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Abstract Datalog rules are often used to define ontologies over Know-
ledge Graphs. Rule reasoners routinely optimise such ontologies by re-
writing their rules into a form that can be evaluated more efficiently.
These transformations preserve the entailed facts, but not the structure
of the underlying derivations. A proof tree under the rewritten rules ex-
plains why a fact holds, but does not readily yield an explanation in
terms of the original rules. We study the problem of constructing, from
a proof of entailment under the rewritten rules, a proof under the ori-
ginal ones: we establish its computational complexity and identify two
practically relevant languages for specifying proof transformations.
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1 Introduction

Datalog and its numerous extensions form a family of rule languages that can
express ontological knowledge in the Semantic Web context [42,10,28]. OWL RL
and OWL EL, two profiles of the Web Ontology Language OWL 2 [49], can be
captured by Datalog rules [59,39,40], and extensions of Datalog cover even lar-
ger subsets of OWL 2 [17,18]. Datalog is also used for query answering [15,16],
for encoding ontological reasoning [40], for data extraction and analysis [52,25],
and for transforming Knowledge Graphs [57,21]. A key benefit of Datalog as an
ontology language is the inherent explainability of its consequences: any inferred
fact can be justified by a proof tree that shows which rules were applied to which
facts, tracing every inference back to the input. Computing such proof trees is
well-studied for both OWL [38,33,2,3,5,47] and Datalog [23,60,30,14]. For Data-
log, it usually takes the form of why-provenance, which asks for not one, but
all proof trees of a fact; selecting the “most helpful” among them is a research
topic in its own right [4,13]. Even when proof trees grow very large, summarisa-
tion and visualisation make them accessible to users [48,21,47]. Another major
strength of Datalog is the availability of highly optimised engines that support
efficient reasoning over knowledge graphs with billions of facts [50,58,37,35,45].
This efficiency is partly achieved by rewriting the input rules into an equivalent,
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Figure 1. Proof trees for ontologies IT; (left) and ITy (right) in Example 1.

optimised ontology, using techniques such as program minimisation [55], the Ma-
gic Sets rewriting for goal-directed evaluation [8], removal of redundant paramet-
ers [53], folding and unfolding of rules [51], and propagation of filter conditions
through recursive rules [32]. Some of these techniques were even discovered by
studying transformations on proof trees [54,19]. Such transformations preserve
the consequences of an ontology, but may substantially change the structure of
its derivations, as demonstrated in the following example:

Ezample 1. The transitive closure r of a binary relation e can be defined by two
equivalent ontologies IT; and Ils:

Ontology I1; (bushy): Ontology I, (left-linear):
r(z,y) < e(z,y) (1) r(z,y) « e(r,y) (3)
r(@,y) < r(z,z),r(zy)  (2) r(@,y) < r(z, 2),e(z,y)  (4)

Both ontologies derive the same r-facts on any input database. However, the
bushy rule (2) allows splitting a path at any intermediate node, which may result
in balanced proof trees of logarithmic depth. The left-linear rule (4) extends a
path by one edge at a time, producing left-leaning chains. Figure 1 shows proof
trees for r(a,d) over D = {e(a,b),e(b,c),e(c,d)}.

A Datalog engine may rewrite one of these ontologies into the other to evaluate
it efficiently. Proof trees are then computed over the rewritten ontology, and thus
fail to explain why a fact follows under the original one. We study the problem
of recovering such an explanation, i.e., of constructing a corresponding proof
tree for the original ontology from a proof tree for the transformed ontology. We
establish the computational complexity of this task (Section 4) and, building on
tree transducers [7] and Monadic Second-Order-definable transductions [20,24],
identify two suitable formalisms for specifying proof tree transformations (Sec-
tion 5). The appendix of this paper contains further examples.
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2 Preliminaries

We recall the syntax of Datalog (with built-in relations) and define its semantics
based on proof trees. A recent survey [41] offers a broader treatment.

Syntax We consider a vocabulary of mutually disjoint sets P of predicates, C
of constants, and V of variables. We associate an arity ar(p) > 0 with every
predicate p € P. A term is an element of the set T := CUV. We use ¢ to denote
a list of terms (¢1,...,t;) where |t| = k. Similarly, we write, e.g., T or § for lists
of variables. An atom has the form p(t) where p € P and ar(p) = |t|. Atoms that
do not contain any variables are called facts. The sets of all facts and all atoms
are denoted § and 2, respectively. A Datalog Tule p is an expression of the form

H <« B,...,B, (5)

where H and Bj,...,B, are atoms. We call H the head and By,...,B, the
body of p. We use notation head(p) := H and body;(p) := B; for 1 <14 <mn, and
set |p| := n. We require that every variable in the head of p also appears in its
body (safety). Rule bodies are allowed to be empty; in this case, the symbol
is omitted. A program II is a triple (R, Pin, Pout) consisting of a finite set R of
rules, and sets P;, and Py of input and output predicates, respectively, such
that input predicates may not appear in the head of a rule.

Semantics and Proofs A (potentially infinite) set of facts D is a database. It
is an input database for IT = (R, Py, Poy) if the predicate of every fact is from
Pin. We allow for infinite databases D to express conceptually infinite built-in
relations such as < and #. An ontology O = (II,D) consists of a program IT
together with an input database D.

An assignment p for a rule p maps every variable z in p to a constant pu(z) €
C. We extend u to terms by setting p(c) := ¢ for constants ¢ € C, to lists of

terms by pu((t1,..., tx)) = (u(t1), ..., u(tx)), and to atoms by p(p(t)) = p(u(?)).
An ordered tree is a tuple T = (V, root, ch) where V is a finite set of nodes,

root € V is called the root node, and ch: V" — V* maps each node v to a
finite sequence ch(v) = (v1,...,v,) of distinct children of v, such that every
node except root appears in exactly one such sequence and root appears in none.
We call v a leaf if ch(v) is empty. A proof tree for a fact f over a program
IT = (R, Pin, Pouwt) and a database D is an ordered tree T = (V/ root, ch) together
with labelling functions fact: V' — § and rule: V'— R U { L}, such that

1. fact(root) = f;

2. if ch(v) = (vy,...,v,) with n > 1, then rule(v) € R with |rule(v)| = n, and
there exists an assignment g for rule(v) such that p(head(rule(v))) = fact(v)
and p(body,(rule(v))) = fact(v;) for 1 <i < n; and

3. for every leaf v, either:

(a) rule(v) = L and fact(v) € D, or
(b) rule(v) € R with |rule(v)] = 0 and fact(v) = head(rule(v)).
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We say that a fact f is derived from II and D, written II, D+ f, if there exists
a proof tree T for f over Il and D. The leaf database Dt of a proof tree T is the
set of all facts fact(v) for leaves v of T' with rule(v) = L. Every proof tree T for
f over I and D is also a proof tree for f over II and Dr. The output of II over
D is the set out(I1,D) .= {f | II, D+ f and the predicate of f is in Poy}.

