orderedDish(x, y) → Dish(y)
dislikes(x, z) ∧ Dish(y) ∧ contains(y, z) → dislikes(x, y)
Happy(x) ∧ Unhappy(x) → ⊥
Vegetarian(anja)
Vegetarian(bijan)
Vegetarian(ian)
Vegetarian(markus)

orderedDish(anja, thaiRedCurry)
∃contains.FishProduct(thaiRedCurry)
orderedDish(bijan, fishFingers)
FishProduct(fishFingers)
∃orderedDish.∃contains.{fishSauce}(ian)
FishProduct(fishSauce)
∃orderedDish.∃contains.FishProduct(markus)

Figure 8.1: Example SWRL rule base

We can now try to generalise from the first example given above. We have seen
that x in the above case is simply an implicit (and necessary) part of the concept
inclusion axiom. So for any rule that we wish to rewrite as such an axiom, we need
to identify some variable x which plays this special role, and find a way to eliminate all other variables from the rule using a rolling-up method as above. This is
not always possible, as rule (2) from Fig. 8.1 illustrates. The conclusion of this
rule suggests that the variable y should be eliminated to obtain a class inclusion
axiom. But the premise of the rule cannot be rewritten as above. A class expression like ∃orderedDish.⊤⊓∃dislikes.⊤ describes elements with relationships
orderedDish and dislikes, but not necessarily to the same element y. Using inverse roles, one could also write ∃orderedDish.∃dislikes− .⊤ to describe some
x who ordered something that is disliked by someone – but not necessarily by x.
Indeed, this relationship can only be expressed in DLs that support conjunctions
of roles as discussed in Chapter 5.
Yet, there are various further types of datalog (or SWRL) rules that can be expressed in DL axioms. An example is rule (4) of Fig. 8.1. As its conclusion is a binary atom, it can certainly not be expressed as a concept inclusion axiom. SROIQ
role inclusion axioms, on the other hand, can include only role expressions, while
rule (4) also contains a unary (concept) atom Dish(y). This problem can be addressed by adding an auxiliary axiom to the knowledge base. A fresh role name
RDish is introduced together with the concept inclusion axiom Dish ≡ ∃RDish .Self.
Intuitively speaking, this defines the class of dishes to be equivalent to the class of
those things which have the relationship RDish to themselves. With this additional
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axiom, one can rewrite rule (4) as follows:
dislikes(x, z) ∧ RDish (y, y) ∧ contains(y, z) → dislikes(x, y).
This step is the core of the transformation to SROIQ. Using inverse roles, we can
now write the rule premise as a chain:
dislikes(x, z) ∧ contains− (z, y) ∧ RDish (y, y) → dislikes(x, y).
This rule can now easily be expressed as a SROIQ role inclusion axiom. Together
with the auxiliary axiom we have used above, rule (4) is thus represented by the
following description logic knowledge base:
Dish ≡ ∃RDish .Self
dislikes ◦ contains− ◦ RDish ⊑ dislikes
Note that the second axiom no longer contains the requirement that RDish refers
to the same variable in first and second position. Indeed, the resulting knowledge
base is not semantically equivalent to the original rule but it can be shown to
semantically emulate it.
While these examples provide us with a significant set of tools for translating
rules into axioms, there is still a case that we have not addressed yet. Consider rule
(1) of Fig. 8.1. Again, the conclusion of the rule is a binary atom, so the use of a
role inclusion axiom seems to be required. Yet, even if we use the above method
for replacing the unary predicates Vegetarian(x) and FishProduct(y) with new
auxiliary roles, we only obtain the following rule:
RVegetarian (x, x) ∧ RFishProduct (y, y) → dislikes(x, y).
But this cannot be rewritten as a role composition axiom, since there is a “gap”
between x and y. This problem can be overcome by inserting the universal role U
to connect x and y:
RVegetarian (x, x) ∧ U(x, y) ∧ RFishProduct (y, y) → dislikes(x, y).
Since the relation denoted by U is defined to comprise all pairs of individuals,
adding the atom U(x, y) does not impose any restrictions on the applicability of
the rule. Yet it helps us to bring the rule into the right syntactic shape for being expressed in SROIQ. Together with the required auxiliary axioms, we thus
obtain:
Vegetarian ≡ ∃RVegetarian .Self
FishProduct ≡ ∃RFishProduct .Self
RVegetarian ◦ U ◦ RFishProduct ⊑ dislikes
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These examples already sketch the most important techniques for transforming
SWRL rules into SROIQ knowledge bases. A final aspect that was not covered
yet is the use of constant symbols (individual names) in rules. Since SROIQ features nominals, constant symbols can be used to transform role atoms into concept
atoms. For example, the rule body R(x, a)∧S (c, d) can be expressed as ∃R.{a}(x)∧
∃S .{d}(c). Constants in concept atoms in turn can be removed by introducing fresh
variables. In the previous example, we obtain ∃R.{a}(x) ∧ ∃S .{d}(y) ∧ {c}(y).

8.2

Defining SROIQ Rules

Based on the above observations, we can provide a formal definition of DL Rules
for SROIQ. Clearly, the details of the definition depend on the capabilities of the
available description logic. Our above examples have employed role composition
(◦), inverse roles (·− ), and the universal role U, as well as local reflexivity (Self)
and nominal concepts. Moreover, if a SROIQ knowledge base is to be obtained,
additional structural restrictions like regularity and simplicity of roles need to be
taken into account. Therefore, we first provide a general definition of SROIQfree
rules which is then strengthened to obtain a definition of SROIQ rules that accounts for these requirements.
A main criterion for deciding whether or not a rule can be formulated in description logic is the structure of variable dependencies within the rule body. This
structure is described by the dependency graph of the rule body – the directed
graph with the body’s variables and constants as its nodes, and with the role atoms
R(s, t) representing edges from s to t. With this intuition in mind, we can define
some graph-theoretic notions for the body of a rule. Here and in the following, it
is often convenient to consider the body as a set of atoms and to use the according
notation.
Definition 8.2.1 Consider a SWRL rule B → H.
– A path in B from a term s to a term s′ is a set {S 1 (s, t2 ), . . . , S n (tn , s′ )} ⊆ B with
n ≥ 1. In this case, n is the length of the path.
– Two terms s and s′ are connected in B if either s = s′ , or there is a sequence of
terms s = t1 , t2 , . . . , tn = s′ such that, for all i ∈ {1, . . . , n − 1}, there is either a
path from ti to ti+1 or a path from ti+1 to ti .
– A term t is a root in B if t occurs in B, and there is no path in B to t.

– If H is of the form C(t) or R(t, s), then t is the root of H.
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– B is tree-shaped if B contains exactly one root t, and there is exactly one path
from t to any term s in B. In this case, t is the root of B.

Description Logic Fragments of SWRL: DL Rules

(1) Head Normalisation
– If H is empty, then set H ≔ ⊥(x), where x ∈ V is arbitrary.
– For each variable x in H: if x does not occur in B, then set B ≔ B ∧ ⊤(x).

(2) Role Atom Normalisation For all atoms R(s, t) in B → H:
– if t ∈ I, then replace R(s, t) by ∃R.{t}(s), else
– if s ∈ I, then consider a variable y not occurring in B → H, replace R(s, t) by
R(y, t), and set B ≔ B ∪ {{s}(y)}, else
– if s = t, then replace R(s, t) by ∃R.Self(t).

(3) Concept Atom Normalisation For all atoms C(s) in B → H:
– if s ∈ I, then consider a variable y not occurring in B → H, replace C(s) by C(y),
and set B ≔ B ∪ {{s}(y)}.

(4) Connecting the Body For every root x of B:
– if x is not connected in B to the root z of H, then B ≔ B ∪ {U(z, x)}.

(5) Orienting the Body For every role atom R(x, y) ∈ B:
– if the root of H is not connected to x in B \ {R(x, y)}, then B ≔ B ∪ {Inv(R)(y, x)} \
{R(x, y)}.

Figure 8.2: Normalising a SWRL rule B → H
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In essence, we are interested in SWRL rules with a tree-shaped body. However, SROIQ allows for a number of exceptions to that structure as illustrated
by the examples in Section 8.1. To deal with these cases without introducing
more complex graph-theoretic properties, we define a normalisation procedure
for SWRL rules. The normalisation procedure for a SWRL rule B → H is specified in Fig. 8.2. Step (1) ensures that head and body are non-empty, and that all
variables in the head occur in the body as well. Steps (2) and (3) together ensure
that the rule does not contain any constant symbols as parameters of atoms. Note
that the second case of (2) could have been addressed like the first case, using
Inv(R) instead of R. This would slightly increase the obtained class of SROIQ
rules as defined below, but it would make the normalisation algorithm less useful
for defining DL Rules in description logics without inverse roles. Step (4) ensures
that all terms of the body are connected in the sense of Definition 8.2.1, while step
(5) attempts to orient the role atoms in the body to “point away” from the root
variable of the head.
It is readily seen that the normal form of a SWRL rule is semantically equivalent to the original rule, since all of the individual transformation steps ensure
semantic equivalence. Moreover, it is obvious that the procedure terminates, since
it only iterates over a limited number of elements in each step (all iterations are
assumed to refer to the elements found in the rule B → H as encountered before starting the iteration, i.e. subsequent changes to B → H will not affect the
iterations). We can sum up those observations as follows:
Lemma 8.2.2 For any SWRL rule B → H, the normalisation algorithm of Fig. 8.2
produces a semantically equivalent SWRL rule B′ → H ′ . The time of this computation and the size of B′ → H ′ are linearly bounded in the size of B → H.
Note that step (4) of the normalisation is non-deterministic, as illustrated by
the example rule A(x) ∧ R(y1 , z) ∧ S (y2 , z) → C(x). The rule body contains three
roots x, y1 , and y2 , of which the latter two are not connected to x when entering step
(4). Depending on the order of iteration, we obtain either A(x)∧R(y1 , z)∧S (y2 , z)∧
U(x, y1 ) → C(x) or A(x)∧R(y1 , z)∧S (y2 , z)∧U(x, y2 ) → B(x). The subsequent step
(5) then results in either A(x) ∧ U(x, y1 ) ∧ R(y1 , z) ∧ S − (z, y2 ) → C(x) or A(x) ∧
U(x, y2 ) ∧ S (y2 , z) ∧ R− (z, y1 ) → C(x). We assume that this non-determinism is
prevented by using some arbitrary but fixed iteration order for processing variables
in step (4). The remaining steps are deterministic, if the choice of fresh variable
names y is assumed to be deterministic. With these assumptions, it makes sense
to speak of the (unique) normal form of some SWRL rule. We can now define
SROIQfree rules:
Definition 8.2.3 A SWRL rule B → H in normal form is a SROIQfree rule if the
following conditions are satisfied
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– the rule contains only atoms of the form C(s) and R(s, t) where C is a concept
expression and R is a role expression of SROIQfree ,
– B is tree-shaped and has the same root as H,
A SWRL rule is a SROIQfree rule if its normal form is a SROIQfree rule.



– if H = R(x, y) with R < Rn and x, y ∈ V, then B = S (x, y) with S ∈ Rs simple.

The first condition is an obvious requirement for transforming SWRL rules
into SROIQfree knowledge bases, and especially it precludes the use of predicate
symbols that are not part of the DL signature as induced by the given SWRL signature. The second condition ensures that the relations between variables in B can
be expressed in SROIQfree . The third condition, finally, defines general restrictions on the use of simple roles that will become relevant in various fragments of
SROIQfree rules. It is easy to check that the rules (1), (3), (4), and (5) of Fig. 8.1
are indeed covered by this definition, where dislikes is the only role name that
must be non-simple. Unfortunately, in the absence of rule (2), no conclusions are
obtained regarding instances of Unhappy. SROIQ rules are obtained by adding
regularity restrictions to this definition:
Definition 8.2.4 Given a SROIQfree rule of the normal form B → R(x, y) with
x, y ∈ V, let ρ(B, x, y) ⊆ B be the unique path ρ(B, x, y) ≔ {S 1 (x, x2 ), . . . , S n (xn , y)}
from x to y.
A SROIQfree rule base RB is regular if there is a strict (irreflexive) total order
≺ on R such that
– for R < {S , Inv(S )}, we find S ≺ R iff Inv(S ) ≺ R, and
– for every rule B → R(s, t) ∈ RB and normal form B′ → R(x, y) with x, y ∈ V,
the set ρ(B′ , x, y) is of one of the forms:
{R(x, z), R(z, y)},

{Inv(R)(x, y)},

{R1 (x, z2 ), R2 (z2 , z3 ), . . . , Rn (zn , y)},
{R(x, z1 ), R1 (z1 , z2 ), . . . , Rn (zn , y)},

{R1 (x, z1 ), . . . , Rn (zn−1 , zn ), R(zn , y)}

such that R, R1 , . . . , Rn ∈ R, and Ri ≺ R for i = 1, . . . , n.



A SROIQ rule base is a regular SROIQfree rule base that contains only SROIQ
concept and role expressions. A SROIQ rule is a SROIQfree rule that occurs in
some SROIQ rule base.
The previous definition should be compared with Definition 3.1.4 which introduced analogous restrictions for defining SROIQ. The main difference in the
definition of regularity for rules is that we now need to determine the set ρ(B, x, y)
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of role atoms that are actually relevant for this restriction. As in the case of RBox
axioms for SROIQ, certain SROIQfree rules cannot be part of any SROIQ rule
base, as illustrated by the rule R(x, y) ∧ S (y, z) ∧ R(z, v) → R(x, v). Moreover, it
should be marked that the restrictions that are imposed on SROIQ concept expressions in Definition 3.1.4 depend on the declarations of simple role names Ns
in the given signature, which also constrain the general structure of SROIQfree
rules (Definition 8.2.3). In the case of Self, this entails that SROIQ rules must
not entail atoms of the form R(x, x) for non-simple R.
Definition 8.2.4 and 8.2.3 make no attempt to maximise the defined class of
DL Rules. In principle, it would be feasible to do this in a systematic way, to
determine a maximal DL Rule language (for a given DL) similar to the maximal
DLP language that was studied in Chapter 7. But said chapter also illustrates that
such a canonical treatment may require rather complex and technically involved
arguments, especially due to the rich syntax of description logics. In the case
of DL Rules, a maximal structural fragment would need to combine the above
insights on DL Rules with the approach of DL-safe variables as introduced in
Chapter 9, since the latter can also be formulated in a structurally stable way as
long as structurality is not extended to variable names.2 The endeavour of fully
characterising a maximal DL Rule language is clearly beyond the scope of this
work.
It is not hard to find concrete examples of SWRL rules that are not covered
by the above algorithm/definition even though they can be expressed in SROIQ.
For example, the rule >2 R.⊤(x) ∧ {a}(x) ∧ {b}(y) → R(x, y) requires R to be
non-simple so that >2 R.⊤ is not a SROIQ concept. Yet, the SROIQ knowledge
base {{a} ⊓ >2 R.⊤ ⊑ ∃R.{b}} emulates the rule, where R is now a simple role
name as required. Further examples include rules like R(x, y) ∧ S (x, y) → U(x, y)
that are semantically trivial even though they do not satisfy the restrictions on
SROIQfree rules. Another significant class of SWRL rules that can be expressed in
SROIQ are DL-safe rules as introduced in Chapter 9, although they may require
exponentially large knowledge bases.
The essential property of SROIQfree rules is that they can be emulated by
SROIQfree knowledge bases. An algorithm for obtaining a suitable knowledge
base KB from a SROIQfree rule B → H is specified in Fig. 8.3. The basic techniques applied here – rolling up side branches and replacing concept atoms by
role atoms in RIAs – have already been explained in the earlier examples. Note
that, for all inputs B → H, the preconditions for creating either a concept inclusion axiom or a role inclusion axiom must be satisfied. If H ′ = D(x), then B′
2

A DL Rules language that is closed under renaming of single occurrences of variables
is clearly overly limited, since it could not capture essential parts of the above definition of
SROIQfree rules; it would thus be significantly less expressive than DLP.
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Input: A SROIQfree rule B → H
Output: A SROIQfree knowledge base KB
Initialise B′ → H ′ to be the normal form of B → H
Roll Up Side Branches
– While B′ contains an atom R(x, y) where y occurs in no other role atom of B′ → H ′ :

Define the set By ≔ {C(t) ∈ B′ | t = y}, and a concept E ≔ C(y)∈By C where the empty
conjunction is assumed to be ⊤. Then set B′ ≔ B′ ∪ {∃R.E(x)} \ By .

Create Concept Inclusion Axiom

If H ′ is of the form D(x):

– In this case, B′ is of the form C1 (x) ∧ . . . ∧ Cn (x). Set KB ≔ {C1 ⊓ . . . ⊓ Cn ⊑ D}.

Create Role Inclusion Axiom

If H ′ is of the form S (x, y):

– Initialise KB ≔ ∅.
– For each concept atom C(z) in B′ : Set B′ ≔ B′ ∪ {RC (z, z)} \ {C(z)} where RC is a fresh
simple role name, and set KB ≔ KB ∪ {C ≡ ∃RC .Self}.
– Now B′ is of the form R1 (x, x2 ) ∧ . . . ∧ Rn (xn , y). Set KB ≔ KB ∪ {R1 ◦ . . . ◦ Rn ⊑ S }.

Figure 8.3: Transforming SROIQfree rules into SROIQfree knowledge bases
contains only concept atoms. This must be the case after rolling-up, since H ′ contains no binary atoms, and since B′ is tree-shaped. If H ′ = S (x, y), then B′ must
eventually have the form R1 (x, x2 ) ∧ . . . ∧ Rn (xn , y). To see this, first note that all
concept atoms C(z) in B′ have been replaced by role atoms RC (z, z). Second, every role atom R(v, w) ∈ B′ with w , y and for which there no atom of the form
S (w, z) ∈ B′ must have been eliminated when rolling up side branches. Thus the
remaining atoms must all be role atoms that form a chain.
While the correctness of the transformation will be shown below, the algorithm
does not always produce the result that might be considered most obvious. On the
one hand, the algorithm never generates ABox axioms, which would sometimes
lead to a simpler presentation. As an example, the simple SWRL fact R(a, b) leads
to the normalised rule {a}(x) → ∃R.{b}(x) for which the algorithm creates the
knowledge base {{a} ⊑ ∃R.{b}}. This captures the intended semantics but it is
rather not the preferred way of expressing the original statement. On the other
hand, the algorithm does not implement any additional simplifications that can be
admissible in some cases. For example, the rule {a}(x) ∧ R(x, y) ∧ {b}(y) → S (x, y)
can be expressed as a GCI {a} ⊓ ∃R.{b} ⊑ ∃S .{b}, whereas the transformation
algorithm produces a knowledge base {{a} ≡ ∃R{a} .Self, {b} ≡ ∃R{b} .Self, R{a} ◦ R ◦
R{b} ⊑ S }.
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The output KB of the transformation algorithm for some input rule B → H
will be denoted by KB(B → H). This notation is extended to SROIQfree rule
S
bases RB by defining KB(RB) ≔ B→H∈RB KB(B → H). We can now state the
main result of this section.
Theorem 8.2.5 Every SROIQfree rule base RB is semantically emulated by the
SROIQfree knowledge base KB(RB), the size of which is linearly bounded by the
size of RB.
If RB is a SROIQ rule base, then KB(RB) is a SROIQ knowledge base.
Thus the problem of deciding consistency of a SROIQ rule base is N2ExpTimecomplete.
Proof. To show that KB(RB) is a SROIQfree knowledge base, we must verify
that the use of simple role names agrees with Definition 3.1.2. Thus consider the
creation step for role inclusion axioms. If the head of the rule is of the form S (x, y)
in this step, it must have been of this form in the normalised input rule already.
Since S is simple, Definition 8.2.3 implies that B = R(x, y) with R ∈ Rs . Applying
the transformation steps to a rule of this form, it is easy to see that we obtain
a rule R1 (x, y) → S (x, y) in Step 6b, so the generated RIA is indeed allowed in
SROIQfree .
We have already observed in Lemma 8.2.2 that the size of the normal form of
a SROIQfree rule is linearly bounded, and it is easy to see that this property also
holds for the size of KB(RB).
It suffices to show semantic emulation for rule bases that consist of a single
rule B → H. This result is established by showing that the following property is
preserved throughout the transformation algorithm: KB ∪ {B′ → H ′ } semantically
emulates B → H, where B′ → H ′ denotes the modified input rule at the current
stage of the computation. By Lemma 8.2.2, the claim holds after the algorithm’s
initialisation, and it is easily verified that its validity is preserved by each individual transformation step.
Now assume that RB is a SROIQ rule base. It is obvious that KB(RB) contains only SROIQ role and concept expressions. It remains to show that KB(RB)
satisfies the regularity restrictions of SROIQ. Thus let ≺ denote the strict total order on R that exists for RB according to Definition 8.2.4. We claim that it satisfies
all properties of the strict total order that is required to show regularity of KB(RB)
based on Definition 3.1.4. For this it suffices to show that the path ρ(B, x, y) is
indeed exactly the set of those role atoms that are considered when creating the
final role inclusion axiom in Fig. 8.3 for an input rule of the form B → R(x, y).
This is easy to see by noting that rolling-up eliminates exactly those role atoms
that are not included in ρ(B, x, y).
Now the claimed complexity result follows from the well-known worst-case
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complexity result for SROIQ [Kaz08].



