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□𝖾
◊𝖾
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 𝖾1, 𝖾2 ::= * ∣ s ∣ 𝖾1 ∪ 𝖾2 ∣ 𝖾1 ∩ 𝖾2 ∣ 𝖾1∖𝖾2

-    “To e, it is conceivable that ”◊𝖾 ϕ ⟶ ϕ

-   “To e, it is unequivocal that ”□𝖾 ϕ ⟶ ϕ

A formula is:

- Monodic : at most one free variable in each 
subformula of the form   (or ) 

                        ✅  

    ❌

◊𝖾 ϕ □𝖾 ϕ
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ϕ, ψ ::= P(t1, …, tk) ∣ t1 ·= t2 ∣ ¬ϕ ∣ ϕ ∧ ψ ∣ ∃⊲nx.ϕ ∣ ◊𝖾 ϕ
                                                          counting quantifiers with ,⊲ ∈ { ≤ , = , ≥ }

 (dual)◊𝖾 ¬ϕ ≡ ¬ □𝖾 ϕ

Standpoint expressions:

 𝖾1, 𝖾2 ::= * ∣ s ∣ 𝖾1 ∪ 𝖾2 ∣ 𝖾1 ∩ 𝖾2 ∣ 𝖾1∖𝖾2

-    “To e, it is conceivable that ”◊𝖾 ϕ ⟶ ϕ

-   “To e, it is unequivocal that ”□𝖾 ϕ ⟶ ϕ

A formula is:

- Monodic : at most one free variable in each 
subformula of the form   (or ) 

                        ✅  

    ❌

◊𝖾 ϕ □𝖾 ϕ
∀x.𝖳𝗂𝗌𝗌𝗎𝖾(x) → □* 𝖳𝗂𝗌𝗌𝗎𝖾(x)

∀x∀y.𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(x, y) → □* 𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(x, y)

-  : only 2 variables, all predicates of arity  
                            ✅  

   ❌

C2 ≤2
□* ∀x∀y.𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(x, y) → ∃x.𝗁𝖺𝗌𝖢𝖾𝗅𝗅(y, x)
□* ∀x∀y.𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(x, y) → ∃z.𝗁𝖺𝗌𝖮𝗋𝗀𝖺𝗇(x, z) ∧ 𝖿𝗋𝗈𝗆(y, z)
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•    interpretation assignment to worldsγ(π1) = {p ↦ ∅, …}

• ℳ ⊧ □𝖡 p(a)

• ℳ ⊧ ∃x.(◊𝖱p(x) ∧ ◊𝖱 ¬p(x))
• ℳ ⊧ □𝖱 ∀x.p(x) → (∃y.r(x, y))
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Stepwise Translation

nullary-free: all predicates of arity ≥1 
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S5: no standpoint expressions except * 
Simulate standpoint expressions by 
marking worlds with nullary predicates.

Stepwise Translation

nullary-free: all predicates of arity ≥1 
Easy: Simulate nullary predicates by 
immediately quantified unary ones.

constant-free: no constants  
Simulate constants by unary predicates 
(axiomatising uniqueness and rigidity).

 ∃x.□𝖫 (𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(John, x))

∃x.□* (𝖫 → (𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(John, x)))

∃x.□* (∀x.(𝖫′ (x)) → (𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(John, x)))

∃x.□* (∀x.(𝖫′ (x)) → (𝖳𝗎𝗆𝗈𝗋(x) ∧ ∃y.(𝗁𝖺𝗌𝖳𝗂𝗌𝗌𝗎𝖾(y, x) ∧ 𝖩𝗈𝗁𝗇(y))))
∧ ∃=1x . 𝖩𝗈𝗁𝗇(x) ∧ ∃=1x . □* 𝖩𝗈𝗁𝗇(x)

monodic  FOSL              nullary- and constant-free S5 monodic  FOSLC2 C2
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Context

➡  is -completeC2 𝖭𝖤𝗑𝗉𝖳𝗂𝗆𝖾

➡ for other logics' standpoint extensions, we often relied on existence of models with few worlds 
("small model property")

➡ yet, here we can enforce infinitely many worlds:

 

              

                              infinite domain 

     
    every entity is first                 only one first entity  
        in some world                          per world

□* ∀x.((𝖥𝗂𝗋𝗌𝗍(x) ↔ ¬∃y 𝖭𝖾𝗑𝗍(y, x)) ∧
∃≤1y (𝖭𝖾𝗑𝗍(y, x)) ∧ ∃=1y(𝖭𝖾𝗑𝗍(x, y)))

∀x.◊*(𝖥𝗂𝗋𝗌𝗍(x)) □* ∃=1x.(𝖥𝗂𝗋𝗌𝗍(x))

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍

δ2Πo

π0

π2

π1

π3

δ0 δ1

𝖥𝗂𝗋𝗌𝗍

δ3Δ …

𝖥𝗂𝗋𝗌𝗍

𝖥𝗂𝗋𝗌𝗍

𝖥𝗂𝗋𝗌𝗍

…

𝖭𝖾𝗑𝗍

𝖭𝖾𝗑𝗍
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…δ2δ0 δ1

…δ2δ0 δ1

…δ2δ0 δ1

• Disjoint union

• Bookkeeping 1: indicate originating worlds by assigning numbers (bit-encoding by unary predicates L0,L1,...) 

• Bookkeeping 2: connect corresponding elements with consecutive numbers by binary predicate F

• N.B.: Being "well-stacked" interpretation (i.e. the result of such a stacking) can be characterized in    C2
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•            implemented as "there is an element from the same -class as  satisfying  " 

The translation preserves satisfiabiliy.