Remark 1. For finite input databases, out(II, D) coincides with the set of output
facts in the least fixpoint of the standard immediate-consequence operator. With
infinite built-in relations, practical systems ensure termination by, e.g., requiring
that every variable in a built-in also occurs in a body atom with a finite predicate.
Such considerations do not affect our results.

Containment Let IT; = (Ry, Piy, Pouwt) and IIy = (R, Pin, Pout) be programs
over the same input and output predicates. We say that Il is contained in I,
written IT; C Ilo, if out(Il1,D) C out(Il3, D) for every input database D. The
two programs are equivalent, written II; = I, if II; & Il and IIs C II;. A
program transformation is a function ¢ mapping programs IT to programs ¢(IT).
It is sound if t(II) C IT and complete if IT T t(IT) for all programs I1.

3 Proof Transformations

A sound program transformation produces a new program I1; from an original
program [Il5, such that IT; C II5. This guarantees that for every proof tree T
over IT; there exists a proof tree Ty over 15 deriving the same (output) fact over
the same input database. The central question of this paper is how to obtain T5
from T}, and which computational resources this requires.

In a proof tree, the same fact may be derived multiple times in independent
subtrees. A more compact representation merges such redundant derivations,
yielding a directed acyclic graph. A proof DAG for a fact f over a program
IT and database D is a tuple G = (V,root,ch,fact, rule) satisfying the same
conditions as a proof tree, except that a node may appear as a child of multiple
nodes. Notions such as the leaf database Dy carry over from proof trees. The
unfolding of a proof DAG G is the proof tree unfold(G) obtained by recursively
duplicating shared nodes. Conversely, a proof tree may be compressed into a
proof DAG by merging nodes labelled with the same fact and the same rule and
whose subgraphs are isomorphic. For a fact f = p(t1,...,tx), we define |f| == k.
The size of a proof tree T' = (V, root, ch, fact, rule) is [T := > .y [fact(v)|. The
facts of a proof DAG G are facts(G) = |,y fact(v), and its size is |G| =

|{<an> eV xV | v e Ch(w)}| + Ztefacts(G) |t‘

Definition 1 (Proof transformation). Let II; = (R1,Pin, Pou) and I =
(R2, Pin, Pout) be programs with ITy T II5. A proof transformation from II; to
115 is a function T that maps every proof tree Ty for a fact f with predicate
p € Pour over I and input database D to a proof DAG 7(T1) for f over Il and
D. The result of this transformation is the proof tree unfold(7(11)).
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Figure 2. Proof tree Ti for IT; (left) and proof DAG 7(T1) for II> (right) of Example 2

We require that 7(77) is a proof DAG instead of a proof tree because proof trees
can be exponentially larger than the corresponding proof DAGs. The following
example demonstrates such an unavoidable blowup.

Ezample 2. Consider the following equivalent programs II; and Il with input
predicates P;, = {s, e} and output predicate Poy = {r}.

Program I1;: Program I15:
r(x) « s(x) (6) r(z) < s(x) (8)
r(y) « r(@).e(z,y) (1) r(y) < p(z), q(z), e(z,y) (9)
p(z) < r(z) (10)
q(z) < r(z) (11)

Both programs derive r(z) for exactly those x reachable from some s-fact along
e-edges. However, IIs duplicates each derivation of r(z) through the auxiliary
predicates p and ¢. Consider D = {s(c), e(c,b),e(b,a)}. A proof transformation
7 from IT; to IIs must map nodes for rules (6) and (7) to nodes for rules (8)
and (9), respectively, and introduce two nodes for rules (10) and (11) below each
node for rule (9). Figure 2 shows the proof tree T} for r(a) over II; and D, and
the proof DAG 7(T1) over II; and D. The unfolding unfold(7(7})) is exponential
in the size of T;.

4 Complexity of Proof Transformations

We now focus on the computational problem of transforming a proof tree T
over II; into a proof DAG T, over II; for the same fact. A naive approach
extracts the leaf database of T7 and evaluates I, from scratch, which takes time
polynomial in the size of T7. In this section, we show that producing a valid
output is PT1iME-hard if 77 is encoded as a directed acyclic graph, matching the
naive upper bound, and LOGCFL-hard if T} is encoded as a tree.
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4.1 The Transformation Problem

A proof transformation (Definition 1) assigns a fixed output proof to every in-
put proof. Here, instead, we study the computational complexity of constructing
some valid proof over Il5 from a proof over II; for the same fact, accepting any
valid proof DAG as output. Intuitively, this captures the complexity of the best
possible transformation algorithm: lower bounds apply to every proof transform-
ation, while the upper bounds are established by a particular transformation
algorithm. Formally, we define the search problem as follows.

Problem: TRANSen (111, IT3) for programs IT; C I,

Input: A proof tree (if enc = Tree) or proof DAG (if enc = DAG) T} for a
fact f whose predicate is in Poyt, over II; and input database Dr, .
Output: A proof DAG 15 for f over II; and Dr,.

Note that we fix the programs IT; C I15 in the problem definition, so complex-
ity is measured only in terms of the size of the input. Consequently, algorithms
for TRANSenc (11, IT3) may exploit properties of the particular program pair. We
consider both encodings enc € {Tree, DAG} of the input proof tree (both given as
adjacency lists), because they may differ exponentially in size (see Example 2).
This difference stems solely from sharing identical subderivations, making the
tree encoding the more informative measure when sharing is limited.