In particular, this shows that we have indeed identified a decidable SWRL
fragment. Since the above worst-case complexity is very high, it does not allow
us to draw conclusions about the practical implementability of SROIQ rules. In
this respect, it is more important that we can provide a linear-time transformation
from SROIQ rules to SROIQ. Given that the computed knowledge base is not
significantly larger than the original rule base, it is feasible to use this transformation to implement inferencing for SROIQ rules. In contrast, the considerations
in Section 9.3 illustrate that an N2ExpTime worst-case complexity can sometimes
even be established if a transformation incurs an exponential blow-up in the size
of the knowledge base.
Based on the existing practical experiences with SROIQ inference engines,
it can thus be argued that inferencing for SROIQ rules can also be accomplished
with realistic computing resources in relevant cases. However, the actual performance in “average” cases strongly depends on the structure of typical knowledge
bases that are obtained from SROIQ rule bases. It is likely that these knowledge bases are rather different from today’s SROIQ knowledge bases, since DL
Rules provide a different modelling metaphor that emphasises expressive features
of SROIQ that are hard to access when constructing SROIQ axioms directly.

8.3

Adding Role Constructors

Bodies of SWRL rules are arbitrary conjunctions of atoms, whereas SROIQ supports only conjunctions of concepts but not of roles. Based on the insights that
have been obtained in Chapter 5, it is therefore natural to extend SROIQ rules
to SROIQ(Bs , ×) rules by allowing simple role expressions as well. This also allows for the use of concept product expressions to formulate rules of the form
A(x) ∧ B(y) → R(x, y) directly as (A × B)(x, y) → R(x, y). This may look like an
unnecessary complication at first since the respective rule could also be expressed
in SROIQ, but a closer inspection shows that the use of concept products allows
R to be simple whereas SROIQ can only emulate this rule if R is non-simple.
SROIQ(Bs , ×) (or SROIQ(Bs , ×)free ) rules in their general form might be less
relevant than SROIQ rules in practice, since there is no sufficient tool support
for reasoning in SROIQ(Bs , ×), but they provide the largest DL Rule language
considered within this work. Moreover, SROIQ(Bs , ×) rules serve as a convenient
conceptual framework for SROEL(⊓s , ×) rules that are more likely to play a role
in practical applications, and for which an inferencing algorithm is specified in
Section 8.5.
Note that our definition of SWRL assumes SROIQfree as the underlying DL,
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(1) Head Normalisation
(2) Role Atom Normalisation
(3) Concept Atom Normalisation
(3.a) Concept Product Normalisation If H = R(x, y) with R ∈ Rs then:
– define a set Ba ≔ {C(z) ∈ B | z occurs in no role atom of B → H}, and concepts



E ≔ C(x)∈B C ⊓ C(z)∈Ba ∃U.C(x) and F ≔ C(y)∈B C,
– define B ≔ B ∪ {(E × F)(x, y)} \ ({C(t) ∈ B | t = x or t = y} ∪ Ba ).

(3.b) Role Conjunction Normalisation For all role atoms R(x, y) ∈ B:
– if R ∈ Rs and there is some S (x, y) ∈ B with S ∈ Rs , then
B ≔ B ∪ {(R ⊓ S )(x, y)} \ {S (x, y), R(x, y)}, else
– if R ∈ Rs and there is some S (y, x) ∈ B with S ∈ Rs , then
B ≔ B ∪ {(Inv(R) ⊓ S )(y, x)} \ {S (y, x), R(x, y)}.

(4) Connecting the Body
(5) Orienting the Body
Figure 8.4: Normalising a SWRL rule B → H in SROIQ(Bs , ×)free
so that role constructors cannot occur in such rules. However, it is easy to see that
this restriction is not essential, since role expressions are hardly considered when
processing DL Rules. Large parts of the transformation algorithm for SROIQ
rules simply preserve role expressions, so that complex role expressions behave
like atomic roles (role names). The only exception is step (5) in Fig. 8.2, where a
role expression is replaced by its inverse. When dealing with SROIQ(Bs , ×) roles,
this operation must of course be defined as in Section 5.1. In the following, we will
therefore tacitly assume that SWRL rules may contain complex role expressions
as well, and in particular we admit such expressions in intermediate results that
are created when transforming rules. Whether or not they are supported in the
input rule base is not essential to our presentation, and in particular we obtain a
larger decidable fragment of SWRL without role constructors as well.
Due to the simplicity requirement of SROIQ(Bs , ×) role expressions, it is still
impossible to model conjunctions of chains of roles, and, in essence, we therefore still require the dependency graph of a SROIQ(Bs , ×)free rule to be free of
undirected cycles, and large parts of the definition for SROIQfree rules can be
re-used. The most efficient way of defining SROIQ(Bs , ×)free rules thus is to extend the normal form transformation of SROIQfree rules to take advantage of the
additional expressive features. To this end, consider the extended normalisation
procedure as specified in Fig. 8.4, where steps (1)–(3), (4), and (5) are the same
as in Fig. 8.2.
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The new steps (3.a) and (3.b) use role constructors to address cases that could
not be handled in SROIQfree . In (3.a), concept products are used to avoid violations of simplicity constraints for roles. The first step defines auxiliary concepts
that are used to combine various concept atoms into a single expression E and
F. Note that the construction of E corresponds to the construction of GCIs from
SROIQfree rules that do not contain role atoms, where the universal role is used to
connect independent atoms to the root variable x of the head. Step (3.b) iteratively
combines simple role expressions using role conjunction, where some expressions
might need to be inverted in the process.
It is not hard to see that the extended SROIQ(Bs , ×)free normal form of a rule
is again semantically equivalent to the original rule. As in the case of SROIQfree
normal forms of rules, we assume an arbitrary but fixed global ordering for iterating over role atoms, so that the normalisation of SROIQ(Bs , ×)free rules is indeed
deterministic.
The definition of SROIQ(Bs , ×)free and SROIQ(Bs , ×) rules and rule bases
now is completely analogous to the definition of the corresponding notions for
SROIQfree and SROIQ.



Definition 8.3.1 SROIQ(Bs , ×)free rules are defined as in Definition 8.2.3 but using SROIQ(Bs , ×)free instead of SROIQfree in all places. A SROIQ(Bs , ×)free
rule base is a set of SROIQ(Bs , ×)free rules. Regular SROIQ(Bs , ×)free rule bases
and SROIQ(Bs , ×) rules and rule bases are defined as in Definition 8.2.4 but
using SROIQ(Bs , ×) and SROIQ(Bs , ×)free instead of SROIQ and SROIQfree ,
respectively, in all places.
Due to the structural similarity of SROIQ(Bs , ×)free rules and SROIQfree
rules, it is easy to see that the transformation of Fig. 8.3 can also be used to transform SROIQ(Bs , ×)free rules. Theorem 8.2.5 and 5.2.2 thus can be combined into
the following result:
Theorem 8.3.2 The problem of deciding satisfiability of SROIQ(Bs , ×) rule bases
is N2ExpTime-complete.
Returning to our running example from Fig. 8.1, we see that rule (2) can now
be supported since it is transformed to a role conjunction in step (3.b) of the normalisation of Fig. 8.4. However, the resulting role expression is only allowed in
SROIQ(Bs , ×) if the role names orderedDish and dislikes are simple. This,
however, conflicts with rule (4) of Fig. 8.1 that requires dislikes to be nonsimple. Therefore, depending on the choice of simple and non-simple roles, we
find that either rules (1), (3), (4), and (5), or rules (1), (2), (3), and (5) can occur
together within a single SROIQ(Bs , ×) rule base. The former rule base is also
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supported by SROIQ rules, but does not allow for any conclusions regarding unhappy individuals. The latter rule base still completely lacks rule (4), but allows
us to conclude Unhappy(bijan).

8.4

Further Classes of DL Rules

The above discussions were focussed on highly expressive DL Rule languages,
suitable for identifying rather large decidable fragments of SWRL. In this section,
we show how to define DL Rules for smaller description logics, and derive some
immediate complexity results. The discussion in this section is generally based
on SROIQ(Bs , ×)free rules as the most general decidable fragment of SWRL introduced above, and the normal form construction of rules thus will refer to the
extended transformation in Fig. 8.4.
But already the normalisation of Fig. 8.2 has the drawback of introducing
nominals into rules in steps (2) and (3). The elimination of constant symbols from
rules allowed for a more unified treatment of DL Rules, and the rewriting of R(x, a)
to ∃R.{a}(x) in rule heads directly enlarges the class of DL Rules by avoiding unnecessary simplicity restrictions that would apply when translating such rules into
RIAs. However, the use of nominals for encoding constants excludes a number of
description logics where this feature is not available, which is especially undesirable since the use of constants is common in rule-based modelling. Fortunately,
nominals are not necessary when giving up semantic equivalence in favour of emulation, as long as the nominal occurs in a negative position, i.e., in essence, if it
occurs non-negated in a rule body or negated in a rule head.
Lemma 8.4.1 Consider a SWRL rule base RB in the normal form as obtained by
the transformation in Fig. 8.4. A rule base RB′ is obtained from RB by executing
the following steps for each individual symbol a ∈ I:
– introduce a fresh concept name Na and add a new fact Na (a),
– in all concept atoms C(x) in a rule body of RB that contain a subconcept {a}
in a position p with pol(C, p) > 0, replace this occurrence {a} = C| p by Na ,
– in all concept atoms C(x) in a rule head of RB that contain a subconcept {a}
in a position p with pol(C, p) < 0, replace this occurrence {a} = C| p by Na ,
where positions and polarities are defined as in Fig. 6.2. Then RB′ semantically
emulates RB.
Proof. It is easy to see that RB′ |= RB due to the restriction on the polarity of the
replaced nominals. Conversely, every model I of RB can be extended to a model
′
I′ of RB′ by setting NaI ≔ {a}I for all individual names a ∈ I.
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This additional transformation significantly increases the class of DL Rules
obtained for description logics without nominals, which will also be crucial to
obtain a generalisation of DL-safe rules in Chapter 9.
Definition 8.4.2 Consider a DL L that is a fragment of SROIQ(Bs , ×)free , and
that supports concept conjunctions, existential restrictions, local reflexivity (Self),
and (general) role inclusion axioms. Given a set of SWRL rules RB, let RB′ denote
the corresponding set of rules in normal form and with nominals eliminated as in
Lemma 8.4.1. Then RB is an L rule base if:
(1) RB is a SROIQ(Bs , ×)free rule base,
(2) all concept and role expressions in RB′ are allowed in L,

L rules are SWRL rules that occur in some L rule base.



(3) if L contains only regular knowledge bases, then RB is regular in the sense
of Definition 8.2.4.

This rather compact definition deserves some explanation. We restrict to DLs
that feature at least the basic operators that were used to emulate DL Rules since
only very restricted rule languages can be obtained without them. Condition (1)
ensures that we can apply the construction of Section 8.2 and 8.3 to obtain a
SROIQ(Bs , ×)free knowledge base that semantically emulates the given L rule
base RB. Let KB(RB) denote the according knowledge base that is obtained by
applying the transformations steps of Fig. 8.3 to the pre-transformed rule base
RB′ as in Definition 8.4.2. We thus incorporate the additional transformation of
Lemma 8.4.1, so that conditions (2) and (3) suffice to establish the following result.
Proposition 8.4.3 Consider an L rule base RB for some description logic L as
in Definition 8.4.2. Then the SROIQ(Bs , ×)free knowledge base KB(RB) is an L
knowledge base that semantically emulates RB.
The complexity of checking satisfiability of L rule bases is the same as the
complexity of checking satisfiability of L knowledge bases.
Proof. The claimed semantic emulation is an immediate consequence of the according results for SROIQfree rules and SROIQ(Bs , ×)free rules, together with the
fact that semantic emulation is preserved by Lemma 8.4.1. It is easy to see that
KB(RB) contains only role and concept expressions that are allowed in L. Indeed,
item (2) of Definition 8.4.2 ensures that the pre-transformed rule base RB′ contains only such expressions, and the translation algorithm of Fig. 8.3 introduces
only constructs that were supposed to be available in L.
186

8.4 Further Classes of DL Rules
If L is a fragment of SROIQ(Bs , ×), i.e. if it imposes regularity restrictions
on RBoxes, then these conditions are also satisfied by KB(RB) due to item (3) of
Definition 8.4.2.
For the claimed complexity result, note that checking satisfiability of L knowledge bases must be P-hard, since L supports conjunctions of concepts. Satisfiability checking of propositional Horn logic is a well-known P-complete problem
for which there is an obvious LogSpace reduction to the satisfiability problem of
L knowledge bases. Now for inclusion, it suffices to note that the construction of
KB(RB) is also possible in LogSpace. For hardness, we observe that the standard
transformation of L knowledge bases to semantically equivalent L rule bases (see
Section 4.2.1) is again possible in LogSpace.

This result confirms that Definition 8.4.2 provides a suitable generic definition
of DL Rule languages. A more careful inspection of this definition is useful to
understand its implications. While conditions (1) and (3) should be obvious, the
effects of (2) are slightly more complex, since it refers to the result of rule normalisation. Basic characterisations of DL Rules as in Definition 8.2.3 require the
rule body to be tree-shaped, and the normalisation in Fig. 8.2 attempts to create
this form by using SROIQ(Bs , ×) constructs. When using a weaker DL, some of
these constructs might not be available, so that the according normalisation rule
is not allowed. In other words, it is generally allowed to use DL rules that already
have tree-shaped bodies, while deviations from that form are only admissible if
the DL is sufficiently expressive.
As an example, consider the description logic SROEL(⊓s , ×) as defined in
Section 5.4. Theorem 5.4.7 showed that standard reasoning tasks for this logic
are P-complete when restricting to admissible knowledge bases. Since admissibility is only concerned with the use of concept products on the right-hand side
of concept inclusions, it does not restrict the use of concept products in rule bodies as encountered in Fig. 8.4. Other uses of concept products cannot occur since
our definition of SWRL based on SROIQ does not include them. Therefore, we
immediately obtain following corollary of Proposition 8.4.3 and Theorem 5.4.7.
Corollary 8.4.4 The problem of deciding satisfiability of a SROEL(⊓s , ×) rule
base is P-complete w.r.t the size of the rule bases.
SROEL(⊓s , ×) does not feature inverse roles – it is known that this would
increase its reasoning complexity to ExpTime [BBL08] – such that step (5) of the
normalisation in Fig. 8.2 is not applicable. In effect, bodies of SROEL(⊓s , ×)
rules need to be a conjunction of tree-shaped bodies that do not share variables,
and the root of one of these components must be the root of the rule’s head. On
the other hand, the use of concept products and role conjunctions in the additional
transformations of Fig. 8.4 effectively relaxes the restrictions imposed on simple
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roles. Namely, a simple role name R can occur in a rule head R(x, y) as long as the
rule’s body contains only role atoms of the form S (x, y) where S is simple, or of
the form T (z, a) where a ∈ I.
Definition 8.4.2 could still be generalised further. In particular, it currently
is tailored toward DLs that generally allow or disallow concept expressions in
GCIs. A notable class of logics for which this is not the case are Horn description
logics as considered in Chapter 6, where different restrictions apply to concepts
depending on whether they occur as premises or as conclusions. It is easy to see
that Definition 8.4.2 could be generalised to cover this type of DLs by being more
specific about the type of concept expression that is allowed in rule heads and
bodies.
In addition, existential role restrictions are in fact only required for rolling
up concept expressions in rule bodies, such that even DLP provides sufficient
expressivity for defining a class of DL Rules. The resulting formalism of DLP
rules has the interesting property that its rule bases can be semantically emulated
by datalog programs. This provides us with a way of using rule-based inference
engines for evaluating a certain kind of DL Rules. The following section illustrates
that this can be a viable approach for other DLs as well.

8.5

Implementing DL Rules in Datalog

In order to obtain decidability and complexity results in the previous sections, we
took the approach of reducing DL Rules to knowledge bases of the underlying description logics, thus enabling inference engines for description logics to be used
when reasoning with DL Rules. Conversely, the proximity of DL Rules to firstorder rule languages suggests to ask for similar translations that allow inference
problems to be expressed in a rule language. The above discussion of DLP rules
indicated that this is possible in some cases. Establishing this result for DLP was
straightforward due to the strong semantic relationships that exist between DLP
and datalog. But from Chapter 7 we also know that DLP already is the maximal
– in the sense of said chapter – fragment of SROIQ with such close connections
to datalog.
Given that we cannot expect other DLs to have such close connections to datalog, we must be content with weaker semantic relationships. Fortunately, even
equisatisfiability suffices to translate standard reasoning problems, but this generalisation also opens a significantly larger field for possible solutions. Indeed,
a number of translations to (disjunctive) datalog have been proposed to address
reasoning tasks for description logics, see Section 8.7. It is not immediately clear
how to adapt these approaches to DL Rules since general role inclusion axioms
are typically not covered by the approaches.
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In addition, one motivation for expressing inferencing problems for DL Rules
in datalog would be that datalog can accommodate rule-like axioms in a more
natural way, without requiring complicated rewritings. Horn DLs in general can
be expected to allow for a more direct translation to datalog, but the example
of Horn-SHIQ illustrates that the required algorithms can still be rather complex. In this section, we show that there is a significantly simpler translation for
SROEL(⊓s , ×) rules, for which reasoning is possible in polynomial time. In contrast to the approach that has been sketched for DLP rules above, our translation
directly converts SROEL(⊓s , ×) into an equisatisfiable datalog program that mirrors the basic structure of the input rules. As explained above, it cannot be expected that the resulting datalog semantically emulates the original rule base, but
it turns out that important entailments are still preserved.
We do not consider an extended definition of SWRL here that would allow
the use of SROEL(⊓s , ×) role constructors in SROEL(⊓s , ×) rules. Hence, additional role constructors do not occur in the input rules. However, we want to
obtain the datalog translation for SROEL(⊓s , ×) knowledge bases that was given
in Section 5.4 as a special case, so we need to ensure that (rule versions) of all
SROEL(⊓s , ×) axioms in normal form are covered (see Definition 5.4.2). For
most normal forms, a semantically equivalent SROEL(⊓s , ×) rule is obvious, but
axioms of the form R ⊑ C × D cannot be represented. Such axioms are clearly
equivalent to two axioms R ⊑ C × ⊤ and R ⊑ ⊤ × D, where the former can be
represented as a SROEL(⊓s , ×) rule R(x, y) → C(x). To cover the latter axiom as
well, we allow additional range restriction rules of the form R(x, y) → D(y).
As noted in Section 5.4, concept products on the right-hand side of RIAs
must be restricted in order to retain tractability. The above decomposition of such
axioms shows that the problem is due to range restrictions only, since axioms
R ⊑ C × ⊤ can always be represented as GCIs ∃R.⊤ ⊑ C. Similar to the structural
restriction that were defined for concept products in Definition 5.4.4, we thus can
define admissibility for range restrictions.
Definition 8.5.1 Consider a SROEL(⊓s , ×) rule base RB and a set of range restriction rules RR. For every role name R, define ran(R) ≔ {D | R(x, y) → D(y) ∈
RR}. The range restrictions RR are admissible for RB if, for every rule B → R(t, y)
with t ∈ V ∪ I and y ∈ V, and for every D ∈ ran(R), one of the following holds:
– D(y) ∈ B, or
– there is some atom S (s, y) ∈ B with s ∈ V ∪ I and D ∈ ran(S ).