A search problem associates every instance with a (non-empty) set of solu-
tions. An algorithm solves such a problem if, for every instance, it computes a
valid solution. To establish hardness, we use the following notion of reduction,
adapted from the standard treatment of multivalued function problems in com-
plexity theory [46]: An NC! reduction from a decision problem L to a search
problem S is a pair of functions ¢ and h, computable by logspace-uniform NC*
circuit families [31], such that for every instance x of L: (1) g(z) is an instance
of S, and (2) for every solution y of g(x), we have h(y) = 1 iff € L. Condi-
tion (2) quantifies over all solutions since an algorithm solving S may output any
of them. A search problem S is C-hard under NC! reductions for a complexity
class C if every decision problem in C reduces to S via an NC! reduction. We
only consider NC! reductions here, since they are sufficiently weak to establish
L-hardness, yet expressive enough to admit L-complete problems to reduce from.

4.2 Complexity Results

The naive approach gives us an upper bound for the transformation problem:

Proposition 1. Let I1; T II, be programs. Then there exists a polynomial-time
algorithm that solves TRANSenc(I11, IT5) for both encodings enc € {Tree, DAG}.

Proof. Given T, we compute the least fixpoint of Iy over Dp, in polynomial
time [1], storing for each fact the rule instance that was used to derive it. We
get f € out(Ily, D) since II1 C II5. Then, the stored rule instances, starting
from f, form a proof DAG 15 for f over Il; and Dr, . O
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For the corresponding lower bound, we reduce from the Circuit Value Problem,
which is known to be PTIME-complete for DAG-encoded circuits [31]. As an
immediate corollary, we also obtain a L-hardness for TRANSTree (111, I12), as this
problem is L-complete when the circuit is given as a tree [9]. We show a LOGCFL
lower bound later.

Theorem 1. There is a pair of programs II; T Il for which the problem
TRANSpag (111, I12) is PTIME-hard.

Proof. We define programs II; and Il; over the single output predicate goal
and the set of input predicates Pi, = {ti, fin, and, not, out}, where we use facts
and(g, g1, g2) and not(g, g1) to encode the structure of the circuit, ti,(g) and fi,(g)
to declare the input gate g as true or false, and out(g) to mark the output gate.
Program I1, evaluates the circuit as expected:

true(g) < tin(9) (12)  false(g) + and(g, g1, 92), an
false(g) < fin(9) (13) true(g:), false(gz)
true(g) < and(g, g1, 92), false(g) < and(g,91,92),

true(gy), true(ge) 1) false(gy), false(ga) (18)
false(g) < and(g, g1, g2), (15) true(g) < not(g, g1), false(g1) (19)

false(g) < not(g, g1), true(g1) (20)
goal < true(g), out(g) (21)

false(g1), true(ga)
goal « false(g), out(g) (16)

Proof trees of IIs correspond to evaluations of the circuit encoded by the input
facts, where the result of the output gate is obtained by checking the rule label
at the root of the proof tree. When constructing I, we need to ensure that goal
is only derived when I15 can derive a valuation for an output gate:

[\V)
\V]

maybe(g) < tin(g)
maybe(g) < fin(9)
maybe(g) < maybe(g:), maybe(g2), and(g, g1, g2)
maybe(g) < not(g, g1), maybe(g1)
goal < maybe(g), out(g)

—~ o~ o~ —~
NN
S Ut = W
T — O —

Proof trees of II; encode the structure of the circuit, but do not evaluate it. We
can thus obtain a suitable input DAG T from an arbitrary circuit by a simple
relabelling that maps the gate types to the corresponding rules in I7;. O

We now show the LOGCFL lower bound for TRANSTee (111, IT2). As in the proof
of Theorem 1, program II; merely validates the structure of the input, while IT,
decides a concrete problem. Here, we reduce from the word problem of a fixed
context-free language.

Theorem 2. There is a pair of programs II; T Il for which the problem
TRANSTree(I11, I13) is LOGCFL-hard.
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Proof. Let L be a context-free language with grammar G = (V, X, P, S) and
Y} C C. For this reduction, we pick L to be a language whose word problem
is LocCFL-complete under NC! reductions [43] and assume G to be given in
quadratic Greibach normal form [6], i.e., each production p € P is of the form
A — cAy--- A, for 0 < n < 2, a terminal symbol ¢ € ¥, and nonterminal
symbols A, Ay,..., A, € V. We use input predicates P;, = {first, next, last} and
the output predicate goal, and encode a word w = o1 - - -0, € X7 as the database

Dy, = {first(c1), next(c1, 01, ¢2), ..., next(ce, o¢, cog1), last(ces1) }s

where next(z, 0,y) expresses that position y follows position z when reading the
letter o. Program IT; consists of the following rules, where rule (27) is instanti-
ated for every o € X

r(z,y) + next(x,o,y) (27)
r(z,y) < r(z, 2),r(2,y) (28)
goal « r(x,y), first(z), last(y) (29)

Program II5 includes the rules of form (27) and rule (28). For each nonterminal
A € Vit uses binary predicates A and A, intended to hold on a span of the word
iff A can, respectively cannot, produce that span. Program I, further contains

the following two rules, which can be used to decide if w € L:

goal « first(z), last(y), S(x, y) (30)

goal « first(x), last(y), S(x, ) (31)
The predicates A are derived by the rules given below, which are instantiated
for each production A — oAy -+ A, € P:

Az, Tpi1) < next(z,0,21), A1 (21,22), .., Ap(Tn, Tpt1) (32)

Deriving the complements A is more challenging, as IT, must verify that no
production of A can produce the span. For every production p € P, we use
binary predicate p that holds on every span that cannot be produced by p. Then,
II, contains for each nonterminal A € V derived by productions p',...,p™ € P:

Alz,y) < p'(2,), -, p" (2, ) (33)

A production p with leading terminal o fails on every span that does not start
with 0. We derive these spans using an auxiliary predicate o:

a(z,y) < next(z,0’,y) (34)
p(z,y) < o(z,y) (35)
p(z,y) « o(z,2),r(2,y) (36)

for all ¢ # ¢’ € X and productions p € P with lead terminal o. The remaining
causes of failure depend on the shape of p. A production p = A — ¢ additionally
fails on every span of length at least two:

P(z,y)  next(z,t,2),r(z,y) (37)
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A production p = A — 0 A; additionally fails on spans of length one, which are
too short, and on spans whose remainder after ¢ cannot be produced by Aj:
p(z,y) < next(z,,y) (38)
p(z,y) < next(z,0,2),Ai(z,9) (39)
Finally, consider a production p = A — 0 A; As. Spans of length one or two are
again too short:
p(z,y) < next(z,t,y) (40)
p(z,y) < next(z,t,2), next(z,t',y) (41)
On longer spans, p fails iff every way of splitting the word between A; and A,
fails. We capture this condition with two auxiliary predicates. The first predicate
P.(2, s,y) states that the span from z to y cannot be split at position s, since A;

fails on the part before s or A, fails on the part after it. The second predicate
P<s(z,s,y) states that all split positions up to s fail:

Ps(2,5,y) ¢ Au(z,5),1(s,9) (42)
p.(2,8,1) < r(z,5),As(s,y) (43)
S «(z,8,y) « next(z,t,s),ps(2,$,9) (44)
<s(2,5,y) < P<s(2,5,y), next(s, t,s"),ps(2, 5", y) (45)
p(gzz7 y) < next(r, 0, 2), p<s(2, 5, y), next(s, t,y) (46)

For containment, consider an input database D with goal € out(II1, D). Then
there are constants c¢y,...,c11 and si,...,s¢ such that D contains the facts
first(cy), last(ces1), and next(c;, 8;,¢;41) for all 1 < i < £, spelling out the word
w = s1---8. If w € L, we can use rules of form (32) to simulate productions
of G, deriving A(c;,c;jy1) if the nonterminal A can produce the span s;---s;.
Hence, we have II5, D F S(c1, ¢ot1), and thus ITs, D F goal by rule (30).

For the case w ¢ L we show, by induction on the length of a span ¢;, ..., ¢j41,
that Il5 derives A(Ci, Cj+1) for every nonterminal A € V' that does not produce
s;--- ;. It suffices by rule (33) to derive p(c;,c;41) for every production p =
A — 0Ay--- A, € P that cannot produce s;---s;. If s; # o, this follows from
rules (35) and (36). Otherwise, we distinguish the three shapes of p. For n = 0,
the production fails only if the span is longer than one letter, which is covered
by rule (37). For n = 1, it fails if the span consists of a single letter (rule (38)),
or if A; does not produce the remainder s;; - - - s;, in which case the induction
hypothesis yields A; (¢;11,¢;j4+1) and rule (39) applies. For n = 2, spans of one or
two letters are too short (rules (40) and (41)); on longer spans, every split of the
remainder must fail. By the induction hypothesis, rules (42) and (43) then derive
Ps(Cit1,Crycjy1) for every split position ci, so that rules (44) and (45) derive
P<s(Cit1,¢j,cj+1) and therefore rule (46) applies. We obtain ITo, D I S(ey, co11)
for the full span, and hence goal € out(II3, D) by rule (31).

On the encoding D,, of a word w exactly one of S(c1, coy1) and S(cy, o)
is derivable. Hence the rule at the root of every proof tree for goal over Il and
D,, is determined by whether w € L. O
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5 Proof Transformation Languages

We now turn to the question of how to specify proof transformations and identify
two practical transformation languages. In Section 5.1, we show that the notion
of uniform containment between programs admits local transformations defined
by proof tree homomorphisms. We consider Monadic Second-Order Logic (MSO)
interpretations as a transformation language in Section 5.2, which define trans-
formations computable in logarithmic space for tree-encoded inputs.

5.1 Proof Tree Homomorphisms

A simple class of proof transformation arises from uniform containment, a notion
introduced by Sagiv for minimising Datalog programs [55]. In this setting, an
atom or a rule is considered redundant if removing it from the program results in
an equivalent program. Checking containment between two Datalog programs is
undecidable [56], so uniform containment can be used as a decidable alternative.

Definition 2 (Uniform containment). Let II} = (Ry, Py, Pow) and IIs =
(R2, Pin, Pout) be programs over the same input and output predicates. Program
II; is uniformly contained in Ils, denoted I1y T, Il5, if for every database D
(not only input databases for ITy or Il ), we have out(Il1, D) C out(Il3, D).

Note that containment compares the output of the programs on input databases,
while for uniform containment out(II;,D) C out(Il3, D) must hold over all data-
bases D. Hence, II; T, I, implies Iy T II5, but the converse does not hold
in general. Let w: V — C be an injective mapping from variables to constants.
We can decide whether IT; T, Il; by verifying for every rule p; € Ry, that its
head can be derived from its body using Ils, i.e., that II5, D I w(head(p;)) for
D = {w(body,;(p1)) | 1 < i < |p1|} [55]. This leads to a class of proof trans-
formations that replace each node of a proof tree for II; with the matching
derivation of the same fact in IT5. This corresponds naturally to the notion of
tree homomorphisms [27], which we adapt for proof trees as follows.

Definition 3 (Proof tree template). Let IT = (R, Pin, Pout) be a program and
p be a rule. A proof tree template T' for p over IT is a tuple (V, root, ch, atom, rule)
where (V,root, ch) is an ordered tree with labelling functions atom: V — 2l and
rule: V- — R, such that

1. atom(root) = head(p);

2. if ch(v) = (v1,...,v,) with n > 1, then rule(v) € R with |rule(v)| = n, and
there exists a substitution 0,: V. — T such that 0, (head(rule(v))) = atom(v)
and 6, (body; (rule(v))) = atom(v;) for 1 < i <mn; and

3. for every leaf node £, there is an index py with 1 < py; < |p| such that
atom(¢) = body,), (p).

Let T be a proof tree template for a rule p with |p| = n over I and L C V
the set of leaves of T'. Furthermore, let T1,...,T, be proof DAGs over I with
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T, = (V;, root;, ch;, fact;, rule;) that do not share nodes with 7" or with each other.
If there is a substitution o: V — C with o(body;(p)) = fact(root;) for 1 < i < n,
we write T[Ty, ...,T,] to denote the proof DAG S that results from uniformly
replacing each node in (V’,root’, ch’, fact’, rule’) with a fresh copy, where

- V= (VUUL Vi) \ L;
root’ := root;
— ch’ == chUJ]_, ch; replacing every occurrence of a leaf node ¢ € L by root,,;
fact’(v) = o(atom(v)) for v € V and fact’(v) := fact;(v) for v € Vj; and
rule’(v) := rule(v) for v € V and rule’(v) := rule;(v) for v € V;.