An extended SROEL(⊓s , ×) rule base is the union of a SROEL(⊓s , ×) rule base
RB with a set of range restrictions RR that are admissible for RB.
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It should be noted that this definition is compatible with the normalisation
rules for DL Rules in the sense that a set of range restrictions is admissible for the
normalisation of a rule base if and only if it is admissible for the rule base. Returning to the example from Fig. 8.1, we find that rule (3) is a range restriction. Rules
(1), (2), and (5) can occur within a SROEL(⊓s , ×) rule base, while rule (4) is disallowed since its normal form includes inverse roles. Given these rules, it is easy
to see that rule (3) is an admissible range restriction, so the rules (1), (2), (3), and
(5) together with all facts of Fig. 8.1 form an extended SROEL(⊓s , ×) rule base.
As in the case of SROIQ(Bs , ×) rules, we can only conclude Unhappy(bijan),
but recognising the given rules as an extended SROEL(⊓s , ×) rule base allows us
to apply polynomial-time algorithms for inferencing.
Definition 8.5.1 is slightly more restrictive than Definition 5.4.4 since it considers only the explicitly asserted ranges of each role, while the earlier definition
used the hierarchy of simple roles to derive “obvious” implied restrictions. It is
clear that such an extension would be possible in the above case as well, but since
rules can generally have more different forms than RIAs, the formulation would
not be as natural as for the case of SROEL(⊓s , ×). Even without this, every extended SROEL(⊓s , ×) rule base is transformed to an admissible SROEL(⊓s , ×)
knowledge base when using the algorithm of Fig. 8.4 together with the translation for range restriction rules by means of concept products as discussed above.
Conversely, every admissible SROEL(⊓s , ×) knowledge base is semantically emulated by an extended SROEL(⊓s , ×) rule base that is obtained by the obvious
translation of axioms, together with additional range restriction rules to explicitly
state the implicit range restrictions as considered in Definition 5.4.4.
To simplify our presentation, we first transform SROEL(⊓s , ×) rules into a
simpler form.3 In contrast to the approach taken to represent SROIQ rules as
knowledge bases, we now perform an inverted rolling-up to decompose concept
expressions to individual rule atoms.
Proposition 8.5.2 Every SROEL(⊓s , ×) rule base RB is semantically emulated
by a SROEL(⊓s , ×) rule base RB′ such that the following holds for every rule
B → H ∈ RB′ :
– all variables in H occur in B,
– if C(t) ∈ B then C = A, C = ⊤, or C = {a} where A ∈ A and a ∈ I,
– if C(t) ∈ H then C = A, C = ∃R.A, C = ⊥, or C = {a} where A ∈ A and a ∈ I.
Moreover, RB′ can be computed in linear time w.r.t. the size of RB.
3

We avoid the term “normal form” here since it was already introduced with another meaning
for DL Rules above.
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Proof. The transformation algorithm iteratively transforms RB. In each iteration,
a rule B → H that is not in the required form is selected. If H = ⊤(t), then delete
B → H from RB. If H = (C ⊓ D)(t), then replace it with new rules B → X(t),
X(t) → C(t), and X(t) → D(t), where X is a fresh concept name. If H = ∃R.C(t)
with C < A, then replace it with rules B → ∃R.X(t) and X(x) → C(x) where X is
again a fresh concept name. If H = ∃R.Self(t) then replace it with R(t, t).
If B contains an atom ⊥(t), then delete B → H from RB. If B contains an atom
∃R.C(t), then replace it with R(t, y) ∧ C(y) where y ∈ V does not occur in B → H
yet. If B contains an atom (C ⊓ D)(t), then replace it with C(t), D(t). If B contains
an atom ∃R.Self(t) then replace it with R(t, t).
Finally, if H contains a variable x that does not occur in B, then add ⊤(x) to
B. It is easy to see that this construction leads to the required result after a linear
number of steps.

The construction in the previous proof can be assumed to be deterministic
if the order of the transformation steps is fixed. Note that range restriction rules
already satisfy the requirements of Proposition 8.5.2. SROEL(⊓s , ×) rules can be
transformed to datalog as follows:
Definition 8.5.3 Given an extended SROEL(⊓s , ×) rule base RB, the datalog program P(RB) is defined as follows. The following new symbols are introduced:
– concept names SelfR for each simple role name R ∈ Ns ,
– individual names dR,A for each R ∈ N and A ∈ A.
In the following, we will always use I, A, N, Nn , Ns to refer to the original signature of RB, not including the additional symbols added above. Let RB′ denote
the simplified SROEL(⊓s , ×) rule base obtained from RB as in Proposition 8.5.2.
The program P(RB) is obtained from RB′ as follows:
(a) For all rules B → H ∈ RB′ , the program P(RB) contains the rule B′ → H ′
that is obtained from B → H by replacing all occurrences of R(x, x) by
SelfR (x), all occurrences of {a}(t) by a ≈ t, and all occurrences of ∃R.A(t)
with A ∈ A by the conjunction R(t, dR,A ) ∧ A(dR,A ).4
(b) For all rules B → S (y, z) ∈ RB′ with y, z ∈ V and S ∈ Ns simple, P(RB)
contains the rule B′ → SelfS (y) where B′ is obtained from B by replacing
z by y, and – afterwards – replacing all occurrences of R(x, x) by SelfR (x),
and all occurrences of {a}(t) by a ≈ t.
4

Note that this substitution can only occur in rule heads. As usual, conjunctions in rule heads
serve as a shortcut notation for two rules with the same body and either of the conjuncts as their
head.
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(1)
(2)
(3)
(5)

Vegetarian(x) ∧ FishProduct(y) → dislikes(x, y)
Vegetarian(x) ∧ FishProduct(x) → Selfdislikes (x)
orderedDish(x, y) ∧ dislikes(x, y) → Unhappy(x)
orderedDish(x, y) → Dish(y)
Happy(x) ∧ Unhappy(x) → ⊥
Vegetarian(anja)

orderedDish(anja, thaiRedCurry)
contains(thaiRedCurry, dcontains,FishProduct )
FishProduct(dcontains,FishProduct )
Vegetarian(bijan)
orderedDish(bijan, fishFingers)
FishProduct(fishFingers)
Vegetarian(ian)
orderedDish(ian, dorderedDish,X1 )
X1(dorderedDish,X1 )
X1(x) → contains(x, dcontains,{fishSauce} )
fishSauce ≈ dcontains,{fishSauce}
FishProduct(fishSauce)
Vegetarian(markus) orderedDish(markus, dorderedDish,X2 )
X2(dorderedDish,X2 )
X2(x) → contains(x, dcontains,FishProduct )
X1 and X2 are fresh concept names from the simplification of Proposition 8.5.2.
For each role R ∈ {contains, dislikes, orderedDish} and each individual
a ∈ {anja, bijan, fishFingers, fishSauce, ian, markus, thaiRedCurry}
a rule R(a, a) → SelfR (a)
Figure 8.5: Datalog program for the extended SROEL(⊓s , ×) rules of Fig. 8.1
(c) For each a ∈ I and R ∈ Ns simple, P(RB) contains the rule R(a, a) →
SelfR (a).



In all cases, x denotes an arbitrary variable x ∈ V, and t denotes an arbitrary term
t ∈ V ∪ I.
It is easy to see that P(RB) is indeed a datalog program. Note that atoms of the
form SelfR (x) are created only in cases where R must be simple: in (a) this is the
case since only such occurrences of R(x, x) are allowed in a SROEL(⊓s , ×) rule,
and in (b) it follows since S is simple so that R must also be simple for all atoms
R(y, z) ∈ B.
As an example, Fig. 8.5 shows a datalog translation of the rules of Fig. 8.1 that
were identified above to be allowed in an extended SROEL(⊓s , ×) rule base. An
interesting point to observe is that the auxiliary individual dcontains,FishProduct is
used both for the fish product in Anja’s curry and for the fish product in Markus’
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unnamed dish. Clearly, the rule base does not entail that both fish products are the
same, but the restrictions of SROEL(⊓s , ×) rules ensure that it is impossible to
query for that information. In other words, identifying both individuals does not
lead to undesired conclusions.
The correctness proof for this construction constitutes an essential part of the
technical contributions of this section, and we first provide some intuition on how
the proof proceeds. To show that RB and P(RB) are equisatisfiable, we construct
models of P(RB) from models of RB, and vice versa. It is well-known that, in
the case of EL++ , models can be generated by introducing only a single element
for each atomic concept [BBL05]. For SROEL(⊓s , ×) rules, however, the added
features of role conjunction and local reflexivity change the situation: considering
only one characteristic element per atomic concept leads to undesired entailments
in both cases. Our model constructions therefore deviate from the classical EL++
construction that worked for the simple EL rules in [KRH08a] with only minor
modifications.
For instance, the rule base {a}(x) → ∃R.C(x), {a}(x) → ∃S .C(x) does not entail
any conjunction of the form R(a, x) ∧ S (a, x). Yet, every interpretation in which
the extension of C is a singleton set would necessarily entail this conjunction. This
motivates the above use of dR,C in P(RB), which, intuitively, represent elements
of C that have been “generated” by a rule head of the form ∃R.C(x). Thus we
admit |N| distinct characteristic individuals for each concept, and this suffices for
the proper model construction in the presence of role conjunctions.
The second problematic feature are expressions of the form R(x, x), which
again preclude the consideration of only one characteristic individual per concept.
The use of concept atoms SelfR (x) enables the translation of models for RB to
models of P(RB) (the soundness of the satisfiability checking algorithm). The
latter may indeed entail additional statements of type R(x, x) without impairing
the validity of the datalog rules that use SelfR (x).
In the other direction, models of RB are built from models of P(RB) by creating infinitely many “parallel copies” of a basic model structure. These copies
form an infinite sequence of levels in the model, and simple roles relate only to
successors in higher levels. Exceptions to this construction principle, such as the
concept product rules discussed earlier, make the exact formalisation technically
involved. The below proof for this case hinges upon the simplicity of roles in
concepts SelfS , and it is not clear if a relaxation of this requirement would be
possible.
Lemma 8.5.4 If is an extended SROEL(⊓s , ×) rule base RB in the simplified
form of Proposition 8.5.2, then RB is satisfiable if P(RB) is satisfiable.
Proof. If P(RB) is satisfiable, then it has a least Herbrand model J since it is
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a datalog program [AHV94]. This notion is typically defined for datalog without
equality only, so we take the perspective that the equality predicate ≈ is part of
the signature of P(RB) and has been axiomatised as in Section 4.1.3. With this
convention, the domain of J is exactly the Herbrand universe ∆J = I ∪ {dR,A | R ∈
N, A ∈ A} (if equality was part of the logic, the domain would consist of the ≈
equivalence classes of the Herbrand universe; our approach avoids this notational
burden).
To define an interpretation I of RB, we also consider SROEL(⊓s , ×) rules
as a fragment of first-order logic without equality. In other words, we consider
≈ as a signature symbol that is interpreted as a congruence relation, i.e. as an
equivalence relation with the additional property that the elements of any of its
equivalence classes cannot be distinguished by first-order formulae over the given
signature. It is clear that the traditional perspective can be obtained by factorising
I with ≈, but the expanded view simplifies our presentation.
Now define ∆I ≔ I ∪ {dR,A,n | R ∈ N, A ∈ A, n ≥ 0} where we assume this
to be a disjoint union. For each δ ∈ ∆I , the level ν(δ) is defined as ν(a) ≔ 0 if
a ∈ I, and ν(dR,A,n ) ≔ n. The projection ι : ∆I → ∆J is defined by ι(a) ≔ a
for a ∈ I, and ι(dR,A,n ) ≔ dR,A . For each a ∈ I, set aI ≔ a. For any A ∈ A, set
AI ≔ {δ ∈ ∆I | ι(δ) ∈ AJ }. Finally, for each role name R ∈ N, set hδ, δ′ i ∈ RI iff
hι(δ), ι(δ′ )i ∈ RJ and one of the following conditions holds:
– ι(δ) , ι(δ′ ), or
– ι(δ) = ι(δ′ ) and ι(δ) ∈ SelfJ
R , or
– ν(δ) < ν(δ′ ).
Finally, ≈ is interpreted by setting ≈I ≔ {hδ, δ′ i | there is a ∈ I such that hι(δ), ai ∈
≈J and hι(δ′ ), ai ∈ ≈J } ∪ {hδ, δi | δ ∈ ∆I }, where it is easy to check that this is
indeed a congruence relation for I.
We claim that I is a model of RB. Given a variable assignment Z for I, let Z′
denote the variable assignment for J defined as Z′ (x) ≔ ι(Z(x)). Then, for any
atom α of the form C(t) or R(t, s) over the signature of RB, we find that I, Z |= α
implies J, Z′ |= α. Moreover, I, Z |= a ≈ t implies J, Z′ |= a ≈ t and thus
J, Z′ |= {a}(t). Finally, I, Z |= R(t, t) implies J, Z′ |= SelfR (t).
Now consider any rule B → H such that I, Z |= B. By the previous observations, J, Z′ |= B′ , where B′ → H ′ is the rule obtained from B → H in (a) of
Definition 8.5.3. Since J |= P(RB), we obtain J, Z′ |= H ′ . We need to show that
I, Z |= H. This follows directly from the definition of I for atoms of the form
C(t) ∈ H and {a}(t) ∈ H.
For atoms ∃R.B(t) ∈ H, we find that htI,Z , dR,B,n i ∈ RI for any n > ν(tI,Z ),
since J, Z′ |= R(t, dR,B ) ∧ B(dR,B ). This also shows that dR,B,n ∈ BI , so we can
conclude I, Z |= ∃R.B(t) as required.
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For atoms R(t, s) ∈ H, we need to verify that one of the conditions in the
definition of RI is satisfied. Thus assume that ι(tI,Z ) = ι(sI,Z ), and ν(tI,Z ) ≥
ν(sI,Z ). If t ∈ I or s ∈ I, then ι(tI,Z ) = ι(sI,Z ) implies s = t. We thus obtain
I, Z |= R(t, s) since ι(tI,Z ) ∈ SelfJ
R , which in turn is a consequence of the fact
that J satisfies the rules (c) of Definition 8.5.3. If t, s < I, then P(RB) contains
a rule B′′ → SelfR (y) by item (b) of Definition 8.5.3, and we can draw a similar
conclusion by observing that J, Z′ |= B′′ .
This shows that I satisfies all rules of RB, including range restrictions.

The other direction of the proof is slightly more complex, since Herbrand models cannot be assumed to be available for SROEL(⊓s , ×) rule bases. Instead of directly relating domain elements to elements of the original model, we now assign
characteristic concepts κ(δ) to each domain element δ.
Lemma 8.5.5 If RB is an extended SROEL(⊓s , ×) rule base in the simplified
form of Proposition 8.5.2, then P(RB) is satisfiable if RB is satisfiable.
Proof. Assume that RB has some model I. We define an interpretation J of
P(RB) with domain ∆J ≔ {aI | a ∈ I} ∪ {dR,C | R ∈ N, C ∈ A, (C ⊓ ∃R− .⊤)I *
{a}I for all a ∈ I}, where we assume that this is a disjoint union. Note that we use
inverse roles for describing semantic conditions here, although inverses cannot be
used in SROEL(⊓s , ×). For each individual name d in P(RB), set dJ as follows:
– If d ∈ I, then dJ ≔ dI .
– If d = dR,C ∈ ∆J , then dJ ≔ d.
– If d = dR,C < ∆J and (C ⊓ ∃R− .⊤)I ⊆ {a}I for some a ∈ I, then dJ ≔ aI for
some (arbitrary) such a.
Moreover, we assign a concept expression κ(δ) to any element δ ∈ ∆J as follows:
– if δ = aI with a ∈ I then κ(δ) ≔ {a} for some (arbitrary) such a,
– if δ = dR,C then κ(δ) ≔ C ⊓ ∃R− .⊤.
Now J interprets roles and concepts as follows (where we assume that C and R
are symbols occurring in RB):
(A) δ ∈ C J iff κ(δ)I ⊆ C I
I
I
(B) δ ∈ SelfJ
R iff hǫ, ǫi ∈ R for all ǫ ∈ κ(δ)

(C) hδ, aI i ∈ RJ for a ∈ I iff κ(δ)I ⊆ ∃R.{a}I
(D) hδ, dS ,C i ∈ RJ for R ∈ Nn iff κ(δ)I ⊆ ∃R.κ(dS ,C )I , and κ(dS ,C )I ⊆ DI for all
D ∈ ran(R)
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(E) hδ, dS ,C i ∈ RJ for R ∈ Ns and κ(δ)I ⊆ ∃S .C I iff hǫ, ǫ ′ i ∈ RI for all
ǫ ∈ κ(δ)I and ǫ ′ ∈ κ(dS ,C )I with hǫ, ǫ ′ i ∈ S I , and κ(dS ,C )I ⊆ DI for all
D ∈ ran(R)
(F) hδ, dS ,C i ∈ RJ for R ∈ Ns and κ(δ)I * ∃S .C I iff hǫ, ǫ ′ i ∈ RI for all
ǫ ∈ κ(δ)I and ǫ ′ ∈ κ(dS ,C )I , and κ(dS ,C )I ⊆ DI for all D ∈ ran(R)
We claim that J is a model for P(RB). For the rules of type (c) in Definition 8.5.3 this is easy to see. Now consider some rule B′ → H ′ generated from a
rule B → H ∈ RB by item (a). Assume there is a variable assignment Z′ for J
such that J, Z′ |= B′ . We show how to iteratively construct a variable assignment
Z for I such that I, Z |= B, where the construction starts at the root element of
B:
While Z has not been defined for all variables occurring in B, do the following:
– Select a variable x occurring in B such that there is no atom R(y, x) ∈ B with
y ∈ V such that y , x and Z(y) not defined yet. Note that such an x always
exists, since B → H is a DL Rule, and thus has no proper cycles.
– Select a value Z(x) ∈ κ(Z′ (x))I as follows:
(1) If Z′ (x) = aI with a ∈ I then set Z(x) ≔ aI .
(2) Otherwise, if there is some R(t, x) ∈ B′ with R ∈ Nn , then let Z(x) be
some element ǫ ∈ κ(Z′ (x))I such that htI,Z , ǫi ∈ RI .
For the remaining cases, assume that (1) and (2) do not hold, and hence
Z′ (x) = dS ,C , and all role atoms in B′ that contain x in the second position refer to simple roles.
′
(3) If there is some R(t, x) ∈ B′ such that κ(tJ,Z )I ⊆ ∃S .C I , then let Z(x)
be some element ǫ ∈ κ(Z′ (x))I such that htI,Z , ǫi ∈ S I .
(4) Otherwise let Z(x) be some element ǫ ∈ κ(Z′ (x))I .
Finally, for all variables x not occurring in B, let Z(x) be arbitrary.
We need to verify that Z is indeed well-defined. For that we must show that
the choice of Z(x) in (1)–(4) above is always possible. To this end, note that
κ(Z′ (x))I is non-empty by definition of κ. We check all cases separately:
(1) The given choice clearly is possible, and Z(x) ∈ κ(Z′ (x))I .
(2) Since R(t, x) ∈ B′ with R non-simple, this atom is the only role atom with
x in its second component by definition of SROEL(⊓s , ×) rules, hence the
choice of R(t, x) is canonical. From J, Z′ |= B′ and (D) in the definition of
′
J we conclude that κ(tJ,Z )I ⊆ ∃R.κ(Z′ (x))I . By definition of Z (for case
′
t ∈ V) and J (for case t ∈ I), we find that tI,Z ∈ κ(tJ,Z )I , and thus there
must be a possible choice for Z(x).
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(3) In this case, the choice of Z(x) depends on the term t in the first position of
the selected atom R(t, x). However, by the definition of DL rules, all atoms
of the form R′ (t′ , x) must have the same term in their first component, and
′
thus the choice of t is again canonical. By assumption, we find κ(tJ,Z )I ⊆
∃S .C I , and we can apply a similar argument as in case (2) to conclude that
the required choice of Z(x) is possible.
(4) Trivial.
We further claim that I, Z |= B, which is shown by considering all atoms that
may occur in B:
– C(t) with C ∈ A. By Definition 8.5.3, B′ also contains C(t) and hence J, Z′ |=
C(t). If t ∈ V then, by construction of Z, we find that Z(t) ∈ κ(Z′ (t))I . Hence,
by item (A) in the definition of J, Z(t) ∈ C I . Otherwise, if t ∈ I then we find
that κ(t)I = {t}I = {tI } ⊆ C I as required, where the subset inclusion follows
again from (A).
′

′

– {a}(t). In this case, tJ,Z = aI and κ(tJ,Z ) = {b} for some b with bI = aI . Thus
′
tI,Z ∈ κ(tJ,Z )I = {aI } as required.
– R(t, u). First assume that u ∈ V. If t = u, then SelfR (u) ∈ B′ and we can use (B)
to conclude I, Z |= R(t, u). Otherwise, if u ∈ V and t , u, we can distinguish
the cases as in the definition of Z:
(1) I, Z |= R(t, aI ) is a direct consequence of (C).
(2) The choice in case (2) of the definition of Z directly implies I, Z |=
R(t, u), where it is important to note that only one such (non-simple)
role atom with second argument u can occur.
(3) Again we have argued above that all role atoms with u in their second
position must then be simple and refer to the same t in their first position.
Z(u) was chosen such that htI,Z , Z(u)i ∈ S I . Therefore, J, Z′ |= R(t, u)
and (E) imply that htI,Z , Z(u)i ∈ RI as required.
(4) Case (F) in the definition of J applies, and hence we again conclude
that htI,Z , Z(u)i ∈ RI .
Finally, if u ∈ I, then we can also apply the same reasoning as in case (1)
above.
We thus find that I, Z |= B, and, since I is assumed to be a model of RB,
we conclude that I, Z |= H. Moreover, for any variable x in B for which there is
no atom R(t, x) ∈ B, and for any ǫ ∈ κ(Z′ (x))I , we can construct such a variable
assignment Z which additionally satisfies Z(x) = ǫ. This is easily seen since the
value of Z is chosen by item (4) in the definition of Z in this case.
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We can now show that J, Z′ |= H ′ . First consider the case that B → H is
a range restriction R(x, y) → C(y). If Z(y′ ) = aI with a ∈ I then Z(y) = aI
by the definition of Z, and we find aI ∈ C I since I satisfies B → H. But then
κ(Z(y))I = {a}I ⊑ C I , and hence Z′ (y) ∈ C J by (A) as required. If Z′ (y) < I,
then J, Z′ |= R(x, y) must be due to (D), (E), or (F) in the definition of J. In each
case, κ(Z′ (y))I ⊆ C I is a necessary precondition, since C ∈ ran(R), and hence we
obtain J, Z′ |= C(y) from (A).
Now assume that B → H is a SROEL(⊓s , ×) rule that is no range restriction.
We distinguish cases by considering the different types of atoms that may occur
in H. According to Proposition 8.5.2, we have to consider three basic kinds of
atoms: A(t), ∃R.B(t), and R(t, u), where A ∈ A ∪ {⊤} ∪ {{a} | a ∈ I} and B ∈ A.
If t ∈ V then, by the definition of SROEL(⊓s , ×) rules, we find that there is no
′
atom R(u, t) ∈ B with u , t. Thus, for any ǫ ∈ κ(tJ,Z )I , there is an assignment
Z such that tI,Z = ǫ and I, Z |= H. This also is trivially true if t < V, since
′
κ(tJ,Z )I contains only a single element tI in this case. Using this insight (†), we
can consider the various possible kinds of atoms in H:
– If A(t) ∈ H with A ∈ A ∪ {⊥} then also A(t) ∈ H ′ . Then (†) shows that ǫ ∈ AI
′
′
for all ǫ ∈ κ(tJ,Z )I , and we can conclude that tJ,Z ∈ AJ by case (A) in the
definition of J. For A = ⊥ this is a contradiction, showing that this case cannot
occur.
′

– If {a}(t) ∈ H then a ≈ t ∈ H ′ . By (†), we find that κ(tJ,Z )I = {a}I and thus
′
′
tJ,Z ∈ {a}J by (A). But this implies tJ,Z = aJ as required.
– If ∃R.B(t) ∈ H with B ∈ A then R(t, dR,B ) ∧ B(dR,B ) ∈ H ′ . By considering the
J I
possible values of κ, it is easy to see that κ(dR,B
) ⊆ BI , which establishes the
second part of the above conjunction by (A).
To show that R(t, dR,B ) is also entailed, we again apply (†) as in the previous
′
item to conclude that κ(tJ,Z )I ⊆ ∃R.BI . Thus we just need to observe that the
conditions for J, Z′ |= R(t, dR,B ) that are given in (E) and (F), respectively, are
satisfied.
– If R(t, u) ∈ H with t , u then R(t, u) ∈ H ′ . Using (†) and the fact that uI,Z ∈
′
′
′
κ(uJ,Z )I , we find that κ(tJ,Z )I ⊆ ∃R.κ(uJ,Z )I . This establishes the required
conditions for (D) and thus settles all cases where either u ∈ I, or u ∈ V
with Z′ (u) = aI and a ∈ I. For the remaining cases, assume that u ∈ V with
Z′ (u) = dS ,C .
Observe that, for all D ∈ ran(R), we find dSJ,C ∈ DJ since the conditions of
Definition 8.5.1 hold, and since all range restrictions of RB are satisfied by J
as shown above. By (A), this ensures that the conditions on ran(R) as stated in
(D)–(F) hold. In particular, this settles the case R ∈ Nn by (D).
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It remains to check the case where R ∈ Ns . By the restrictions on simple roles
in SROEL(⊓s , ×) rules, we conclude that u occurs in the second position of
role atoms in B′ only if the atom is of the form R′ (t, u) with R′ simple. If there
′
is such an atom R′ (t, u) ∈ B′ and if κ(tJ,Z )I ⊆ ∃S .C I , then the value for Z(u)
was chosen by case (3) of the definition of Z. We can thus derive a similar
statement as (†), and conclude that Z(u) might take any value ǫ ′ ∈ κ(Z′ (u))I
for which htI,Z , ǫ ′ i ∈ S I . Since we derive htI,Z , ǫ ′ i ∈ RI in all these cases, we
can invoke (E) to conclude J, Z′ |= R(t, u).
′

If there is no role atom R′ (t, u) in B′ , or if κ(tJ,Z )I * ∃S .C I for all such atoms,
then Z(u) is chosen in case (4) of the definition of Z. A similar argument as
before shows that the conditions of case (F) are satisfied in this case, and we
obtain J, Z′ |= R(t, u) as required.
– If R(t, t) ∈ H then SelfR (t) ∈ H ′ . Applying (†) again, we find that hǫ, ǫi ∈ RI
′
for all ǫ ∈ κ(tJ,Z )I . Using (B), we can again derive J, Z′ |= SelfR (t).
This shows that J, Z′ |= H ′ and concludes the proof for rules of type (a).
Finally, for rules generated in item (b) of Definition 8.5.3, note that one could
similarly obtain these rules by item (a) by adding, for each rule B → H ∈ RB with
R(x, y) ∈ H and R ∈ Ns simple, a rule B′ → R(x, x), where B′ is obtained from B
by replacing all occurrences of y with x. Since adding such rules clearly does not
affect the semantics of RB, case (b) is covered by case (a).
We conclude that J is indeed a model for all rules in P(RB) as required. 
Summing up the result of Proposition 8.5.2, Lemma 8.5.4, and Lemma 8.5.5,
we obtain the following theorem:
Theorem 8.5.6 Given an extended SROEL(⊓s , ×) rule base RB in normal form,
RB is unsatisfiable iff P(RB) is unsatisfiable.
Definition 8.5.3 thus suggests an approach for implementing SROEL(⊓s , ×)
rules in datalog without the need of first transforming rule bases to SROEL(⊓s , ×)
knowledge bases. This translation does not directly establish the tractability of reasoning problems that was stated in Corollary 8.4.4. The latter result was based on a
tractability result for admissible SROEL(⊓s , ×) knowledge bases (Theorem 5.4.7)
that was obtained by further decomposing axioms in the knowledge base so as to
limit the number of variables that occur in each datalog rule after the translation. It is not hard to see that a similar result could be achieved by decomposing
SROEL(⊓s , ×) rules, and indeed we provide a more general result for an extension of SROEL(⊓s , ×) rules in Section 9.4.
Such normalisations, however, are mainly relevant for obtaining worst-case
complexity results, and it should not be taken for granted that they would actually
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improve the computational behaviour of inferencing engines. On the one hand,
available datalog implementations are typically optimised for datalog rules with
an arbitrary number of variables per rule, and the decomposition of such rules
into many rules with a bounded number of variables would not necessarily lead to
performance gains. On the other hand, a dedicated inference engine for extended
SROEL(⊓s , ×) rules may employ optimisations that exploit the tree structure of
rules directly, without requiring an explicit decomposition that introduces new
signature symbols.

8.6

Summary

In this chapter, we have introduced DL Rules as a novel class of decidable SWRL
fragments. The main characteristic of DL rule bases is that they can be emulated by knowledge bases of an underlying description logic based on a transformation that can be performed in linear time. The expressiveness of DL Rule
languages varies depending on the description logic on which they are based,
and accordingly the worst-case complexity of satisfiability checking in DL rule
languages agrees with the worst-case complexity of reasoning in this DL. We
have specifically considered the highly expressive languages of SROIQ rules
and SROIQ(Bs , ×) rules for which reasoning is N2ExpTime-complete, but also
the class of extended SROEL(⊓s , ×) rule bases where polynomial-time reasoning
is possible. In all of these cases, the most important defining feature of DL Rules
is the tree-like dependency structure of their rule bodies.
When considering the impact of a DL on the resulting DL Rule language,
we can distinguish expressive features that are only relevant for extending the
available concept expressions from those that play a crucial rôle for emulating
rules. The first kind of feature includes operators like concept union and cardinality restrictions. If features of this kind are not available, then the resulting DL
Rule language simply does not comprise SWRL rules that include such concept
expressions. The second kind of feature, in contrast, is required to capture the
semantics of the basic logical constructs that rules provide, even if no complex
role or concept expressions occur in its atoms. The most important of these features are concept conjunction, existential role restriction (on the left-hand side of
GCIs), local reflexivity (Self), and general role inclusion axioms, all of which are
necessary for emulating a reasonable amount of SWRL rules in DL.
Further features of the second kind are useful for encompassing a broader
class of SWRL rules that are not exactly tree-shaped but that can be transformed
into such a shape by applying obvious rewritings. These features are the universal
role, inverse roles, role conjunctions, and concept products. Nominal classes, in
contrast, have also been used to normalise the structure of rules but were shown
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to be dispensable in all cases in which they are introduced for this normalisation.
Reasoning in DL Rules is generally possible by transforming rule bases into
DL knowledge bases. But this generic approach may lead to collections of axioms
which disguise the original rule structure that could otherwise be useful to guide
the search in inference engines. An alternative approach is to develop rule-based
inferencing algorithms that can preserve the structure of rules while still supporting DL constructs beyond DLP (see Chapter 7). To this end, we have presented
an algorithm for translating reasoning problems for extended SROEL(⊓s , ×) rule
bases to datalog. The correctness proof of this method also establishes the correctness of the datalog transformation provided for SROEL(⊓s , ×) in Section 5.4
which is obtained as a special case.

8.7

Related Work

DL Rules depend on expressive features that have been (re)introduced for DLs
only with the proposal of SRIQ [HKS05] and SROIQ [HKS06]. Complex role
inclusion axioms had originally been included even in KL-ONE – an early predecessor of today’s description logics – where they were called role-value maps
[BS85], but it had soon been recognised that these features lead to undecidability
of basic inference problems [SS89]. Only much later have complex role inclusion
axioms been introduced again into description logic research, at first only to confirm that undecidability occurs even with very restricted cases [Wes01]. Regularity
conditions for retaining decidability were first proposed in [HS04], and more recent work suggested generalisations of these conditions [Kaz09b] that could also
be relevant for enlarging the class of DL rule bases. For the case of EL, it is wellknown that no regularity conditions are required when introducing role inclusion
axioms [BBL05].
It has long been known that DL concept expressions correspond to tree-shaped
conjunctive formulae of first-order logic, and that GCIs thus correspond to certain SWRL rules. An extensive treatment of possible rolling-up approaches in
the context of DL conjunctive query answering can be found in [Tes01]. Applying simple rolling-up methods to rules with unary head atoms has also led to the
first proposals for decidable fragments of SWRL [PSG+ 05]. The possibility of expressing larger classes SWRL rules by combining local reflexivity with general
role inclusion axioms has first been introduced independently in [GSH08] and
[KRH08a]. [GSH08] focusses on DL Rules for SROIQ and discusses slightly
different rewriting method that takes “obvious” inferences into account for simplifying rule bodies (not all cases covered in [Tes01] are included, e.g. one could
simplify role conjunctions of roles with a common functional superrole). This
allows the approach to subsume more rule bases, but it also introduces another
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non-local criterion for determining whether a rule is supported or not. The related
work [GH08] introduced a prototypical user interface to support the modelling
of such rules. [KRH08a] includes tractability results for DL rule languages based
on EL++ and DLP, all of which are subsumed by the more general results in this
chapter. More recently, it has been proposed to introduce qualified role inclusion
axioms as additional logical operators that are directly processed in inference algorithms [TSS09]. It is not hard to see that the approach of this chapter could
exploit such constructs to emulate DL Rules in a more direct way.
The reduction of inference tasks of description logics to suitable inference
tasks in datalog has been considered in a number of independent works. Examples include resolution-based approaches for EL [Kaz06] and SHIQ [HMS05,
Mot06], as well as approaches for SHIQ based on ordered binary decision diagrams [RKH08d, RKH08c]. In many of these cases, disjunctive datalog – the extension of datalog with disjunction in rule heads – is required [Mot06, RKH08d,
RKH08c]. Notable exceptions occur when considering Horn description logics
such as Horn-SHIQ [HMS05] and EL [Kaz06], as discussed in Chapter 6. However, not all approaches lead to non-disjunctive datalog when applied to Horn DLs,
as illustrated by the reduction in [RKH08d, RKH08c] that requires disjunctions to
encode binary decision diagrams.
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Chapter 9
Extending DL Rules with DL-Safe
Variables
In this chapter, we extend the class of DL-safe SWRL rules which are based on
the idea of limiting the interaction between datalog and description logics to a
“safe” amount that does not endanger decidability.1 DL-safe datalog rules have
originally been introduced in [MSS05], where it was also shown that they do not
increase the worst-case complexity of the DL SHIQ.
We generalise this approach to the extended class of DL+safe rules that combine DL-safe rules with DL Rules as discussed in Chapter 8. Although DL+safe
rules can still be expressed in terms of the underlying description logic, the according rewriting might incur an exponential growth of the size of the knowledge
base. This contrasts the linear transformation that was obtained for DL Rules, and
thus allows us to argue that DL+safe rules provide a real extension of expressiveness.
When considering SROIQ as the underlying DL, it turns out that this extension does not lead to an increased worst-case complexity of reasoning tasks.
Given the very high worst-case complexity of SROIQ, this does not allow us to
conclude that the implementation of SROIQ rules with DL-safe variables is practically feasible. Indeed, our proof method leads to an exponential blow-up of the
size of the input theory that would be prohibitive in practice. These observations
motivate our definition of ELP as the most expressive tractable SWRL fragment
that is considered within this work.
The structure of this chapter is as follows. Section 9.1 starts by providing a
general introduction to DL-safe rules that provides the basic intuitions and motivations for the subsequent considerations. Section 9.2 introduces DL+safe rules as
1

The name “DL-safe” actually originates from a related notion of “safety” that has been considered for datalog in the field of deductive databases.
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an extension of DL-safe rules that exploit the insights of Chapter 8 to encompass
additional SWRL rule bases. In Section 9.3, it is shown that satisfiability checking
in SROIQ+safe rules is N2ExpTime-complete, and thus not harder than reasoning in SROIQ. Section 9.4 introduces ELP as a more light-weight rule language
that can be processed by extending the datalog transformation from Section 8.5.
We conclude by summarising our results in Section 9.5 and provide pointers to
related work in Section 9.6.
The results of Section 9.4 can also be found in [KRH08b] though this does not
encompass the full generality of DL+safe rules yet.

9.1

Introducing DL-Safe Rules

The restrictions that DL-safe rules impose on SWRL to preserve decidability can
be viewed from two perspectives. On the one hand, one can give syntactic “safety”
conditions that ensure the desired behaviour. This corresponds to the original definition of DL-safe rules. On the other hand, one can modify the semantics of
SWRL rules so as to ensure that every rule is implicitly restricted to allow only
“safe” interactions with description logic knowledge bases. This approach has
become very common in practice, since it is indeed always possible to evaluate
arbitrary SWRL rules in a DL-safe way, without requiring the user to adhere to
specific syntactic restrictions. We begin with the original definition and explain
the second perspective afterwards.



Definition 9.1.1 Consider a signature hI, P, Vi of SWRL as in Definition 4.2.1,
with designated subsets of DL concept names A ⊆ P, simple role names Ns ⊆ P,
and non-simple role names Nn ⊆ P. A DL atom is a SWRL atom of the form
P(t1 , . . . , tn ) where P is a DL concept or role, i.e. P ∈ C or P ∈ R where C and R
are defined based on the SROIQ signature hI, A, Ni. All other SWRL atoms are
non-DL atoms.
A SWRL rule of the form B → H is DL-safe if all variables in B → H occur in
a non-DL atom in B. A set of SWRL rules is DL-safe if all of its rules are DL-safe.
Note that the distinction of DL atoms and non-DL atoms only makes sense if
we disallow rules that entail information about non-DL atoms from DL atoms –
this is obviously given when restricting attention to DL-safe rules. The previous
definition is also the first case where it is relevant to distinguish the designated
sets A and N from arbitrary unary or binary predicates in P. In particular, the
underlying SWRL signature is relevant for determining if a set of rules is DL-safe
or not.
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For an example, consider again the SWRL rules from Fig. 8.1 on page 173.
The predicates orderedDish, contains, and FishProduct are used in description logic concepts and thus must be role and concept names, respectively. Therefore, rule (1) is not DL-safe since y is used only in the DL atom FishProduct(y).
For similar reasons, rule (3) is not allowed but all other rules are indeed DL-safe.
DL-safety is easily recognised by checking whether there are enough non-DL
atoms in each rule premise. Some care must still be taken since DL-safety is not an
intrinsic feature that a SWRL rule may have since it depends on underlying SWRL
signature. To see this, we can take a different perspective on the rules of Fig. 8.1.
As we have seen in Section 8.1, rule (1) and rules (3) to (5) could similarly be
considered as SROIQ rules, while rule (2) does not meet the requirements. Using
DL Rules and DL-safe rules together is no problem since the former are merely
a syntactic shortcut for description logic axioms. We just have to consider all
predicates in DL Rules as role and concept names. Rule (1) and rule (3), which
we found not to be DL-safe above, could thus also be considered as DL Rules.
But when doing so, the predicates Dish and dislikes also must be part of the
DL signature, and thus rules (2) and (4) are no longer DL-safe.
Summing up, we can treat the rules of Fig. 8.1 in at least two ways: either we
use rules (2), (4), and (5) as DL-safe rules, or we use rule (1) and rules (3) to (5) as
SROIQ rules. In each case, we can also use the given facts, but no further rules.
Hence, neither approach is quite satisfying, since we have to neglect one or the
other rule in each of the cases. But the definition of DL-safety suggests a way to
get closer to our original rule set. Namely, whenever a rule is not DL-safe for a
particular signature, it can be modified to become DL-safe by adding further nonDL atoms to the rule premise for all variables that did not appear in such atoms
yet. We can introduce a fresh unary non-DL predicate O and use atoms of the form
O(x) to ensure the DL-safety conditions for a variable x. When viewing rules (1)
and rules (3) to (5) as DL Rules, e.g., we can modify rule (2) to become DL-safe
as follows:
(2’)

orderedDish(x, y) ∧ dislikes(x, y) ∧ O(x) ∧ O(y) → Unhappy(x)

This new rule is indeed DL-safe since both x and y occur in non-DL atoms,
and hence it can be used together with the other (DL) rules. But, unfortunately,
this rule does not allow for any additional conclusions since one can always find
an interpretation where O is interpreted as the empty set, so that rule (2’) is never
applicable. Adding O(x) and O(y) imposes additional conditions for applying the
rule. Therefore we would like to ensure that O must encompass as many elements
as possible. A first idea might be to add the rule O(x), i.e. the fact that O encompasses all elements. But this rule would not be DL-safe, as x does not occur in a
non-DL atom in the premise. A little reflection shows that we can only assert that
concrete elements belong to O, e.g., by writing O(markus). By giving additional
205

Extending DL Rules with DL-Safe Variables
facts of this kind, we can extend the applicability of rule (2’) to further cases.
Thus, consider a SWRL rule base that consists of the rules (1) and (3) to (5),
and all facts of Fig. 8.1, together with the additional rule (2’) and facts O(c) for
each individual name a that occurs in Fig. 8.1. Based on this rule base, we can
obtain all conclusions of the underlying SROIQ rule base. For example, we find
that Markus ordered a dish that he dislikes, as expressed by the description logic
assertion
(∃orderedDish.∃dislikes− .{markus})(markus)
which we could check with a DL reasoner. An explicit way to read this expression
is as follows: Markus belongs to the class of things who ordered a dish that is
disliked by someone in the class {markus}, of which Markus is the only member.
In spite of this conclusion, we cannot infer that Markus is unhappy. The DLsafe rule (2’) is applicable only if the variables x and y represent members of the
class denoted by O. But we can always find an interpretation where this is not the
case for the element that represents the unnamed dish that Markus ordered.
In contrast, we know that Anja ordered a particular Thai curry dish called
“Thai Red Curry” and again we may conclude that she dislikes this dish. Since
the domain element that corresponds to Anja’s dish is represented by the constant symbol thaiRedCurry, the DL-safe rule (2’) is applicable and we derive
Unhappy(anja). The only other instance of Unhappy that we can conclude is
bijan, which follows by applying rules (1) and (2’).
This example also provides some intuition of why the DL-safety restriction is
enough to ensure decidability of reasoning. Namely, DL-safety effectively restricts
the applicability of rules to those domain elements that are identified by constant
symbols, i.e. to the elements for which we can instantiate the predicate O (or any
other non-DL predicate we may use). Since we only ever have a finite number of
constant symbols, rules are applicable in only a finite number of cases. The DLsafe rule (2’), e.g., could also be replaced by rules without variables that enumerate
all the basic cases that are covered:
orderedDish(anja, thaiRedCurry) ∧ dislikes(anja, thaiRedCurry)
→ Unhappy(anja)
orderedDish(markus, thaiRedCurry) ∧ dislikes(markus, thaiRedCurry)
→ Unhappy(markus)
orderedDish(markus, anja) ∧ dislikes(markus, anja)
→ Unhappy(markus)
...
While this still yields exponentially many rules, these rules now are easier
to deal with for a description logic reasoner. In fact, rules without variables can
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always be considered as DL Rules, and could thus even be transformed into description logic axioms. This approach, however, is not feasible in practice, since
it creates an exponential amount of new axioms that the reasoner must take into
account. Reasoners with direct support for DL-safe rules, in contrast, may process
such rules rather efficiently, and in an optimised fashion. Examples of systems that
currently support DL-safe rules are KAON2 [MS06] and Pellet [SPG+ 07].