Further, we use T, to denote the subgraph of a proof DAG T rooted at v. We
can now define proof tree homomorphisms as follows.

Definition 4 (Proof tree homomorphism). Let Iy = (R1, Py, Pout) and
IIy = (Ra,Pin, Pout) be programs with II; T Iy, and let {S,},cr, be a family
of proof tree templates where S, is a proof tree template for p € Ry over Il5.
The proof tree homomorphism induced by {S,},cr, s a proof transformation
7 defined as follows. Given a proof tree T = (V, root, ch, fact, rule) over I, and
some database D, we obtain 7(T) recursively:

1. if v is a leaf node, then 7(1,) = Tj,;
2. otherwise, if ch(v) = (v1,...,v,) and rule(v) = p, then
T(Tjo) = Splm(T}o,), - - - (T}, )]

From the above characterisation of uniform containment, we immediately obtain:

Theorem 3. Let II; and Iy be programs. Then there exists a proof tree homo-
morphism from Il to Ils if and only iof 111 T, Il5.

FEzample 3. Recall the programs IT; (bushy) and IT5 (left-linear) from Example 1.
We have I1; C,, 111, so we can obtain a proof tree homomorphism from 75 to I1;.
For the base rule (3), the template T3y applies the corresponding base rule (1)
of I1; directly:

For the recursive rule (4), the template T4 uses the bushy rule (2) at the root
and derives r(z,y) from the second body atom e(z,y) via (1):

Appendix A contains further examples of proof tree homomorphisms.
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5.2 Transformations Based on Monadic Second-Order Logic

Proof tree homomorphisms are restricted to local transformations and cannot
consider the global structure of the input tree. For instance, the reverse direction
of Example 3, transforming bushy proof trees of II; into left-linear proof trees of
IT5, cannot be realised by proof tree homomorphisms. MSO transductions [20,24]
are a well-studied formalism for tree-to-tree transformations that can express
such global restructurings. However, the output of MSO transductions is at most
linear in the input, while proof transformations may require polynomial growth:

Ezxample 4. Consider the following programs II; and I1s:

Program [1;: Program I15:
r(x) < s(x) (47) r(z,x) + s(x) (50)
r(y) < r(z),n(z,y) (48) r(z,y") < r(z,y).n(y,y) (51)
goal < r(x),e(z)  (49) r(a’,y') < r(z,y),n(@,2'),s(y'), ely) (52)
goal + r(x,y), e(x), e(y) (53)

Program II; derives goal if there is a path of n-edges from some s-fact to an
e-fact. Program II> implements a counter, traversing all possible pairs of values
along the n-chain. Hence, proof trees for goal over II; are of size linear in the
input, while proof trees for goal over Il5 are of size quadratic in the input.

We accommodate for such polynomial growth of degree k by using MSO inter-
pretations [11], a generalisation of MSO transductions in which output elements
are defined as k-tuples of input elements.

Encoding proof trees as logical structures The goal is to define proof
transformations as MSO formulae. With each proof tree, we therefore associate
a relational structure consisting of the following relations over a universe of tree
nodes and constants:

— child;(z,y) if « is the ith child of y;
— rule, () if rule p is applied to obtain x; and
— arg;(z,d) if the jth argument of the fact at z is d.

We can now express proof trees as databases over this signature.

Definition 5. Let T = (V,root,ch,fact,rule) be a proof tree over a program
II = (R,Pin,Pouwt) and some database D. The associated interpretation of T' is
the database Z(T'), which contains exactly the following facts:

— child;(v,w) for every v,w € V such that ch(w) = (vy,...,v,) with v = v;;
— rule,(v) for every v € V and p € R such that rule(v) = p; and
— arg;(v,d) for every v € V such that fact(v) = p(di, ..., dy) with d = d;.
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MSO transformations We can now use MSO formulae to specify a proof
transformation by defining the output structure over the nodes of the input
proof tree. For an introduction to Monadic Second-Order Logic, we refer to
Libkin [44]. The following definition for MSO interpretations is adapted to our
setting from Gallot et al. [26].

Definition 6 (MSO interpretation). Let II = (R, Pi,,Pout) be a program.
Let n be the maxzimum arity of any rule in R and let m be the mazimum arity
of any atom occurring in R. A k-dimensional MSO interpretation for IT with
k > 1 consists of

— a finite set C of components,

— for each component o € C, an MSO formula ©5,,,(Z) with k free variables,

— for each o € C and p € R, an MSO formula @2‘(3‘3) with k free variables,

— for each o, € C and 1 < i < n, an MSO formula @?ﬁ%ﬁ(j,g) with 2k free
variables, and _

— for each a € C, and 1 < j < m, an MSO formula ¢4 (%, d) with k + 1 free
variables.

Conceptually, an MSO interpretation defines an output tree whose nodes are
tuples of input nodes selected by ¢, (z) for each component o € C. The re-
maining formulae define the labellings of children, rules, and facts. We write
D,v = ¢(Z) to denote that the MSO formula ¢ is satisfied in the database D
when the free variables x are assigned to the elements v.

Definition 7 (MSO proof transformation). Let Iy = (Ry,Pin, Pout) and
II; = (Ra,Pin,Pout) be programs with IIy T IIy. A proof transformation T
from II; to Il is an MSO proof transformation if there is a k-dimensional
MSO interpretation for Iy and some k > 1 and some set of components C
such that for every proof tree Ty = (Vi,rooty,chy,facty,rule;) for some fact
[ with predicate p € Poy over II1 and database D, there is a proof DAG
G2 = 7(T1) = (Va, rooty, chy, facts, rules) for f over Iy and D where

— the nodes of Ga are pairs (a,v) € C x VI with Z(T),v = ¢3,,,(T);
— the rule at node (a, v) is the unique p € Ry such that Z(T1),v = @5 (T);

node (S, w) s the i-th child of (o, v) iff Z(T1),v,w = @C,;/fl’d (z,9); and
— the j-th argument of the fact at {«,v) is d zﬁ‘I(Tl) v,d = %7 (Z,d).