It has been mentioned that there is a second perspective that one may take on
DL-safe rules. The above discussions have shown that, intuitively, DL-safe rules
are applicable only to elements that are denoted by constant symbols. Instead of
imposing a syntactic requirement to ensure this, we may directly build this restriction into the semantics of SWRL. One way to do that is to change the definition
of variable assignments, requiring that variables can only be assigned to domain
elements of the form aI for some constant symbol a ∈ I. Such domain elements
are sometimes called named elements. Another possible approach is to assume
that the premise of every rule (DL-safe or not) is silently extended with conditions O(x) where O is defined by facts O(a) for each constant symbol a. Both approaches are essentially equivalent in that they allow us to write arbitrary SWRL
rules and use them like DL-safe rules. This is, in fact, what some description logic
reasoners that support DL-safe rules will automatically do when encountering a
rule that is not DL-safe.
The above perspective is convenient since it allows users to specify arbitrary
rules without considering the details of their semantics. However, this approach
introduces some confusion, since the term “DL-safe rule” might now be used
for two different things. On the one hand, it might refer to a SWRL rule that
respects the syntactic restrictions explained above. On the other hand, it might
denote a rule that is syntactically similar to SWRL, but which is evaluated under a
modified semantics that restricts its conclusions. The second approach can also be
viewed as an incomplete way of reasoning with SWRL: all conclusions that the
rules entail under the “DL-safe semantics” are also correct conclusions under the
standard SWRL semantics, but some conclusions might not be found. An example
of such a lost conclusion is Unhappy(markus) which we could derive in SWRL
in Section 4.2.1 but not with the DL-safe rules above.
While the relationship between the two approaches is straightforward, it is important to clarify the intended meaning when specifying SWRL rules. This is even
more the case when Description Logic Rules are also considered, since SWRL
rules that are not DL-safe may still be suitable as DL Rules.
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9.2

DL Rules with Safe Variables

The extended introduction to DL-safe rules in the previous section already explained that DL Rules and DL-safe rules can be used in combination. This immediately leads to larger decidable fragments of SWRL, but this loose integration
of the two approaches can be further extended. In this section, we introduce the
concept of DL-safe variables and we show how it can be applied to obtain larger
decidable fragments of SWRL. The resulting class of rule languages is called
DL+safe rules since it represents a natural integration of DL Rules and DL-safe
rules that generalises both approaches.



Definition 9.2.1 Consider a SWRL signature hI, P, Vi as in Definition 9.1.1, and
a SWRL rule B → H over that signature. A variable x is DL-safe for B → H if it
occurs in a non-DL atom in B.
A DL-safe rule therefore is a SWRL rule that contains only DL-safe variables
in its head. As before, this notion is only useful if we ensure that non-DL atoms are
not entailed from DL atoms in the considered rule bases. If this can be taken for
granted, then the satisfiability of rule bases is typically not affected when replacing
rules with DL-safe variables by their groundings, defined as follows.



Definition 9.2.2 The DL-safe grounding ground(B → H) of a rule B → H is the
set of all rules that can be obtained by uniformly replacing DL-safe variables in
B → H with individual names of the given signature. Given a set of SWRL rules
RB, we use ground(RB) to denote the union of all DL-safe groundings for rules
of RB.
Much of the discussion of Section 9.1 applies to DL-safe variables as well. In
particular, we are free to choose the alternative perspective that DL-safe variables
are subject to a different semantic interpretation that restricts variable assignments
for those variables to named elements. This approach could be formalised by including a designated set of DL-safe variables into SWRL signatures. To avoid
confusion, we stay true to the formulation of Definition 9.2.1.
In essence, DL-safe variables behave like individual names, and we can extend
the definition of DL Rules accordingly.
Definition 9.2.3 Consider a description logic L as in Definition 8.4.2. Given a set
RB of SWRL rules over a signature S , let S ′ denote the signature obtained from
S by declaring all unary predicates to be concept names. Then RB is an L+safe
rule base over S if
– ground(RB) is an L rule base over S ′ according to Definition 8.4.2.
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– all rules in RB that contain a non-DL atom as their head are DL-safe, and

9.2 DL Rules with Safe Variables
Since all atoms in DL Rules must be DL atoms, this definition implicitly requires rules to contain unary non-DL atoms only. This restriction could be weakened, but such an extension would not contribute much to the results of this chapter since we typically consider only non-DL atoms of the form O(x).
It should be noted that DL+safe rules are a generalisation of DL Rules and DLsafe rules. Clearly, a DL rule base simply is a DL+safe rule base without non-DL
atoms. For the case of DL-safe rules, note that every SWRL rule without variables
is a DL Rule according to Definition 9.2.3. We point out that the elimination of
nominals in Lemma 8.4.1 is essential for this result. Hence, any DL-safe rule is
also a DL+safe rule (given that only unary and binary atoms are used, as discussed
above). Since any DL knowledge base can directly be expressed as a DL Rule
base, this shows that any combination of a description logic knowledge base with
a set of DL-safe rules can be expressed as a DL+safe rule base.
For an extended example, consider again the rules of Fig. 8.1 on page 173.
As before, we find that rules (1) and (3) to (5) are SROIQ rules, and hence they
are clearly SROIQ+safe rules as well. This is not the case for rule (2), but we
do not need to restrict it quite as strongly as rule (2’) in Section 9.1. Namely, it
suffices if one of the variables is forced to be DL-safe, so we obtain two possible
approximations:
(2.a)
(2.b)

orderedDish(x, y) ∧ dislikes(x, y) ∧ O(y) → Unhappy(x)
orderedDish(x, y) ∧ dislikes(x, y) ∧ O(x) → Unhappy(x)

where O is instantiated for all individual names as before. The grounding of either
rule is a SROIQ rule: assuming that the DL-safe variable is replaced by constants
a and b, we can apply the algorithm of Section 8.2 to obtain SROIQ axioms:
(2.a)
(2.b)

∃orderedDish.{a} ⊓ ∃dislikes.{a} ⊑ Unhappy
{b} ⊓ ∃U.({b} ⊓ ∃orderedDish.∃dislikes− .{b}) ⊑ Unhappy

where the axiom for (2.b) could be simplified by omitting the outermost conjunction and existential on the left-hand side; this optimisation is not part of the transformation algorithm. When using the SROIQ+safe rule base with rule (2.a), only
Unhappy(bijan) and Unhappy(anja) are entailed, whereas with rule (2.b) we additionally obtain the missing conclusions Unhappy(ian) and Unhappy(markus).
Continuing with the example, we can also consider SROIQ(Bs , ×)+safe rules
as an underlying formalism. As observed in Section 8.3, the simplicity restrictions
on role conjunctions allow us to consider either rules (1) and (3) to (5), or rules
(1) to (3) and (5) as SROIQ(Bs , ×) rules. In the first case rule (2) can be treated
as before, while in the second case we can consider restricted versions of rule (4)
that still allow dislikes to be simple. It turns out that it suffices to make any
of the variables x, y and z in the body of rule (4) DL-safe, leading to rules (4.x),
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(4.y), and (4.z). With the extended transformation of Section 8.3, we obtain the
following axioms when using the constants a, b, c for grounding:
(4.x)
(4.y)
(4.z)

{a} × (Dish ⊓ ∃contains.∃dislikes− .{a}) ⊑ dislikes
(∃dislikes.∃contains− .{b}) ⊓ ∃U.(Dish ⊓ {b}) ⊑ ∃dislikes.{b}
(∃dislikes.{c}) × (Dish ⊓ ∃contains.{c}) ⊑ dislikes

Together with rule (4.x), the rule base entails all named instances of Unhappy,
just as in the case of SROIQ+safe rules with rule (2.b) above. With rule (4.y) we
can only conclude Unhappy(bijan) and Unhappy(anja), whereas rule (4.z) lets
us derive only Unhappy(bijan) and Unhappy(ian).
The next proposition shows that grounding can be used to reduce satisfiability
checking of DL+safe rules (and also DL-safe rules) to satisfiability checking for
the corresponding class of DL Rules.
Proposition 9.2.4 Consider a description logic L as in Definition 9.2.3. Then
every L+safe rule base RB is equisatisfiable to ground(RB).
In particular, if the problem of checking satisfiability of L knowledge bases is
decidable then checking satisfiability of L+safe rule bases is also decidable.
Proof. Consider a L+safe rule base RB. We claim that RB and ground(RB)
are equisatisfiable. Clearly, every model of RB is also a model of ground(RB).
For the converse, consider a model I of ground(RB). An interpretation I′ is defined to coincide with I regarding domain, interpretation of individuals, and interpretation of roles and concepts. For every n-ary predicate P < A ∪ N, define
PI ≔ {hδ1 , . . . , δn i ∈ PI | for all i = 1, . . . , n : δi = aI for some a ∈ I}. In other
words, I′ restricts the extension of non-DL predicates to named individuals. It is
easy to see that I′ is a model of RB, since all rules in RB with non-DL atoms as
heads are DL-safe.
By Definition 9.2.3, ground(RB) is an L rule base where the signature is modified to consider all unary predicates as concept names as in the definition. Satisfiability of ground(RB) can then be decided based on Proposition 8.4.3.

The satisfiability-preserving reduction in the previous proof yields an exponential blow-up of the number of input rules, and hence is not a useful basis
for obtaining tight upper boundaries for the worst-case complexity of satisfiability checking. Yet, this result can be considered as a way of expressing DL+safe
Rules in terms of DL Rules, and in particular as a reduction of DL-safe rules to
description logic axioms. In this sense, DL-safe rules do not introduce additional
expressiveness, although the term “syntactic sugar” is rather not appropriate given
the exponential blow-up of the rewriting and the fact that only satisfiability is preserved. However, the well-known result that DL-safe rules do not increase the
ExpTime worst-case complexity of reasoning for SHIQ [MSS05] suggests that
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DL+safe rules may not lead to an exponential increase in complexity. This is confirmed for the DLs SROIQ and SROEL(⊓s , ×) in the following two sections.

9.3

Reasoning Complexity of SROIQ+safe Rules

Intuitively, every DL+safe rule represents an exponential number of DL Rules
that are obtained by replacing DL-safe variables with individual symbols. Based
on this intuition that was the basis of the proof of Proposition 9.2.4, we obtain
an upper bound for the complexity of reasoning with DL+safe rules that is exponentially larger than the upper bound of the underlying DL. For example, it is
immediately clear that satisfiability of SROIQ+safe rule bases can be decided in
non-deterministic triple-exponential time. In this section, we show that this result
can be refined to obtain an N2ExpTime upper complexity bound, showing that this
reasoning problem must be N2ExpTime-complete. Moreover, we use the results
of Chapter 5 to obtain results for the slightly larger class of SROIQ(Bs , ×)+safe
rules.
The fact that all standard reasoning tasks for SROIQ knowledge bases can
be decided in N2ExpTime was shown in [Kaz08] by providing an exponential
reduction from SROIQ to C2 – the two-variable fragment of first-order logic with
counting quantifiers – for which reasoning is known to be NExpTime-complete,
and we have extended this transformation to SROIQ(Bs , ×) in Section 5.2. The
transformation is based on the use of non-deterministic finite automata (NFA)
that have been defined in [HS04, HKS06] to capture the interplay of complex
role inclusion axioms. We do not repeat the details of this construction here, and
merely quote the essential results. Proofs for the following facts can be found in
[HKS06] and the accompanying technical report.
Fact 9.3.1 Consider a SROIQ knowledge base KB. For each (possibly inverse)
role R ∈ R, there is an NFA AR over the alphabet R such that the following holds
for every model I of KB, and for every word S 1 . . . S n accepted by AR :
If hδi , δi+1 i ∈ S iI for each i ∈ {1, . . . , n}, then hδ1 , δn+1 i ∈ RI .
Moreover, let ≺ denote a strict linear order that witnesses regularity of RB as required in Definition 3.1.4. For each R ∈ N, the number of states of AR is bounded
exponentially in the depth of KB that is defined as:
max{n | there are S 1 ≺ . . . ≺ S n such that T i1 ◦ . . . ◦ S i ◦ . . . ◦ T imi ⊑ S i+1 ∈ KB}
Considering the DL Rule normalisations from Fig. 8.2 and 8.4, and the transformations from Fig. 8.3, it is easy to see that the grounding of DL-safe variables
does not increase the depth of a knowledge base. More formally, we obtain the
following.
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Lemma 9.3.2 Given a SROIQ(Bs , ×)+safe rule base RB, let RB′ denote the rule
base that is obtained by uniformly replacing each DL-safe variable in RB by some
(arbitrary) individual name. Moreover, let KB(RB′ ) and KB(ground(RB)) denote
the SROIQ(Bs , ×) knowledge bases that correspond to RB′ and ground(RB) as
defined in Proposition 8.4.3, where unary predicates of RB are considered as concept names. Then the depth of KB(RB′ ) is equal to the depth of KB(ground(RB)).
The transformation of SROIQ knowledge bases into C2 theories in [Kaz08]
proceeds in three steps: (1) the input axioms are transformed into a simplified
normal form as discussed in Section 5.2, (2) complex role inclusion axioms are
eliminated, and (3) the resulting SROIQ axioms are expressed as formulae of C2 .
Step (1) can be executed in linear time and leads to a SROIQ knowledge base that
semantically emulates the original knowledge base. Step (2) applies a technique
that was originally introduced in [DN05]. Every axiom of the form A ⊑ ∀R.B
is replaced by the following set of axioms, where AR is the NFA as introduced
above, and Xq are fresh concept names for each state q of AR :
A ⊑ Xq
Xq ⊑ ∀S .Xq′
Xq ⊑ B

q is the initial state of AR
S

AR has a transition q → q′
q is a final state of AR

Moreover, all complex RIAs of the form S 1 ◦ . . . ◦ S n ⊑ R with n ≥ 2 are deleted.
The number of new axioms (and fresh concept names) that are introduced for each
axiom of the form A ⊑ ∀R.B is bounded by the sum of the number of states and
transitions in AR , and the number of transitions in turn is linear in the number of
role names and states. According to Fact 9.3.1, the number of axioms introduced
for each axiom A ⊑ ∀R.B is exponentially bounded in the depth of the knowledge
base. The overall size of the knowledge base after step (2) therefore is bounded
by a function that is linear in the size of the knowledge base and exponential in
the depth of the knowledge base.
Step (3), finally, is a simple rewriting that does not increase the size of the
knowledge base. Lemma 9.3.2 therefore allows us to draw the following conclusion. As shown in Section 5.2, it is possible to extend this transformation to cover
additional types of role expressions, and this extension does not interfere with the
RIA elimination in step (2).
Theorem 9.3.3 The problem of deciding satisfiability of SROIQ(Bs , ×)+safe rule
bases (and thus also of SROIQ+safe rule bases) is N2ExpTime-complete w.r.t. the
size of the rule bases.
Proof. Consider a SROIQ(Bs , ×)+safe rule base RB and a SROIQ(Bs , ×) rule
base ground(RB) as in Lemma 9.3.2. Since the size of KB(ground(RB)) is linear
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in the size of ground(RB) (Theorem 8.2.5), we find that the sizes of ground(RB)
and of KB(ground(RB)) both are exponential in the size of RB. By Lemma 9.3.2
and Theorem 8.2.5, the depth of KB(ground(RB)) is linear in the size of RB. The
size of the knowledge base that is obtained in step (2) of the above transformation
of KB(ground(RB)) to C2 is bounded by the product of the number of axioms in
KB(ground(RB)) and the maximal number of states in NFA AR . Since both are
exponential in the size of RB, the overall bound is still exponential in this size.
Hence, the transformation to C2 in step (3) yields a theory that is exponential in
the size of RB, even when taking into account the additional transformation steps
that were introduced for SROIQ(Bs , ×) role expressions in Section 5.2. Since the
satisfiability problem for C2 theories is NExpTime-complete [PH05], we find that
satisfiability of RB can be decided in N2ExpTime.

Hardness follows from the N2ExpTime-hardness of SROIQ [Kaz08].
This shows that the worst-case complexity of reasoning in SROIQ+safe rules
is not higher than the worst-case complexity of reasoning in SROIQ. Yet, the
exponential increase in the input size, although it is not an increase of the knowledge base’s depth, suggests that in-advance grounding is not the most promising
approach for implementing reasoners. In particular, the method is guaranteed to
require exponential runtime in all cases, whereas successful DL reasoning algorithms typically are able to avoid exponential behaviour for many input problems.
It is not hard to see that optimisations could be applied to obtain more promising algorithms, e.g. by noting that grounding leads to a large number of structurally similar axioms that can be treated analogously during reasoning. This can
be exploited, for example, when constructing NFAs from the knowledge base.
The general strategy underlying such optimisations is deferred grounding: instead
of initially replacing DL-safe variables with constants, DL-safe variables are kept
unchanged and treated like constant symbols in subsequent inferencing steps, until
concrete values are really needed. Even when DL-safe variables are eventually instantiated, it is not necessary to compute all possible instantiations at once. These
observations suggest that the algorithmic treatment of SROIQ+safe rules could
indeed achieve similar levels of efficiency as the treatment of SROIQ knowledge
bases, but further research and development will be required to arrive at practical
implementations.

9.4

Tractable DL-Safe Rules: ELP

We have seen that DL+safe rules do not necessarily increase the worst-case complexity of reasoning as compared to the underlying DL. However, DL+safe Rules
are inherently intractable since they encompass DL-safe rules which can in turn
be used to express arbitrary datalog programs that use unary and binary predicate
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symbols only. Checking satisfiability of such programs is still NP-complete.2 In
this section, we therefore study how DL-safe variables can be combined with DL
Rules to obtain tractable rule languages. This approach leads to the rule language
ELP that extends SROEL(⊓s , ×) rules as defined in Section 8.5 with DL-safe
variables while still allowing polytime reasoning.
Intuitively speaking, the high worst-case complexity of datalog is due to the
fact that arbitrarily complex relationships can be expressed in rule bodies of unbounded size. We already noted that reasoning becomes tractable when restricting
to datalog rules with a bounded number of variables. As an alternative, one can
constrain the structure of rule bodies in the spirit of DL Rules, as shown in the
next definition.
Definition 9.4.1 Consider a set RB of SWRL rules over some signature S , and
let S ′ denote the signature obtained from S by declaring all unary predicates to
be concept names.
Then RB is an ELP rule base if the following holds:
– all rules in RB that contain a non-DL atom as their head are DL-safe,
– ground(RB) is a SROEL(⊓s , ×) rule base over S ′ , and
– RB is a SROIEL(⊓s , ×) rule base over S ′ , where SROIEL(⊓s , ×) is the
extension of SROEL(⊓s , ×) with inverse roles.



A set of range restrictions RR is admissible for an ELP rule base RB if RR is
admissible for ground(RB) according to Definition 8.5.1. An extended ELP rule
base is the union of an ELP rule base RB and a set of range restrictions RR that
are admissible for RB.
The above definition ensures that any ELP rule base is a SROEL(⊓s , ×)+safe
rule base, but it also imposes additional restrictions on the structure of DL-safe
variables. In essence, the requirement of RB being a SROIEL(⊓s , ×) rule base
implies that the body of any rule in RB does not contain “undirected cycles”3 other
than those that can be expressed by means of local reflexivity and conjunction of
simple roles.
Returning to our earlier example from Fig. 8.1, we now find that all rules
but rule (4) are in ELP extended with admissible range restrictions. In contrast
2

Hardness is easy to establish, e.g. by reducing the 3-colouring problem of binary graphs
[Pap94] to satisfiability checking. Inclusion can be shown by providing a non-deterministic
polynomial-time algorithm for checking ground entailments. This can be accomplished by guessing a suitable proof tree [Llo88], where we note that each node in the tree corresponds to one out
of polynomially many available ground atoms, so that a polynomial presentation of the complete
tree is possible.
3
This intuitive terminology alludes to the graphical interpretation from Definition 8.2.1.
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to the case of SROIQ(Bs , ×)+safe rules considered in Section 9.2, however, we
cannot select an arbitrary variable of rule (4) to be DL-safe. Only if z is DL-safe
will the grounded rule be a SROEL(⊓s , ×) rule. This corresponds to rule (4.z) as
considered in Section 9.2 and indeed we found that the SROIQ(Bs , ×) translation
of this rule was a SROEL(⊓s , ×) axiom. As before, we obtain the conclusions
Unhappy(bijan) and Unhappy(ian).
Interestingly, ELP can be considered as a SWRL fragment that subsumes and
extends the logical formalisms underlying OWL EL and OWL RL. The former
should be obvious, since the DL SROEL(⊓s , ×) subsumes the abstract – i.e. unrelated to datatypes – logical features of OWL EL. It has been discussed in Section 6.2 that the DL RL plays a similar rôle for OWL RL. However, the union of
both of these logics subsumes Horn-FLE (see Section 6.4) for which inferencing
is already ExpTime-hard. Hence, ELP cannot subsume this union without giving
up its main design criterion of tractability. The following theorem shows how ELP
can still support inferencing for both languages, and even achieve some amount
of interoperability between them.
Theorem 9.4.2 Given an extended SROEL(⊓s , ×) knowledge base KB1 and a
RL knowledge base KB2 that are based on a signature S , there is an extended
ELP rule base RB (possibly over an extended signature) such that the following
holds for any ground atom α of the form C(a) or R(a, b) over S :
– if KB1 |= α or KB2 |= α then also RB |= α,
– if RB |= α then KB1 ∪ KB2 |= α,
and RB can be computed from KB1 and KB2 in logarithmic space w.r.t. the size
of the knowledge bases.
Proof. It has been noted in Proposition 6.2.2 that RL axioms can be translated
into datalog rules by using the first-order transformation specified in Section 3.2.
It is well known that all ground entailments of a datalog program can be derived
by applying rules only to named individuals, and hence the resulting rules can
be extended by auxiliary body atoms O(x) for each variable x they contain. As
before, we add facts O(a) for each individual name a of S . Here we assume that
O is fresh for S , i.e. that it does not occur in S .
It is easy to see that all rules that result from this transformation of KB2 are
SROIEL(⊓s , ×) rules, with the only exception of those rules that are obtained
from axioms A ⊑ 61 R.B. Namely, these rules contain equality statements of the
form y1 ≈ y2 in their heads, and such atoms have not been allowed in any DL Rule
language. As discussed in Section 4.1.3, however, the equality predicate in datalog
can be replaced by a suitable axiomatisation. Hence, we introduce a fresh role
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name R≈ , replace atoms y1 ≈ y2 with R≈ (y1 , y2 ), and add new rules to axiomatise
R≈ as an equality relation as in Section 4.1.3. Moreover, since equalities only
occur in DL-safe rules, all the auxiliary rules for axiomatising equality can also
be modified to be DL-safe.
It is not hard to see that the rule base that is obtained by applying these translations to the datalog rules that are obtained for KB2 are indeed in ELP, and that they
entail the same ground facts as KB2 . Now RB is obtained as the union of this set of
DL-safe rules with KB1 , expressed in terms of SWRL rules as usual. The previous
observations immediately establish the first part of the claim. For the other direction, it suffices to note that (the SWRL version of) KB1 ∪ KB2 ∪ {O(a) | a ∈ IS },
entails RB. Since α does not contain O, this shows the second part of the claim.
Note that the resulting ELP rule base entails all individual consequences of
KB1 and KB2 , and some but not all consequences of their (unsafe) union. ELP thus
provides a means of combining SROEL(⊓s , ×) (OWL EL) and RL (OWL RL) in
a way that prevents intractability, while still allowing for a controlled interaction
between both languages. We argue that this is a meaningful way of combining
both formalisms in practice since only some RL axioms must be restricted to safe
variables. Simple atomic concept and role inclusions, for example, can always be
considered as SROEL(⊓s , ×) axioms, and all concept subsumptions entailed from
the SROEL(⊓s , ×) part of a combined knowledge base do also affect classification of instances in the RL part. RL thus gains the terminological expressivity of
SROEL(⊓s , ×) while still having available specific constructs that may only affect
the instance level.
Next, we want to show that reasoning with extended ELP rule bases is indeed
tractable. Our earlier results on extended SROEL(⊓s , ×) rule bases already provide a way of deciding satisfiability of ELP rule bases by first grounding DL-safe
variables, and then proceeding with the elimination of range restrictions and transformation to datalog. This direct approach, however, would incur an exponential
blow-up of the rule base. The proof thus proceeds by decomposing ELP rules into
rules containing a limited number of variables. The grounding of DL-safe variables then can only produce a polynomially bounded number of new rules. After
translating from SROEL(⊓s , ×) rule bases to datalog as in Section 8.5, the number of variables per rule is still bounded, which leads to the desired tractability
result.
The decomposition of ELP rules into rules with a bounded number of variables
exploits the forest-like structure of rule bodies by iteratively reducing branches of
trees. Since SROEL(⊓s , ×) does not support inverse roles, this reduction is more
complicated than the normalisation techniques that were used for SROEL(⊓s , ×)
knowledge bases in Section 5.2.

216

9.4 Tractable DL-Safe Rules: ELP
Lemma 9.4.3 Every extended ELP rule base RB is semantically emulated by an
extended ELP rule base RB′ that contains at most three variables per rule, and
that has the simplified form of Proposition 8.5.2. Moreover, RB′ can be computed
in time polynomial w.r.t. the size of RB.
Proof. As a first step, we simplify the form of rules in RB. Nested concept conjunctions and existential role restrictions with compound subconcepts are eliminated as in Proposition 8.5.2. However, we explicitly allow concept expressions
of the form ∃R.Self(t) and ∃R.{a}(t), and we will not decompose them in any way.
To the contrary, we replace role atoms R(t, t) and R(t, a) with a ∈ I by concept expressions ∃R.Self(t) and ∃R.{a}(t), respectively. An essential property is that both
of these expressions can later be expressed in SWRL without using DL concept
constructors, and without introducing fresh variables. We obtain an extended ELP
rule base RB1 that contains only concept expressions that are of one of the forms
A ∈ A, {a} with a ∈ I, ∃R.Self, ∃R.{a}, ⊤, ⊥, and ∃R.A with A ∈ A (only in
rule heads). Rules with body atoms of the form ⊥(t) or head atoms of the form
⊤(t) are assumed to be deleted. Expressing R(t, t) and R(t, a) in terms of concept
expressions is useful since these special cases would otherwise need to be distinguished from other cases where role atoms are considered below. Clearly, RB1 can
be computed in time polynomial w.r.t. the size of RB, and it semantically emulates
RB.
Next, we eliminate individual names in argument positions, which can be accomplished by replacing single occurrences of individual names a by fresh variables x, and adding nominal concepts {a}(x) to the rule body. This step is similar to steps (2) and (3) in Fig. 8.2, and it is easy to see that the resulting rule
base RB2 is still an extended ELP rule base that semantically emulates RB. Note
that it is important for this result that individual occurrences of constants are replaced by different variables. For example, A(x) ∧ S (a, y) ∧ R(y, a) → T (x, y) is
in ELP, and so is A(x) ∧ S (z, y) ∧ R(y, z′ ) ∧ {a}(z) ∧ {a}(z′ ) → T (x, y) but not
A(x) ∧ S (z, y) ∧ R(y, z) ∧ {a}(z) → T (x, y). In the following, we can therefore
assume that all terms in rules are variables (DL-safe or not).
In the next step, we extract role conjunctions from the rules of RB2 to ensure
that all rules with more than three variables contain at most one atom that connects
two given variables. As an example, consider the ELP rule A(x) ∧ O(z) ∧ R(z, y) ∧
S (y, z) → T (x, y) where O(z) is a non-DL atom so that z is DL-safe. Note that we
cannot treat the occurrences of z independently as in the case of individual names.
Using a fresh role name V, the above rule can be expressed by rules O(z)∧R(z, y)∧
S (y, z) → V(z, y) and A(x)∧O(z)∧V(z, y) → T (x, y). Note that the direction chosen
for V is not arbitrary, since the rule O(z) ∧ R(z, y) ∧ S (y, z) → V(y, z) is not in ELP.
Based on the observation that expressions of the form R(z, y) ∧ S (y, z) can only
occur in ELP rule bodies if at least one of y and z is DL-safe, it is not hard to
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obtain a general transformation rule from this example:
Select a rule B → H ∈ RB2 with more than three variables and do the following:
– if there are S , R ∈ N such that {R(x, y), S (x, y)} ⊆ B, then replace B → H with
rules B∪{V(x, y)}\{R(x, y), S (x, y)} → H and {R(x, y), S (x, y)} → V(x, y) where
V is a fresh role name,
– if there are S, R ∈ N and a non-DL predicate O with {R(x, y), S (y, x), O(x)} ⊆ B,
then replace B → H with rules B ∪ {V(x, y)} \ {R(x, y), S (y, x)} → H and
{R(x, y), S (y, x), O(x)} → V(x, y) where V is a fresh role name.
Let RB3 denote the rule base that is obtained from RB2 by applying the above
transformation exhaustively. Clearly, RB3 again semantically emulates RB and
can be computed in polynomially many steps.
We are now ready to transform the extended ELP rules of RB3 into extended
ELP rules with at most 3 variables per rule. To this end, we first introduce some
auxiliary notions, where we adopt the graph-based perspective that was first introduced in Definition 8.2.1. Consider some rule B → H:
– A direct connection Γ from t to u in B is a singleton set of the form Γ =
{R(t, u)} ⊆ B.
– A connected component of B is a non-empty subset S ⊆ B such that, for all
terms t , u occurring in S, we find that t and u are connected in S. A maximal
connected component (MCC) is a connected component that has no supersets
that are connected components.
– A variable x is final for H if H = R(t, x) or H = C(x).
– Given a subset S of B, we say that S is reducible if it contains variables that
are neither a root (as in Definition 8.2.1) of H nor final for H.
– Let S be an MCC of B, and consider a direct connection Γ from a term t to
a term u in S. Let S Γ,t be the set of all atoms in S \ Γ that contain some term
t′ connected to t in S \ Γ. Similarly, let S Γ,u be the set of all atoms in S that
contain some term u′ connected to u in S \ Γ.
Intuitively, the sets S Γ,t and S Γ,u consist of all atoms to the “left” or to the “right”
of the connection Γ that can be reached from t and u, respectively, without using
the atom of Γ.
Since DL Rules cannot contain proper dependency cycles, and due to the transformation of RB2 to RB3 above, every connected component S of a rule in RB3
has some root element in S .
We can now proceed to reduce the forest structure of rule bodies.
In each iteration step of the reduction, select some rule B → H in RB3 that
contains more than three variables and some reducible MCC S of B, and apply
one of the following transformations. We use x to denote the root variable of H.
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(1) If S contains no variable that is final for H, then let t be a root variable in
S . The rule B → H is replaced by three new rules (B \ S ) ∪ {X(x)} → H,
{⊤(x), Y(t)} → X(x), and S → Y(t), where X, Y are fresh concept names.
For all other cases, assume that the variable y in S is final for H.
(2) There is a direct connection Γ = {R(t, u)} ⊆ S such that u , y and S Γ,u
does not contain x or y. Then rule B → H is replaced by two new rules
B ∪ {X(t)} \ (S Γ,u ∪ Γ) → H, and Γ ∪ S Γ,u → X(t), where X is a fresh concept
name.
(3) There is a direct connection Γ = {R(t, y)} from some variable t , x to y. Let
s be a root variable of S Γ,t if the latter is non-empty, and set s ≔ t otherwise.
The rule B → H is replaced by three new rules B∪{V(s, y)}\(S Γ,t ∪Γ) → H,
{W(s, t)}∪Γ → V(s, y), and S Γ,t → W(s, t), where V, W are fresh non-simple
role names. Moreover, if H = S (x, y) then a range restriction V(z, z′ ) →
D(z′ ) is added for every range restriction S (z, z′ ) → D(z′ ) ∈ RB3 .
(4) There is a direct connection Γ from y to some variable u such that S Γ,u is
reducible. We distinguish two cases:
(a) There is a direct connection from some term t < {x, y} to u. Then
rule B → H is replaced by two new rules B ∪ {V(x, u)} \ S Γ,u → H
and S Γ,u → V(x, u), where V is a fresh non-simple role name.
(b) The above is not the case, and u is involved in a direct connection Γ′ = {R′ (u, u′ )} besides Γ = {R(y, u)}, such that S Γ′ ,u′ contains
x. The rule B → H is replaced by two new rules B ∪ {V(y, u′ )} \
{R(y, u), R′ (u, u′ )} → H and {R(y, u), R′ (u, u′ )} → V(y, u′ ), where V
is a fresh non-simple role name.
This iteration is repeated until no further transformation is applicable, and the
resulting set of rules is denoted by RB4 . In all considerations below, we will use
the notation of the above cases when considering some transformation step, and
refer to the generated rules in each step by the order of their appearance in the
transformation steps (e.g. by saying “first rule of (2)” or “rule 3 of (3)”).
Claim 1 RB4 is an extended ELP rule base.
For most cases, it is readily seen that the created rules are ELP rules (unless
they are range restrictions), which follows from the fact that subsets of rule bodies
of ELP rules satisfy the essential requirements of Definition 9.4.1, and in particular still expose the tree shape required by Definition 8.2.3. An additional check
is required to verify that, for some new rule head X(x) or V(x, t) with x unsafe, x
is indeed a root in the body. This is readily verified for all cases. Moreover, it is
easy to see that the translation preserves conditions on simplicity of roles, since
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all newly introduced roles are non-simple, and since they do never occur in a body
position where simplicity is required.
Further care must be taken when introducing auxiliary roles, since auxiliary
role atoms create new paths in rule bodies that might violate the required tree
shape. New role atoms are introduced in (3), but only to either replace an existing
direct connection to the variable y (first rule), or as part of a “chain” of role atoms
(rule 2). Similar observations can be made in case (4)(b). For case (4)(a), note that
the precondition implies that u already is the target of direct connections from two
distinct terms y and t. Thus, u must be a DL-safe variable, and the reduction is
permissible, even though it clearly leads to multiple direct connections leading to
u in rule 1.
Finally, we need to verify that the range restrictions of RB4 are admissible for
the (grounded) ELP rules of RB4 . It is easy to see that the transformations do not
change the dependency between roles, but may introduce new role names during
the decomposition. However, admissibility is only concerned with role atoms that
lead to the final variable of a rule. The only case where newly introduced role
atoms connect to the final variable is (3), and additional range restrictions are
explicitly introduced there to ensure admissibility.
Claim 2 After the above translation, all rules in RB4 have at most three variables
in the body.
For a contradiction, suppose that there is some rule B → H with at least four
variables in B. By assumption, none of the cases of the translation is applicable
to that rule. However, there must be some reducible MCC S in B. Otherwise, B
would contain no variables besides the root and final variable of H, contradicting
our assumption. Thus let S be a reducible component in B. Since rule (1) is not
applicable, all reducible MCCs of B (and in particular S ) contain the final variable
y.
Since S is reducible, some atom of S contains a variable that is neither final
nor root for H. Since case (3) is not applicable, we conclude that there is no
direct connection T from some variable t , x to y. But since S is a connected
component, all terms of S are connected to y, and hence there must be a direct
connection Γ from y to some variable u. Since (2) does not apply, Γ must be such
that S Γ,u contains the root variable x given that it cannot contain y without violating
the tree shape of the rule. Since only one such Γ can exist (again due to the tree
shape asserted for extended DL rules), and since B → H contains more than three
variables by assumption, S Γ,u must be reducible, and thus the precondition of case
(4) holds.
It remains to show that one of the two sub-cases of (4) must apply. Assuming
that (a) does not hold, we conclude that there is no direct connection from any
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term t , y to u. We know that u is directly connected with some term other than
y, since S Γ,u is reducible. Therefore there is some connection Γ′ from u to some
term u′ . Since (2) is not applicable, S Γ′ ,u′ contains x, and (b) is indeed applicable.
Claim 3 The transformation terminates after a finite number of steps that is
polynomially bounded in the size of RB3 .
For any set S of atoms, let ν(S ) be the number of variables in S . Given a rule
B → H ∈ RB3 , a number γ(B → H), called the reduction number of B → H,
is then defined by setting γ(B → H) ≔ max(0, ν(B ∪ H) − 3). Moreover, γ(RB3 )
is defined as the sum of γ(B → H) for all B → H ∈ RB3 . Clearly, γ(RB3 ) is
polynomially bounded by the size of RB3 .
We claim that the above transformation terminates after at most γ(RB3 ) steps.
Clearly, no transformation can be applied if γ(RB3 ) = 0. It remains to show that,
whenever RB′3 is obtained from RB3 by any of the transformation steps, we find
that γ(RB3 ) > γ(RB′3 ). This is achieved by considering all transformations individually. The technical difficulty in this part arises from the individual max(·)
computations involved in γ: even if a rule gets smaller, this might not equally reduce its reduction number, since there are no negative reduction numbers. In other
words, each rule may contain up to three variables that do not count. We will
sometimes assume that those three have been selected for some rule and speak of
“non-counting variables” and “counting variables.”
For case (1), note that S contains some variable that does not occur in H,
and that B → H has at least 4 variables. We may thus assume that S contains
a counting variable. Therefore rule 1 has at least one counting variable less than
B → H. If ν(S ) ≤ 3, then rules 2 and 3 have a reduction number of 0 and the
claim follows. If ν(S ) > 3 then we may assume that S contains at most two noncounting variables of B, since B → H also contains some variable y final for H
that is not contained in S . Hence rule 1 has at least ν(S ) − 2 counting variables
less. Rule 3 in turn has only ν(S ) − 3 counting variables, and rule 2 still has no
counting variables, so that the claim follows again.
For case (2), we use n to denote ν(S Γ,u ∪ {⊤(u)}), the number of variables in
S T,u ∪ Γ that are distinct from t. Since S Γ,u is reducible, n ≥ 1. Again, since there
are 4 or more variables in B → H, we can assume that S Γ,u contains at least one
variable that is counting in B → H. The reduction number of rule 1 therefore
is strictly smaller than γ(B → H), and this suffices whenever n ≤ 3 (since the
reduction number of rule 2 is 0 in that case). Now assume that n > 3. Since t
can be assumed to be non-counting, S Γ,u ∪ {⊤(u)} contains at most 2 non-counting
variables of B, and hence rule 1 has at least n − 2 counting variables less. Rule
2, in turn, has only n − 3 non-counting variables, which again proves the overall
reduction.
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Case (3) can be shown by a similar argumentation. Rule 2 does not add to the
overall reduction number, and the sum of rules 1 and 3 is found to decrease by a
case distinction as above. Case (4)(a) is also similar where we note that t < {x, y}
is strictly required to obtain a reduction. For case (4)(b), the result follows since u
is assumed to be a variable, so that again the reduction number of the transformed
rule 1 decreases (while the other rule has at most three variables).
Claim 4 RB4 semantically emulates RB3 .
This can be shown by a simple induction, given that all possible transformation
steps preserve semantic emulation. This is generally rather easy to see, but we
show one case formally for illustration. Thus consider transformation step (1),
where B → H is the considered rule, and B1 → H, B2 → X(x), and B3 → Y(t)
denote the generated rules.
For the one direction, consider some interpretation I such that I |= {B1 →
H, B2 → X(x), B3 → Y(t)}. We claim that I |= B → H. Thus assume that I, Z |=
B for some variable assignment Z. Then also I, Z |= B3 as B3 ⊆ B, and hence
I, Z |= Y(t). But then I, Z |= B2 and hence I, Z |= X(x). This in turn shows that
I, Z |= B1 and thus I, Z |= H as required.
For the other direction, consider some interpretation I such that I |= B → H.
′
Then there is some interpretation I′ with I′ |= B → H, and such that Y I =
′
′
{δ ∈ ∆I | I′ , Z |= B3 for some variable assignment Z with tI ,Z = δ} and
′
′
′
X I = {δ ∈ ∆I | Y I , ∅}. A suitable I′ can be obtained from I by minimising the
extent of X and Y while preserving all other aspects of the interpretation, which
can be done since X, Y are fresh. Note that I′ |= B3 → Y(t) and I′ |= B2 → X(x)
by definition. We claim that I′ |= B1 → H. Thus assume that I′ , Z |= B1 for
′
some variable assignment Z. Then I′ , Z |= X(x). By the definition of X I and
′
Y I , we find that there is some variable assignment Z′ such that I′ , Z′ |= B3 .
By construction, B3 and B1 contain no common variables. Thus there is some
variable assignment Z′′ such that Z′′ (x) = Z(x) for any variable x in B1 and
Z′′ (x) = Z′ (x) for any variable x in B3 . But then I′ , Z′′ |= B1 ∪ B3 . As defined in
(1), (B1 ∪ B2 ) ⊇ B and thus I′ , Z′′ |= B, and we can conclude I′ , Z′′ |= H since
I′ |= B → H. By definition, Z and Z′′ agree on all terms in H and thus we obtain
I′ , Z |= H as required. Since Z was arbitrary, this shows that I |= B1 → H as
required.
The cases (2)–(4) can be treated in a similar fashion.
Summing up, we find that RB4 semantically emulates RB, can be computed in
polynomially many steps w.r.t. the size of RB, and contains at most three variables
per rule. To obtain the required rule base RB′ , we replace concept atoms of the
form ∃R.Self(x) and ∃R.{a}(x) by role atoms R(x, x) and R(x, a), respectively. Note
that this suffices to establish the form of Proposition 8.5.2, and that this operation
222