Example 5. The proof transformation from bushy trees to left-linear trees from
Example 1 can be described as a 1-dimensional MSO proof transformation with
components C = {a} as follows.

We assume a relation v < w that holds whenever v = w or w is an ancestor of
v and further define Leaf(v) := —3Ju. child(u,v) and Root(v) := —Jw. child(v, w)
where child(u,v) = \/, child;(u,v). We then order the nodes above the leaves
(derived by rule (1)) of the input tree from left to right:

u <g v = rulegy)(u) A rulepy(v)

. . (54)
A 3p, a,b. childy (a,p) A childe(b,p) Au<aAv<b
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We can check whether two nodes v and v are next to each other in the order
Cons(u,v) =u <gvA—-Jw. u <gwAw <pv (55)

We then identify the leftmost and rightmost nodes labelled with rule (1):

First(v) = rule()(v) A =3w. Cons(w,v) (56)
Last(v) := rule()(v) A =Jw. Cons(v, w) (57)

With this in place, we can define the structure of the output tree as follows:
©dom () = —rule( () (58)
Penita(@,y) = (childy (z,y) A First(y)) Vv Cons(z, y) (59)
gochﬂd(w y) = —First(y) A rule(r)(y) A childy (z,y) (60)
(5)(2) = First(z) (61)
(1)(@) = Jy. Cons(y, x) (62)
gaarg(x, d) == (Leaf(z) A argy (z,d)) (63)

V (ruleqy(z) A 3r. Root(r) A arg, (r, d))

Py, d) = argy(,d) (64)

Complexity We now show that MSO proof transformations can be evaluated
in logarithmic space when the input is encoded as a tree. Our argument uses
the fact that MSO model checking over structures of bounded treewidth can be
performed in logarithmic space [22]. We begin by recalling the relevant notions.
Given a tree T with vertex set V and a subset X C V', we write T[X] for the
subtree of T induced by X, that is, the tree obtained by restricting 7' to the
nodes in X while preserving the child relationship among them. For a database
D, we write A(D) for the set of all constants occurring in D.

Definition 8 (Treewidth). Let D be a database. A tree decomposition of D
is a labelled tree T = (V, E, B) with labelling function B: V. — {X | X C A(D)}
such that

1. for all a € A(D), the induced subtree T[X]| with X = {v €V | a € B(v)} is
nonempty and connected; and
2. for every p(ty,...,tr) € D, there is a node v € V with {t1,...,tx} C B(v).

The width of a tree decomposition is max,ecy |B(v)| — 1. The treewidth of D is
the minimal width of any of its tree decompositions; the treewidth of a proof tree
T is the treewidth of Z(T).

The treewidth of a proof tree T' over IT might grow arbitrarily large due to the
presence of arg; (v, d) facts in Z(T'). However, we can find a proof tree 7" for the
same fact such that its treewidth only depends on I1. The key observation is that
we can rename apart all constants in 71" such that two occurrences of a constant
remain equal only when the validity of the proof tree requires them to be. This
results in a tree where each constant appears only within a connected region:
namely, within the subtree rooted at the rule instance that first introduced it.
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Lemma 1. For every program II there exists a constant ky; such that for every
proof tree T = (V,root, ch,fact,rule) for f over IT and database D, there is a
database D' and a proof tree T for f over II and D’ with treewidth at most k7.

Proof. In the following, we write vars(€) and terms(€) for the set of all variables
and all terms, respectively, that appear in an expression £. We obtain 7" =
(V,root, ch, fact’, rule) from T', where fact’ is defined recursively for each v € V
as follows:

— If v = root, then fact’(v) = fact(v).

— If v is the i-th child of w € V and rule( )
a substitution such that §(head(p)) = fact’(w
and body,(p) = p(s1, ..., sk), we set fact (v)

v {G(Sj) if s; € vars(head(p)) or s; € C; and

Given fact(v) = p(t1,...,tk)

p, let 0: vars(head(p)) — C be
)-
= p(t},...,t}) where

/ (tj,w) otherwise.

Since the number of distinct constants in any single rule instance is bounded
by the number of terms appearing in the rules of II, we can construct a tree
decomposition whose bags correspond to rule instances, each containing only the
constants mentioned in that instance. Let D = (V| E, B) where {v,w} € E if v
is a child of w in T. We define B({) := terms(fact’(£)) U {¢} for each leaf node ¢
in T; for all other nodes v € V with ch(v) = (v1,...,v,) we set

B(v) = {v}U{v; | 1 <i < n}Uterms(fact’(v)) U U terms(fact’(v;))  (65)

Then D defines a tree decomposition for 7" whose width depends only on the
maximal number of distinct terms in a rule of IT, giving us the desired bound
k. Condition 1 of Definition 8 is satisfied because every constant is confined
to a connected subtree; condition 2 holds because all constants of each fact are
witnessed in the bag of the node where the corresponding rule is applied. O

Since MSO model checking over structures of bounded treewidth can be
performed in logarithmic space [22, Theorem 1.2], we thus obtain the following.

Theorem 4. Let 7 be an MSO proof transformation from program Il to Ils.
For any proof tree T = (V, root, ch, fact, rule) for fact f over II; and database D,
the proof DAG 7(T') can be computed by an O(log |T'|) space bounded transducer.

Proof. If 7 is an MSO proof transformation, there exists a k-dimensional MSO
interpretation and set of components C satisfying Definition 7. For a proof
tree T, we evaluate each MSO formula over Z(T”), where we obtain 77 =
(V,root, ch, fact’, rule) as in Lemma 1. Note that we do not need to store 7"
as an intermediate step, since we can compute fact’(v) for any v € V on de-
mand in logarithmic space. For each term position j in fact(v), we determine
t; by walking upward from v toward the root, following how the variable at
position j is propagated through the heads of successive rule instances. If the
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variable appears in the head of the current rule, we continue upward, inheriting
the corresponding position in the parent’s fact. Otherwise, the current node is
the ancestor that introduced this constant, and we return the tagged pair (¢;, w).