9.5 Summary
does not introduce additional variables.



We can combine the previous results to obtain the desired complexity result.
Theorem 9.4.4 The problem of deciding satisfiability of an extended ELP rule
base is P-complete w.r.t. the size of the rule bases.
Proof. By Lemma 9.4.3, every extended ELP rule base RB is semantically emulated by an extended ELP rule base RB′ with at most three variables per rule.
Thus, the size of ground(RB′ ) is polynomial w.r.t. the size of RB, and it is equisatisfiable to RB′ by Proposition 9.2.4. Using the construction in Definition 8.5.3,
a datalog program P(ground(RB′ )) is obtained that also has at most three variables per rule. By Theorem 8.5.6, P(ground(RB′ )) is satisfiable iff ground(RB′ )
is. The result follows since satisfiability of datalog programs with at most three
variables per rule can be decided in polynomial time (Fact 4.1.4), combined with
the fact that all of the relevant transformations are polynomial.


9.5

Summary

In this chapter, we have introduced the notion of DL-safe variables as a basis for
combining the established formalism of DL-safe rules with the new approaches
on DL Rules as discussed in Chapter 8. The resulting formalism of DL+safe rules
lead to a new class of decidable fragments of SWRL that generalise both DL-safe
rules and DL Rules. It could be shown that satisfiability checking is decidable
in all DL+safe rule languages that are based on a description logic for which
knowledge base satisfiability is decidable.
The decidability proof for DL+safe rules is based on the grounding of DLsafe variables, which leads to an equisatisfiable but exponentially large set of DL
Rules. Our further investigations have shown that this exponential blow-up may
not lead to a corresponding increase in worst-case complexity of reasoning. Indeed, the worst-case complexity in the case of SROIQ+safe rules was found to
be the same as for SROIQ since the additional ground rules did not increase the
depth of the knowledge base. It is known that DL-safe rules do not increase the
reasoning complexity of SHIQ, and we therefore conjecture that a similar result
could be obtained for SHIQ+safe rules.
However, reasoning in DL+safe rule languages is necessarily intractable since
they encompass DL-safe rules, and hence the extension of SROEL(⊓s , ×) rules
to SROEL(⊓s , ×)+safe rules does not preserve tractability. Yet, we were able to
extend SROEL(⊓s , ×) rules with DL-safe variables without loosing tractability.
The resulting formalism ELP uses conditions that resemble the structural requirements for DL Rules in order to enforce an acyclic dependency structure between
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all variables in rule bodies. This contrasts with the earlier definition of DL+safe
rules where DL-safe variables were treated like constant symbols that are hardly
affected by the structural restrictions that are imposed on a rule.4
All of our proofs eventually used grounding for reducing a DL+safe rule base
to a DL rule base. While convenient for obtaining complexity results, this method
may not be most adequate for practical implementations, even if it is deferred as
in the case of ELP until all rules have been decomposed to limit the resulting increase in the size of the rule base. Since ELP can be transformed to equisatisfiable
datalog, it might be more promising to simply keep DL-safe variables, together
with non-DL atoms of the form O(x) to restrict their possible values. It is very
likely that optimised datalog engines will typically show better performance on
such inputs than on the corresponding grounding. Indeed, grounding can still be
performed by the datalog engine if considered suitable, whereas ground rules can
hardly be generalised again to obtain a more compact representation.
An interesting perspective on DL-safe variables is to view them as “variable
nominals” that represent one of a finite number of nominal classes. In contrast
to disjunctions of nominals, the value that is chosen for DL-safe variables must
be the same in all occurrences of this variable. Based on the observation that
grounding leads to a highly regular knowledge base, one might conjecture that
such variable nominals could be processed more efficiently when introducing a
suitable DL construct that allows DL-safe variables to be expressed more naturally
in terms of DL axioms. The study of according extensions of existing inferencing
algorithms is an interesting area of future research.

9.6

Related Work

DL-safe rules have originally been proposed in [MSS05], where they were obtained as a natural extension of the resolution-based KAON2 algorithm for translating SHIQ knowledge bases to equisatisfiable datalog programs [Mot06]. Reasoning support for DL-safe rules is currently available in the original KAON2
system [MS06] and in Pellet [KPS06, SPG+ 07]. In addition, OWL 2 introduces
a simple data integration mechanism based on keys that allows reasoners to infer
the identity of two individuals whenever they share the same values on certain
roles (in OWL: “properties”) [HKP+ 09]. Since OWL 2 keys are only applicable
to named individuals, they are closely related to DL-safe rules, and indeed every
OWL 2 key axiom is equivalent to a (slightly modified kind of) DL-safe rule with
an equality statement as its head [MPSP09].
4

Cases where the presence of constants is the reason why a SWRL rule is not a DL Rule can
only occur in DLs without inverses. For example, R(a, x) → C(x) is not an EL rule.
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An earlier approach for combining description logics with datalog was ALlog [DLNS98]. This hybrid approach restricts the interaction of datalog and description logics by restricting to unary DL atoms, disallowing DL atoms in rule
heads, and requiring all rules to be DL-safe (though this term has not been used
there). DL atoms are thus considered as constraints that additionally restrict the
applicability of datalog rules, which in turn can be considered to operate “on top”
of a given DL knowledge base. The DL considered in [DLNS98] is ALC, so the
SHIQ-based DL-safe rules of [MSS05] can be viewed as a proper extension of
AL-log.
A more general perspective is provided in [LR98] where the CARIN family of
knowledge representation languages is considered. These formalisms are generally based on a combination of datalog and the description logic ALCNR, which
we prefer to call ALCN(⊓) according to the nomenclature of Chapter 5. The approach allows both role and concept atoms in rules but it disallows DL atoms in
rule heads. Besides the fact that the UNA is adopted for constant symbols, the
semantics of CARIN agrees with the semantics of SWRL. It is shown that conjunctive query answering is decidable for ALCN(⊓), from which decidability of
non-recursive CARIN rule bases can be derived. Based on advances in conjunctive querying, this form of non-recursive CARIN has recently been extended to
more expressive DLs [Ort08].
Since reasoning tasks become undecidable in unrestricted recursive rule bases,
two types of restrictions are studied in [LR98]. First of all, it is shown that decidability can be regained by restricting the expressive features of ALCN(⊓) in
suitable ways. As a second approach that is closer related to this work, a notion
of role safety is introduced, requiring that at least one of the variables in each
role atom in the body of a rule is DL-safe in a strong sense: it is required to occur in a non-DL body atom the predicate of which does not occur in the head
of any rule. It is easy to see that a SWRL rule that is role-safe in this sense is a
DL+safe rule in any description logic that has inverse roles and that satisfies the
basic conditions of Definition 8.4.2. For this to be true, all binary atoms that occur
in the head of some rule need to be declared as roles, but otherwise the result is
straightforward. Role safety precludes the occurrence of role chains, yet chains
may be introduced when connecting the rule body with the universal role U. To
prevent that the resulting rule base formally violates regularity restrictions, the
DL should also support role conjunction and concept products, so that all roles
can be declared simple and rules can be simplified as in Fig. 8.4. This allows us to
conclude that ALCNI(⊓, ×)+safe rules subsume role-safe CARIN-ALCN(⊓),
and in particular that the decidability of the latter is a corollary of the results of
Chapter 5, 8, and 9.
Another generalisation of DL-safe rules and AL-log is provided by the framework of DL+log when considered under its first-order semantics [Ros06]. This
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approach encompasses datalog with disjunctions and negations, and imposes a
weaker requirement for DL-safety that requires only the variables that occur in
rule heads to be DL-safe. On the one hand, this is more restrictive than DL+safe
rules which also allow variables that are not DL-safe in the rule heads. On the other
hand, DL+log is more general than DL+safe rules since it allows rule bodies to
contain non-tree-shaped dependencies between variables that are not DL-safe, as
long as those variables do not occur in rule heads. Clearly, reasoning in DL+log
subsumes some forms of conjunctive query answering for the underlying DL, and
indeed it was shown in [Ros06] that satisfiability of DL+log rule bases is decidable iff the containment problem for (unions of) conjunctive queries is decidable
for the underlying description logic. This is a significantly stronger requirement
than the one that has been given in Proposition 9.2.4 for ensuring decidability of
DL+safe rules.
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Chapter 10
Conclusions
The objective of this work was to advance the development of hybrid knowledge
representation formalisms that combine aspects of rules and description logics.
We conclude by summing up the results that have been accomplished toward that
goal (Section 10.1), and by discussing their significance for applied and foundational research (Section 10.2). Finally, we give an extended overview of future
research questions that arise from our work (Section 10.3).

10.1

Summary of the Results

To summarise and discuss the results of this work, we refer to the three main goals
as specified in Section 1.4.

10.1.1 Decidable Fragments of SWRL
In Chapter 8, we have introduced DL Rules as a new family of decidable SWRL
fragments. The defining feature of DL Rules is that they can be semantically
emulated by knowledge bases of an underlying description logic, and that the
computation of these knowledge bases is possible in polynomial time (actually
even in logarithmic space). Although computationally simple, however, the required translation is not necessarily obvious since it combines expressive features
of SROIQ in a rather unusual way. Moreover, the resulting DL representations of
SWRL rules involve multiple auxiliary axioms that are harder to manipulate and
maintain than the original rule. Thus, even though DL Rules can only express logical sentences that could also be captured by DL knowledge bases, the rule-based
perspective is arguably more adequate for modelling certain kinds of information.
We have not made any attempt to arrive at maximal (in any sense) DL Rules
languages herein. Based on our experiences in maximising DLP in Chapter 7, we
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expect any such attempt to lead to prohibitively complex syntactic descriptions
due to the intricate interplay of various DL features. Therefore, the definition of
DL Rules was rather designed to allow for an easy generalisation to a large class
of description logics, allowing us to transfer numerous complexity results from
DL to fragments of SWRL. This approach also encompasses DLs with additional
role constructors as studied in Chapter 5 which are of natural interest when studying SWRL. As shown in this chapter, certain logical operations on roles can be
allowed without increasing the worst-case complexity of reasoning, thus providing interesting extensions of DLs in their own right. The use of these operations
in Chapter 8 illustrates that especially conjunctions of simple roles and (simple or
non-simple) concept products allow a DL to express more SWRL rules.
In addition to their utility for providing a rule-based view on description logics, DL Rules constitute a powerful vehicle for re-using decidability and complexity results that have been established for DLs. This has been illustrated in
Chapter 9 where DL+safe rules have been defined as a new class of decidable
SWRL fragments that extend both DL Rules and the known class of DL-safe
rules [MSS05]. This was established by introducing DL-safe variables that, in effect, can assume only values that are represented by some individual name. In
this sense, DL+safe rules are compact representations of the DL Rules obtained
by grounding DL-safe variables. Yet, it can be argued that they truly extend the
expressivity of DLs since this grounding leads to an exponential number of rules.
A major insight of this approach was that DL-safe rules can be considered
as an abbreviation for an exponential number of ground DL Rules. The same is
true for recursive role-safe CARIN [LR98], which has hitherto been incomparable
to DL-safe rules and other approaches [Mot06, Ros06]. DL+safe rules thus provide a common conceptual framework for DL Rules, DL-safe rules, and role-safe
CARIN. Moreover, DL+safe rules can easily be further extended to accommodate
future extensions of DL expressiveness by adopting the modular definition of DL
Rules as illustrated for the case of role constructors in Chapter 8. For example,
conjunctions of non-simple roles, regular expressions on roles, or other new modelling primitives as in [TSS09] could be exploited. In this way, one could even try
to obtain (monotonic) DL+log as a special case [Ros06].
While the exponential grounding of DL+safe rules may incur an exponential increase in reasoning complexity, we have shown that this is not the case
for SROIQ+safe rules. For tractable rule languages such as SROEL(⊓s , ×)+safe
rules, however, the DL-safe component does lead to higher complexities, and the
tractable formalism ELP has been introduced as a response.
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10.1.2 Rule Fragments of Description Logics
The study of DL fragments that share some properties with first-order Horn logic
has mainly been conducted in Chapter 6 and 7. The former is based on the definition of Horn-SHIQ which it generalised to arbitrary fragments of SROIQ.
While Horn-SROIQ as such is not studied, all of its features occur in some of
the Horn DLs that are. The main results of Chapter 6 beyond the general definition of Horn DLs are a number of complexity results for various Horn description
logics. It has been well-known that reasoning in all fragments of Horn-SHIQ
can be achieved in time polynomial in the number of atomic ABox axioms (data
complexity), but no results on combined complexities had been established yet.
The main conclusion of these complexity studies is that reasoning in Horn logics becomes intractable even for very simple DLs: PSpace-complete for all DLs between Horn-FL− and Horn-FLOH − , and ExpTime-complete for all DLs between
Horn-FLE and Horn-SHIQ. This might indicate a slight decrease for Horn-FL−
since reasoning for FL− is ExpTime-complete, but overall these intractabilities
mostly serve to complete our understanding of Horn DLs rather than hinting at
practically useful DL fragments. Another important result of Chapter 6 is in the
proofs themselves which establish intractability in a direct way while using only
very little expressive features. Theorem 7.2.7 (page 122) gives an example of how
these techniques can be re-used to establish proofs in other contexts.
In Chapter 7, we have focussed on the study of the principal relationship between DL and datalog, seeking a maximal fragment of SROIQ that can be semantically emulated in datalog. A first contribution has been to define this task
in a rigorous way, using the new notion of structurality to ensure that the problem can have a solution. We have then explicitly defined DLP as the maximal
fragment of SROIQ that satisfies our design principles, and shown that (1) it can
indeed be expressed in datalog, and (2) no larger DL has this property. The encodings required for (1) have been surprisingly intricate – this was also reflected
in the definition of DLP –, but the most complex proof was required for showing
maximality (2).
In conclusion, the result of Chapter 7 is not so much the (necessarily complex)
definition of a maximal DLP language, but rather the development and application of proof techniques for establishing such results at all. Another conclusion
of this work is that the syntactic complexity of DL can impose a real barrier for
relating it to other logical formalisms. Nevertheless, the complexity of DLP can
not be attributed to this characteristic of DL only; rather it also reflects the fundamental difference between the paradigms of Horn logic and description logic.
In this sense, Chapter 7 also truly increases our understanding of the relationship
between these formalisms.
Finally, it should be noted that a major difference between Horn DLs and DLP
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is that the former, in essence, refers to first-order Horn logic with function symbols, while the latter excludes function symbols. This is apparent from the fact that
Horn DLs do not restrict the use of existential quantifiers, while DLP supports existentials only on the left-hand side of GCIs. Thus, while DLP in the sense of
Chapter 7 appears as a Horn DL, it still belongs to a more specific class of logics
for which stricter properties must hold. This is also reflected in the fact that the
model-theoretic properties of datalog that are exploited in Chapter 7 are not obtained as special cases of well-known closure of first-order Horn sentences under
reduced products, but require the use of sub-model constructions that are related
to universal logic [CK90].

10.1.3 Tractable Knowledge Representation Languages
Our research on tractable knowledge representation formalisms has led to positive
and – just as important – negative results. The latter includes new intractability
results for logics for which one might have hoped for polynomial-time inferencing
procedures. Such results have specifically been obtained in the framework of Horn
DLs as studied in Chapter 6. Whereas the original motivation for introducing Horn
DLs was their reduced data complexity, we have shown that reasoning in Horn
DLs is still intractable with respect to the overall size of the knowledge base,
even when restricting to very small DLs such as Horn-FL− . The only exception is
Horn-FL0 for which reasoning is possible in polynomial time, which is essentially
a known result due to the close relationship of Horn-FL0 to DLP (in the sense
of [Vol04]). Further intractability results have been established for Horn-ELF ,
Horn-FL◦− , and Horn-FLI− , all of which turn out to be ExpTime-hard.
Yet, the fact that no new tractable fragments could be discovered by studying
Horn DLs does not indicate that Horn restrictions are not relevant in this context. Namely, we simply did not discover new tractable Horn DLs, but all known
tractable DLs are also Horn in the sense of our definition.
Conversely, we have also obtained a number of positive results which established the tractability of new and extended formalisms. The first result of this kind
is the tractability of the description logic SROEL(⊓s , ×) in Chapter 5. This result
is not unexpected, since SROEL(⊓s , ×) is closely related to the tractable OWL EL
profile of the OWL 2 standard [MCH+ 09], which it extends with conjunctions of
simple roles and concept products on the left-hand side of RIAs. Yet, it seems
that no proof of this tractability has been given in the literature yet, and – more
importantly – no reasoning algorithm that specifically addresses this DL has been
published.
The tractability result for SROEL(⊓s , ×) depends on the correctness of a datalog reduction for SROEL(⊓s , ×) rules that is given in Chapter 8. While the proof
of this result is rather lengthy, the resulting datalog translation is indeed very easy
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and can be performed in logarithmic space. This line of research has been further extended in Chapter 9, where ELP was introduced as a tractable extension of
SROEL(⊓s , ×) rules with DL-safe variables. Tractability in this case is not obvious since direct grounding of DL-safe variables would lead to an exponential
increase of the rule base, while standard rolling-up techniques are not applicable
due to the lack of inverse roles in SROEL(⊓s , ×).
Interestingly, ELP also accommodates the expressive power of two of the most
important tractable DLs: EL++ (and our extension SROEL(⊓s , ×)) and DLP (and
our extension RL). Although it is known that the union of these DLs is intractable,
ELP can still support all logical inferences of DLP knowledge bases by considering DLP axioms as DL-safe. Since ELP also subsumes SROEL(⊓s , ×), we thus
obtain a tractable formalism that supports all individual consequences of the two
DLs, and some (but not all) consequences of their union.