By Lemma 1, Z(7”) has bounded treewidth, so each formula can be evaluated
in logarithmic space [22, Theorem 1.2]. To instantiate each formula, we need k
counters over the vertex set V' for ¢qom(Z) and ¢,(Z), 2k counters over V for
©ehild (T, Y), k counters over V', and 1 counter over the set of all terms occurring
in fact labels for @arg(Z,d). This yields a proof DAG 7(T') for f over D’. We
rename each fresh constant (¢, w) to t to get a proof DAG for f over D. O

While this suggests that there are program transformations that cannot be re-
versed using an MSO proof transformation (unless L = NL = LoGCFL), we
find that MSO proof tree transformations are expressive enough to capture many
practical transformations. We have already seen that Example 5 can be ex-
pressed; we provide further examples in Appendix B.

6 Conclusions and Outlook

We have studied the problem of reversing program transformations at the level
of proof trees and established PTiME-hardness for the DAG-encoded case and
LocCFL-hardness for the tree-encoded case. We have identified two practical
transformation languages: Proof tree homomorphisms are characterised by uni-
form containment, and capture local transformations, such as transforming left-
linear proof trees into bushy proof trees (see Example 3). MSO proof tree trans-
formations handle a strictly larger class of restructurings (such as transforming
from bushy proof trees back to left-linear proof trees, see Example 5), but can
still be evaluated efficiently in logarithmic space on tree-encoded input.

For future work, several directions remain open. For tree-encoded inputs,
there remains a gap between the LOGCFL lower bound and the PTIME upper
bound. It is unclear whether this can be closed. Similarly, a characterisation of
the program transformations that admit a reversal by an MSO proof transform-
ation, along the lines of the characterisation of first-order tree-to-tree transduc-
tions by Bojanczyk and Doumane [12], is desirable. On the more practical side,
we are implementing proof transformations in our Datalog engine Nemo [35,34]
and plan to assess the practical overhead of proof tree reconstruction on real-
istic knowledge graphs and optimised rule sets. Lastly, it would be interesting to
study how proof tree transformations generalise to extensions of Datalog such
as existential rules, aggregates, or stratified negation.
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A Examples of Proof Tree Homomorphisms

In this section, we give further examples of program transformations that can
be reversed using proof tree homomorphisms. Let IT; = (Ry, Pin, Pout) be a
program. We consider several common classes of program transformations that
produce a program ITy = (Rg, Pin, Poy) with ITy T IT;, and provide proof tree
homomorphisms from Il to I1;.

A.1 Atom Permutation

A simple program transformation swaps atoms within rule bodies [51]. This has
no effect on the derived facts but may affect evaluation order in a reasoner.
Formally, an atom permutation is a family {7,},cr,, where 7,: [n] = [n] is a
permutation with |p| = n for each p € Ry, and [n] = {1,...,n}. For a rule
p=H <+ By,...,B,, we define

mo(p) == H < B s B

(1),...’ ﬂ_;l(n)
The transformed program is IT, with Ry = {7m,(p) | p € Ri}. To reverse this
transformation, we define, for each m,(p) € Ra, the proof tree template S; (,)

for the rule m,(p) over IIy:

()

SN

\B1\ . \Bnl

~ -

A.2 Rule Unfolding

Rule unfolding replaces a body atom with the body of a rule that derives it,
eliminating one level of indirection in the derivation [51].

For a rule p and a substitution o, we write o(p) for the rule obtained by
applying o to each atom. Let r = H < By,..., B, € Ry be a rule and By, be a
body atom of r for some 1 < k <n. Let d = A + C},...,C, € R; be another
rule (with d # r) such that the head of d unifies with By via a most general
unifier 0. The unfolding of r at position k using d is the rule

unfoldr’k(d) = O’(H — Bl; .. .,Bk,1,017 .. .,Cp7B}c+1, .. ,Bn) (66)

A transformation from IT; to I is a rule unfolding if for every p € Rs, either
p € Ry holds, or there are r,d € Ry and 1 < k < |r| such that p = unfold, x(d).

To reverse unfolding, consider an unfolded rule p’ = unfold, j(d). The tem-
plate S, reconstructs the original two-step derivation:



Recovering Explanations from Transformed Rule-Based Ontologies 23

o(B) o+ To(Bra)) (o(Ch) e (0(G)! o(Bua)) o lo(Ba))

/

For rules p € Ry N R; that were not unfolded, the template S, is the identity:
a root node deriving the head of p connected to the leaf nodes that are labelled
by the body atoms of p.
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B Examples of MSO Proof Transformations

In this section, we present examples of program transformations that can be
reversed using MSO proof transformations. We let Iy = (R, Py, Pout) be a
program and define program transformations obtaining ITs = (Ra, Py, Pout),
which can be reversed by proof transformations from I15 to I1;.

B.1 Rule Folding

Rule folding replaces multiple rules whose bodies share a common pattern by a
single rule that uses an auxiliary predicate [51]. Let ¢q,...,¢, and dy, ..., d, be
pairwise distinct rules in Ry, and let A and H be atoms and B a list of atoms
such that:

— head(d;) is unifiable with A using most general unifier o3,
— ¢; = 0;(H + B, body(d;)), and
— the head of every rule r ¢ {dy,...,d,} is not unifiable with A.

The folding of ci, ..., ¢, using dy,...,d, is the rule r := H < A, B. The trans-
formed program II5 is obtained from ITy by replacing {c1,...,c,} with {r}.

We can reverse this transformation using a 1-dimensional MSO proof trans-
formation with a single component. The idea is to replace the rule r with rule
¢; if the A was derived by rule d;.

©dom () = /\ —ruleg, () (67)
@, () = rule,(x) A Jw. childy (w, z) A ruleg, (w) (68)
p(x) = rule,(x) for p ¢ {c1,...,cn} (69)

The child formula rewires the children of an r-node, placing the B-children first
and then the children inherited from the absorbed d;-node:

wzhﬂd(x,y) = (ﬁ rule,(y) A child;(z, y))

_ (70)
V (rule;(y) Achildjy1(z,y))  if1<j<|B]
(pzhild(x’ y) = (_' I’U|er(y) A Ch”dj (‘Ta y)) (71)
V (rule,(y) A w. childy (w,y) A childj_‘gl(x,w)) if j > |B]
@grg(xa d) = argj (QC, d) (72)

B.2 Filter Propagation

Filter propagation is a technique that moves filter conditions such as x = 3
through the rules of a program, so that they are checked as early as possible
during bottom-up evaluation [32].

Formally, a filter propagation is a mapping f that assigns to each body atom
of each rule in R; a new rule and body position in which it should appear.
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That is, f maps atom positions (p,7) with p € Ry and 1 < ¢ < |p| to tuples
(p',j,0), where p' € Ry, j > 1 and o is a substitution adapting the variables.
Atom positions with f(p,i) = (p, i, id) are stationary; all others are moved. The
transformed program ITy = (Ra, Pi,, Poy) has, for each p’ € Ry, a rule f(p')
whose head is head(p’) and whose j-th body atom is o(body,(p)) for the unique

{p,i) with f(p,i) = (¢, j,). We set Ry = {£(p) | p € Ry}.

Example 6. Consider the program IIy:

p1: r(z,y) < e(z,y) (73)
p2 i r(z,y) + r(x, z),e(z,y) (74)
ps3 @ out(y) + r(z,y),z =a (75)

The filter © = a at position (ps,2) is propagated to the base case, yielding:

2)
flpr) + r(,y) < e(z,y),x = a
fp2) = r(@,y)  r(z, 2),e(2,)

) :

fp3) + out(y) < r(z,y)
Here f(p3,2) = {p1,2, id) and all other positions are stationary. In a proof tree

for I15, the filter appears at every base-case leaf; in a proof tree for I1y, it appears
only at the root.

An MSO proof transformation from Ily to II; can be defined using a 1-
dimensional MSO interpretation with a single component.

@dom(x) =T (76)
wp(x) = ruleg, () (77)
@éhild(xay) = \/ rules(p) (y) A 3p. child;(z,p)
F(psi) =o' 5i0) (78)
A ruleg o (p) A
Phig(x, d) = arg;(z, d) (79)

The domain formula retains all nodes and the rule formula recovers the original
rule name. The argument formula is inherited directly, since filter propagation
does not change rule heads. The child formula links a filter that has been pushed
down in the tree to its original ancestor.

B.3 Projection Pushing

Projection pushing removes argument positions in predicates such that the out-
put of the program is unaffected [53].

Formally, let II; = (R, Py, Pout) be a program. A position elimination as-
signs to each IDB predicate p a set of retained positions U(p) C {1,...,ar(p)}
such that all positions of output and input predicates are retained. For an
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atom p(t1,...,tn), we write p|y(t1,...,tn) for the atom p'(¢;,,...,t; ) where
Ulp) = {j1 < -+ < jr} and p' is a fresh predicate of arity k. For a rule
p=H < By,...,B,, the reduced rule is

p|U = H|U<_Bl|U7~~oan|U (80)

provided p|y is safe. The transformed program is ITy = (R, Pin, Poyt) with rule
set Ry = {p|U | p e Rl}

FEzample 7. Consider the program II; computing the transitive closure of e:

r(z,y) < e(z,y)
r(z,y) « r(z, 2),e(2,y)
out(y) « r(z,y)

If we are only interested in the output predicate out, the first position of r can
be eliminated. Setting U(r) = {2} yields IIs:

r'(y) < e(x,y)
'(y) < 1'(2), e(2,y)
out(y) = r'(y)
This transformation can be reversed using a 1-dimensional MSO interpret-

ation with a single component. The tree structure is preserved and the rule
labelling recovers the original rule from the reduced one for each p € Ry:

@dom(x) =T (81)
Pepiia(z,y) = child;(z,y) (82)
Pp(x) = rule,y, (z) (83)

Defining the argument formula is a bit more involved. For retained positions,
the argument value is read directly from the reduced representation. For elimin-
ated positions, we trace the value downward through the tree. Fix a rule p € R;
with head predicate p and let j ¢ U(p) be an eliminated position. Let x; denote
the variable at position j in head(p). By safety, x; occurs in at least one body
atom of p. For each body atom body;(p) with predicate ¢ in which z; occurs at
position 5/, exactly one of the following holds:

1. g is an input predicate, or j° € U(q): the value can be read at the i-th child
of x.

2. ¢ is an IDB predicate and j' ¢ U(q): position j is itself eliminated, and we
must recurse at the i-th child.

To encode this recursive computation, we define a fixed finite graph that
captures how variable bindings propagate through rules. The predicate position
graph of II; is the labelled directed graph G whose vertices are predicate-
position pairs (p, j) with p a predicate and 1 < j < ar(p). It contains an edge
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(p,7) = {g,7") labelled (p,i) whenever p € R; has head predicate p, the variable
at position j in head(p) also appears at position j' in body,(p), and that body
atom has predicate q. A vertex (g, j') is terminal if ¢ € Py, or j' € U(q).

The MSO formula @, ;(x,d) quantifies over a downward path in the proof
tree together with a run of G along that path. For each vertex (g, j') of G,
we introduce a monadic variable X, ; representing the set of tree nodes on the
path that are visited in graph node (g, j'). Let V(G7) be the set of vertices in
G and let X, j» be a list of monadic second-order variables X, ;- for each vertex
(0.7) in G

Dy j(x,d) = HXq,j’- Jy. <x € Xp; N\ V. (

/\ (1} S Xq,j’ =

(¢,3")EV(Gnr)

\/ <ru|er|U(v) A Jw. child; (w, v) (84)

]

(0,5")—=(d’,3")
labelled (r,z)

AJW=Y Nargn(y,d) if (¢',5") terminal)))
w e Xy jn otherwise

At the start, node x is in state (p,j). At each step, a node v in state (g, ;)

picks an edge (q,7") — (¢, ") labelled (p, i), verifies that v uses rule p|y, and

descends to child 4. If {¢/, 7"} is terminal, the value d is read at position j” of

that child. Otherwise, the child enters state (¢, j"”) and the process continues.
The argument formula distinguishes retained and eliminated positions:

arg; (x,d) if j € U(p)

bpywd) HjEUE )

tpgrg(x,d) = \/ rule,|, () A {

reRy
head pred. p

where j/ = [{k € U(p) | k < j}| is the position of j in the reduced predicate. For
retained positions, the value is read directly from the reduced representation
(adjusting for the change in indexing). For eliminated positions, the value is
recovered via &, ;.
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