10.2

Significance of the Results

The successful adoption of Semantic Web technologies in many areas of application leads to new challenges for the underlying knowledge representation formalisms. Description logics have traditionally played a major rôle in ontological
modelling but they are faced with new challenges as the focus of applications
shifts from schema information toward instance data. And indeed, recent years
have seen a massive increase in the amount of data that is published in machinereadable formats on the Semantic Web – now often called the Web of Data – while
large parts of this semantic information refer to instances.1 Rule languages, e.g.
from logic programming or deductive databases, can help to address these challenges, but their combination with DLs remains an open problem.
This work has addressed this practically relevant challenge by investigating
combinations of DLs and rule languages that allow for a tight semantic integration
in the framework of SWRL, with the goal of extending expressivity of DLs and
of improving the interoperability between rule-based and DL-based models and
tools. A significant contribution toward these goals was the identification of DL
Rules in Chapter 8 as a new class of decidable SWRL fragments that provides an
alternative to the known DL-safe rules. By combining both approaches in DL+safe
rules in Chapter 9, we were able to reconcile a number of hitherto incomparable
DL rule extensions within a single conceptual framework. The modular definition
of DL+safe rules allows us to instantiate them for a broad class of DLs, and it
highlights ways for incorporating possible future extensions. We therefore believe
1

This trend is supported by the increased adoption of Semantic Web technologies in “Web 2.0”
scenarios [AKTV08], e.g. in semantic wikis [KVV+ 07, KVV06], where structured data is exploited for knowledge management and syndication.
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that DL+safe rules are an important contribution for understanding first-order DL
rule extensions.
Standard reasoning tasks in many DLs, and therefore also in many DL+safe
rule languages, have very high worst-case complexities. Another major contribution of this work therefore is to propose light-weight formalisms that allow
for polynomial-time inferencing while still providing additional expressiveness
for DLs. The peak of this development in this work is the hybrid DL rule language ELP that integrates the expressiveness of the OWL 2 profiles OWL EL and
OWL RL within a single rule-based formalism. The practical significance of this
insight is that it opens a way for supporting multiple OWL 2 profiles in a single
system, in spite of the fact that the unrestricted union of these profiles would lead
to a highly intractable ontology language.
This outcome of this work has influenced language design and ongoing tool
development in ontology-driven applications. In particular, the new v2.0 revision
of the Web Service Modeling Language WSML2 bases its sublanguage WSMLDL on ELP, thus establishing basic interoperability both with OWL 2 and with
other rule-based sub-languages of WSDL [BFH+ 09]. ELP arguably is also an attractive formalism for implementers since it allows a single implementation to
support a number of ontology languages. This is reflected by the recent effort of
researchers at Semantic Technology Institute Innsbruck to develop an ELP reasoner ELLY 3 based on the datalog engine IRIS4 [BF08].
Another software project that is based on the algorithms for ELP is the Orel
ontology management system developed at Karlsruhe Institute of Technology.5
This system focusses on large-scale ontology management and inferencing using
secondary storage such as an on-disk database instead of executing inferences in
primary memory. The goal of such an approach is to increase the scalability of
reasoning by reducing the memory requirements and exploring the use of mechanisms for distribution, optimisation, and parallelisation that exist for databases.
At the time of this writing, Orel is a very recent prototype. Yet it is able to classify the large OWL EL ontology SNOMED CT using a standard MySQL storage
backend.
These ongoing implementation efforts also take advantage of the datalog reduction that we have developed for ELP (and thus, in particular, for the DL underlying the OWL EL profile). This outcome illustrates that the increased interoperability between rules and ontologies that has been established in this work is not
merely of interest for improving the capabilities of modelling languages, but that
it also enables the re-use of tools and algorithms available in both fields.
2

http://www.wsmo.org/wsml/wsml-syntax
http://elly.sourceforge.org
4
http://www.iris-reasoner.org
5
http://code.google.com/p/orel/
3
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Besides this practical impact of our work, we have also advanced the understanding of the elementary relationship of first-order Horn logic and description
logics in general. The insight that DL Rules can indirectly be expressed in description logics is relevant for ontology engineering, but it also has a didactic
dimension in explaining the “hidden” expressiveness of DLs. The latter aspect
is exploited, e.g., in [HKR09] to provide a textbook introduction to rules in the
context of Semantic Web technologies.
Nevertheless, many of our insights about the relationship of rules and DLs
are more foundational in nature. In particular, this applies to our characterisation
of DLP as a datalog-expressible fragment of description logics that is maximal
in a concrete sense. The significance of these results is not so much the actual
definition of this fragment – its grammatical structure is rather too complex to
suggest direct practical usage – but the development of paradigms and methods
for investigating (maximal) syntactic fragments that are characterised by semantic criteria. This work can also be considered in the context of Lindström-type
model-theoretic characterisations of fragments of first-order logic, though our
study adds an additional syntactic twist based on the new notion of name separation. Considering emulation instead of equivalence complicates matters further.
Yet we are convinced that investigations of the relationship between knowledge
representation formalisms should in general be based on variants of emulation or
conservative extension, since such notions can capture the practical requirements
of semantic interoperability in a more precise way.

10.3

Future Work

The results of this work can, in essence, be extended in two ways: by further
advancing the theoretical insights about the investigated logics and logical fragments, and by focussing on the practical application of our results by developing
optimised algorithms and software tools.
Various open questions on the theoretical side have already been discussed in
the respective chapters. From our point of view, the following research questions
are specifically interesting:
– How can DL+safe rules be further generalised and extended? An obvious path
for doing so is the use of additional expressive features of DLs to encompass
more SWRL rules by extended normalisations. More interesting, however, is
the question how new decidability results can be obtained based on the original
rule form of SWRL, for example by making connections to decidable fragments of first-order Horn logic. In this context, one could also incorporate
structural properties that have been studied for logic programs, e.g. stratification, linearity, or the polynomial fringe property [DEGV01].
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– How can regularity and simplicity restrictions on DLs be weakened while preserving decidability and implementability? Both types of structural restrictions
directly affect the admissibility of DL rule bases, and we have already presented some measures to overcome problems related to simplicity by means of
concept products in Chapter 8. Another related question is how to weaken the
simplicity restrictions on roles in role conjunctions so as to further extend the
results of [GK08]. Relevant contributions for weakening regularity have been
made in [Kaz09b].
– How can universal function-free first-order Horn logic be characterised by
model-theoretic properties? We are aware of an according result for Horn logic
with function symbols, but not of any such work on datalog. Chapter 7 provides certain necessary conditions that turned out to be sufficient for the “datalog fragment” of SROIQ, but the complex constructions that were required to
show this for the relevant cases do not allow for an easy generalisation to arbitrary first-order logic formulae with the respective model-theoretic properties.
– What is the “intersection” of other interesting fragments of first-order logic?
Chapter 7 showed that “intersection” is rather not an appropriate term since
the question of expressibility of one logic in terms of another is not symmetric but depends on the direction of this embedding. Yet, determining maximal
structural, modular sub-logics that can be semantically emulated in some other
formalism can be a worthwhile endeavour, especially if the related logics do
not have the unusual syntactic complexity that DLs have. Candidates of such
fragments include Guarded Fragments [AvBN98], modal logics [BvBW06], or
the two-variable fragment with counting quantifiers C2 [PH05].
Further questions could of course be raised, but the above are most directly related to the research reported herein, while being significant and complex enough
to provide a basis for independent research efforts.
Regarding the practical application of our results, we have already mentioned
ongoing implementation efforts for ELP in the previous section. Further efforts are
required, however, to support the adoption of rule-based DL extensions in applied
contexts. At least three different topic areas have to be addressed in this respect:
(1) inference engines and rule base management systems,
(2) rule editors and rule-enabled ontology engineering environments,
(3) establishing standards for serialising and interchanging rule bases.
The aforementioned ELLY and Orel reasoners aim at item (1) by exploiting the
datalog reduction. Various optimisations are essential to achieve efficient processing in practice. Besides well-known optimisation techniques for datalog, such as
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magic sets (see, e.g., [AHV94]) or incremental materialisation (see, e.g., [GM99]),
it is also necessary to apply optimisations to equality reasoning and DL-safety. For
clarity, we have used a general-purpose axiomatisation of equality, but the inspection of the datalog programs obtained for ELP reveals that only specific inferences
need to be computed from equality statements in this case, so that the use of a simplified equality theory would be feasible (see [Mot06] for a related discussion).
Regarding DL-safety, it is clearly desirable to directly take DL-safe variables into
account, e.g. when computing unifications for applying datalog rules, instead of
using a general purpose algorithm that considers all possible instantiations even
for DL-safe variables.
Reasoning with other types of DL+safe rules could be based on existing implementations of DL inference engines, which would require suitable extensions of
their current algorithms for that purpose. Directly using rules internally promises
better performance than translating rules to auxiliary knowledge bases, since the
axioms of the latter admit more unintended interpretations than the original form.
Managing rules is already required for handling DL-safe rules and has been addressed by various commonly used APIs such as the KAON2 API [Mot06] and
the popular OWL API [HBN07, GHPPS09]. Further research is needed, however,
to develop and evaluate suitable implementation techniques for handling DL+safe
rules efficiently. Recent works have shown that some rule-like features can be addressed in tableaux algorithms in a more direct fashion [TSS09]. Another promising approach is to integrate the handling of DL-safe variables into inference algorithms, so as to avoid the unnecessary computation of ground rules.
Item (2) above is essential to enable the creation of rule-based data models in
the first place. The integration of rule modelling into ontology editing environments have been attempted previously, but more work is needed to establish this
modelling paradigm in application areas. A prototypical plug-in for graphically
editing DL rules in the ontology editor Protégé [KFNM04] has been presented
in [GH08]. Another related approach is pursued in the development of the NeOn
Toolkit which can be used for creating OWL ontologies as well as F-Logic rule
bases [HLS+ 08]. More work is required to establish a tight integration of OWL
and rules in these cases, but the existing implementations indicate the feasibility
of and potential demand for such approaches.
Item (3) is closely related to both of the other aspects, and may even be the
essential component for connecting editors and reasoners, or – in other terms –
creators and users of DL rule bases. Two main approaches provide promising
foundations for exchanging rules: the SWRL proposal and its recent extensions,
and the Rule Interchange Format (RIF) developed at W3C. SWRL is the syntactic form that is most widely used and supported in DL-based applications today,
e.g. in Pellet [SPG+ 07] or KAON2 [MS06]. Further extensions and alternative
serialisations have recently been proposed for a better integration of SWRL with
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OWL 2 and related tools [GHPPS09]. RIF, in contrast, takes a more rule-centric
perspective but includes a specification for combining RIF rules with OWL ontologies that semantically resembles SWRL while using the different RIF syntax
[dB09]. Future work is needed in both cases to elaborate and explore these approaches in application scenarios, since it is not clear yet which exchange syntax
for SWRL-like rule bases will be used in the future.
In summary, this work opens up a wide range of possible research directions
both on the applied and on the foundational side. The separation of both aspects
in the above discussion should not be misunderstood: we are convinced that the
fruitful interplay of theory and practice is vital for ensuring the healthy future of
this field of research.
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2ExpTime-complete
C2 , see two-variable FOL with countSHIQ with non-simple role coning quantifiers
junction, 71
CARIN, 56, 225
SHIQ (CQ entailment), 58
closed formula, 18
2ExpTime-hard
closed world, 42
SHOQ (CQ entailment), 58
complexity, 24
concept, see concept expression
A, see concept name
concept assertion, 29
ABox, see knowledge base
concept expression, 7
ABox axiom
SROEL(⊓s , ×), 71
SROIQfree , 29
SROIQ, 30
admissible
SROIQ(Bs , ×)free , 63
SROEL(⊓s , ×) KB, 73
SROIQfree , 28
range restrictions, 189
concept name, 28
AL-log, 56, 224
concept product, 61, 78
ALBO, 78
concept subsumption, 32
ALC, 7, 39
configuration, see Turing machine
ALCNR, 78
conjunctive query, 57
alphabet, see Turing machine
connected (in a rule body), 175
APSpace, 103
consistent, 20
arity, 17
constant symbol, 17, see also individual
assertion, see ABox axiom
name
asymmetry, 29, 35
constraint, 43
ATM, see alternating Turing machine
contrapositive, 45
atom, 17
counting quantifier, 38
CQ, see conjunctive query
binary decision diagram, 202
seeconcept product, 236
bisimulation, 170
body of a rule, 8, 43
datalog, 42–49
Boolean role constructor, 61
disjunctive, 55, 202
business rule, 11
datalog (DLP transformation), 113, 121,
C, see concept expression
146
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Index
datalog program, 43
decidable
DL+safe rules, 210
deductive databases, 42
dependency graph, 175
depth of a knowledge base, 211
description logic, 6, 27–40
naming conventions, 38, 64
Description Logic Programs, 111–170,
see also OWL RL, RL
Description Logic Rules, 186, 171–202
disjunctive normal form, 34
DL, see description logic
DL atom, 204
DL Rules, see Description Logic Rules
DL+log, 56, 225
DL+safe rules, 208, 208–213
DL-Lite, 8
dl-program, 56
DL-safe, see DL-safe rule, DL-safe variable
DL-safe grounding, 208
DLP, see Description Logic Programs
DLP description logic, 123
DLP normal form, 126
DLP, 127, 188
DLPALC , 119
DNF, see disjunctive normal form
domain, see interpretation
DTM, see deterministic Turing machine
EL, 39
EL++ , 8, 71
ELLY, 232
ELP, 214, 213–223
ELRO, 71
empty role, 61
emulation, 21
L-emulation, 22
strong, 21
equality

axiomatisation in datalog, 48
in first-order logic, 17
equisatisfiability, 20
equivalence, semantic, 20
Event Condition Action Rule, 11
explanation, 33
ExpTime, 25
ExpTime-complete
datalog, 47
Horn-ELF , 106
Horn-FLE to Horn-SHIQ, 106
Horn-SHIQ (CQ entailment), 109
SHIQ, 68
SHIQ(bs ), 70
ExpTime-hard
SROEL(⊓s , ×) with role negation
or disjunction, 76
extended
ELP rule base, 214
SROEL(⊓s , ×) rule base, 189
F-Logic, 10
F (DL nomenclature), 40
fact, 43
FaCT++, 7
first-order logic with equality, 17–20
FL, 7, 39
FL− , 85, 109
FL0 , 85
FLE, 85
FLOH − , 89
FOL≈ , see first-order logic w. equality
FOLground
, 24
≈
formal concept analysis, 170
fresh, 21
function symbol, 17
GCI, see generalised concept inclusion
generalised concept inclusion, 29
ground, 208
grounding, 47, 208
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guarded fragment, 38
H (DL nomenclature), 40
head of a rule, 8, 43
Herbrand model, 47
HermiT, 7, 109
hex-program, 56
Horn clause, 81
Horn DL, 81–110
Horn-FL− , 86, 89–101
Horn-FL0 , 86–89
Horn-FLE, 86, 101–107
Horn-FLOH − , 89
Horn-SHIQ, 83, 101–107, 109, 168
Horn-SROIQfree , 82–86
Horn rule, 9
hybrid logic, 36
I, see individual name
I, see interpretation
I (DL nomenclature), 40
inconsistent, 20
ind, 132
individual name, 28, see also constant
symbol, named individual
infinite recursion, see non-terminating
instance checking, 32
institution theory, 170
interpretation
datalog, 45
FOL≈ , 18
SROIQ(Bs , ×)free , 64
SROIQfree , 30
SWRL, 50
Inv, 28, 64
inverse role, 7
IRIS, 232
irreflexivity, 29, 35
KAON2, 7, 55, 109, 207, 224, 235
KB, see knowledge base
keys in OWL 2, 224

knowledge, 1
knowledge base, 6
admissible (SROEL(⊓s , ×)), 73
DLP, 127
Horn-SROIQfree , 82
SROEL(⊓s , ×), 71
SROIQ, 30
SROIQ(Bs , ×)free , 63
SROIQfree , 29
least common subsumer, 33
Lindström theorem, 170
literal, 17
local reflexivity, see Self
logic programming, 10
MKNF, 57
modal logic, 36
model, see interpretation
modularity (DLP), 114
N, see role expression
N (DL nomenclature), 40
N2ExpTime, 25
N2ExpTime-complete
SROIQ, 65
SROIQ rule bases, 181
SROIQ(Bs , ×), 67
SROIQ(Bs , ×) rule bases, 184
SROIQ(Bs , ×)+safe rule bases, 212
named element, 207
named individual, 55
negation normal form, 35
positive, 35
NeOn Toolkit, 235
NExpTime, 25
NExpTime-complete
SHOIQ, 65
SHOIQ(Bs , ×), 67
NFA, see non-deterministic finite automaton
NNF, see negation normal form
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non-deterministic finite automaton, 211
non-DL atom, 204
non-monotonicity, 10, 42
non-simple role, 28, 63
non-terminating, see infinite recursion
normal form
DLP normal form, 126
of SROEL(⊓s , ×) KBs, 72
of SWRL rules, 177, 183

Q (DL nomenclature), 40
qualified role inclusion, 62, 201

R, see role expression
R (DL nomenclature), 40
RacerPro, 7
range restriction, 189
RB, see rule base
RBox, see knowledge base
RBox axiom
SROIQfree , 29
O (DL nomenclature), 40
RDF, see Resource Description Frameontology, 2
work
Orel, 232
32
reasoning,
OWL, see Web Ontology Language
reduced product, 170
OWL API, 235
reflexivity, 29, 35
P-complete
regular
datalog (data complexity), 47
RBox, 30, 201
ELP rule bases, extended, 223
rule base, 178
Horn-FL0 , 87
renaming, 117
RL, 88
Resource Description Framework, 5
SROEL(⊓s , ×) rule bases, 187
RIA, see role inclusion axiom
SROEL(⊓s , ×), admissible KBs, 75 RIF, see Rule Interchange Format
path (in a rule body), 175
RL, 88, 169, 215
Pellet, 7, 207, 224, 235
role, see role expression
π (FOL≈ to DL mapping), 36
role assertion, 29
pNNF, see positive negation normal form role expression, 7
polarity, 83
complex, 63, 182
position, 83
SROEL(⊓s , ×), 71
Post Correspondence Problem, 53
SROIQ, 30
predicate symbol, 17
SROIQ(Bs , ×)free , 63
product interpretation, 147
SROIQfree , 28
production rule, 11
role inclusion axiom, 7, 29
program, see also rule base
role name, 28
datalog, 43
role-safe, 225
Prolog, 10
role-value map, 201
Protégé, 235
rolling-up, 172, 180, 201
PSpace, 25, 91
root (in a rule body), 175
PSpace-complete
rule, 8, see also rule base
++
EL (CQ entailment), 58
datalog, 43
Horn-FL− to Horn-FLOH − , 101
DL-safe, 204–207
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rule base
DL rule base, 186
DL+safe rule base, 208
ELP, extended, 214
SROEL(⊓s , ×), extended, 189
SROIQ, 178
SROIQ(Bs , ×), 184
SROIQ(Bs , ×)free , 184
SROIQfree , 178
SWRL, 50
Rule Interchange Format, 10, 56, 235
S , see signature
S (DL nomenclature), 40
safe role expression, 63
safe variable, see DL-safe variable
safety (datalog), 43
Self, 30, 31
Semantic Web, 3
Semantic Web Rule Language, 50–54
semantics, 3, see also interpretation
sentence, see closed formula
SHIQ(bs ), 68
SHOIQ(Bs , ×), 65
signature
datalog, 43
DL, 28
FOL≈ , 17
SWRL, 50
simple role, 28, 63
size (of a theory etc.), 24
Skolemisation, 21
SPARQL, 5
SROEL(⊓s , ×), 71, 168, 215
SROIEL(⊓s , ×), 214
SROIQ, 27–36
SROIQ(Bs , ×), 65
SROIQ(Bs , ×)free , 63
SROIQfree , 27–36
standard reasoning tasks, 32
structural

formula, axiom, concept, 117
validity, satisfiability, 124
structurality (DLP), 117
subclass, 28
subconcept, 28
subformula, 18
SWRL, see Semantic Web Rule Language
symmetry, 29, 35
tableau
Horn-FLOH − , 94
TBox, see knowledge base
TBox axiom
SROIQfree , 29
term, 17
terminological axiom, see TBox axiom
theory, 18
TM, see Turing machine
transitivity, 29, 35
tree-shaped (rule body), 175
Turing machine
alternating, 102
deterministic, 90
two-variable FOL with counting quantifiers, 38, 211
U, see universal role
U (DL nomenclature), 40
undecidable
SROEL(⊓s , ×) with non-simple role
conjunction, 76
SROIQfree , 54
SWRL, 53
Unique Name Assumption, 48
universal role, 28, 31, 61
variable, 17
DL-safe, 208
variable assignment, 18, 46
Web Ontology Language, 1, 5
keys, 224
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OWL 2, 5
OWL EL, 5, 8, 76, 216
OWL QL, 5, 8
OWL RL, 5, 8, 88, 169, 216
Web Service Modeling Language, 232
WSML, see Web Service Modeling Language
Z, see variable assignment
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