C2 C2

y
∃⊲nx . ψ(x, y) ⊲n x 𝖫 y ψ
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ϕ
Corollary: Satisfiability in monodic standpoint  

is NExpTime-complete
C2
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                                                             (Easy: Essentially just  in diguise)C2

➡ We show how to accommodate (possibly standpoint-annotated) role chain axioms.

           We obtain monodic standpoint SHOIQBs and SROIQBs 

                                          subsuming   OWL 1   and   OWL 2

Application to Description Logics and Ontology Languages

23

ϕTheorem: Checking satisfiability of monodic standpoint SHOIQBs sentences is NExpTime-complete. 

Checking satisfiability of monodic standpoint SHOIQBs sentences is N2ExpTime-complete.
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➡ The satisfiability even of monodic standpoint ALCO is already NExpTime-hard 
       (tiling of exponential size grid), 
as opposed to monodic standpoint SHIQ, which is known to be ExpTime-complete. 
                      

➡ Lifting monodicity gentliest (1 binary rigid predicate) causes undecidability even for ALCOIF 

       (tiling of infinite grid), 
while monodic standpoint ALCIF with rigid predicates (and more) is known to be decidable.                 
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25
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Conclusions
26

Recap:
➡ Managing perspectives is interesting in knowledge integration scenarios.

➡ Reasoning with monodic Standpoint  has the same complexity as with plain .C2 C2

➡ This warrants complexity-neutral extensions of Ontology Languages by monodic standpoints. 

➡ The interplay of standpoint modalities and nominals causes trouble.

Future Work:
➡ Implementation of translations and integration with existing reasoners

➡ Lifting the monodicity restriction

➡ Towards conceptual modelling with standpoints for knowledge integration challenges
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For any satisfiable , we construct an (exp.)  structure that yields a modelϕ

The -stable permutational closure of  P𝖤

- Π′ = Π × ℙ𝖤

-  : set of permutations   that preserve  membershipℙ𝖤 f : Δ → Δ 𝖤i

•  𝙿γ′ (π, f ) = {f(δ) ∣ δ ∈ 𝙿γ(π)}
• 𝙿γ′ (π, f ) = {( f(δ1), f(δ2)) ∣ (δ1, δ2) ∈ 𝙿γ(π)}

    Elements swapped around, 
preserving world internal structure

𝖤𝟣 𝖤𝟢, 𝖤𝟣𝖤𝟢

Permutational Representatives
29
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The stacked interpretation of       (with ), |Π | = 2m
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The stacked interpretation of       (with ), |Π | = 2m

                           with signature ⟨P ⊎ {𝖥, 𝖫0, …, 𝖫m−1}, ∅⟩
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The stacked interpretation of       (with ), |Π | = 2m

                           with signature ⟨P ⊎ {𝖥, 𝖫0, …, 𝖫m−1}, ∅⟩

• Δ′ = Δ × {0,…,2m − 1}
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The stacked interpretation of       (with ), |Π | = 2m

                           with signature ⟨P ⊎ {𝖥, 𝖫0, …, 𝖫m−1}, ∅⟩

• Δ′ = Δ × {0,…,2m − 1}
• L I

j = {(δ, i) ∣ the jth bit of 𝖻𝗂𝗇(i) is 1}

Stacked Interpretations
30

𝖫𝟢

(δ0,0) (δ1,0) (δ2,0) (δ3,0) (δ4,0)

(δ0,1) (δ1,1) (δ2,1) (δ3,1) (δ4,1)

…

…

𝖤𝟣 𝖤𝟢, 𝖤𝟣𝖤𝟢

Π

π0

π1

…δ2δ0 δ1 δ3Δ δ4

𝖡𝖾𝗌𝗍
𝖶𝗈𝗋𝗌𝖾

𝖦𝗈𝗈𝖽

𝖡𝖾𝗌𝗍𝖦𝗈𝗈𝖽 𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽



Putting Perspective into OWL [sic] | Page

The stacked interpretation of       (with ), |Π | = 2m

                           with signature ⟨P ⊎ {𝖥, 𝖫0, …, 𝖫m−1}, ∅⟩

• Δ′ = Δ × {0,…,2m − 1}
• L I

j = {(δ, i) ∣ the jth bit of 𝖻𝗂𝗇(i) is 1}
• FI = {((δ, i), (δ, i + 1)) ∣ δ ∈ Δ, i < 2m − 1}
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𝖤𝟢 𝖤𝟣 𝖤𝟢, 𝖤𝟣
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The stacked interpretation of       (with ), |Π | = 2m

                           with signature ⟨P ⊎ {𝖥, 𝖫0, …, 𝖫m−1}, ∅⟩

• Δ′ = Δ × {0,…,2m − 1}
• L I

j = {(δ, i) ∣ the jth bit of 𝖻𝗂𝗇(i) is 1}
• FI = {((δ, i), (δ, i + 1)) ∣ δ ∈ Δ, i < 2m − 1}
• PI  = {(δ, i) ∣ i < 2m, δ ∈ 𝖯γ(πi)}
• PI = {((δ1, i), (δ2, i)) ∣ i < 2m, (δ1, δ2) ∈ 𝖯γ(πi)}
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𝖤𝟢 𝖤𝟣 𝖤𝟢, 𝖤𝟣
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The  stacked formula  forces all elements to have:C2 ϕm
stack
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𝖤𝟢 𝖤𝟣 𝖤𝟢, 𝖤𝟣
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𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽

The  stacked formula  forces all elements to have:C2 ϕm
stack

- 1 -successor unless they have the last index𝖥
- 0 -successors if they have the last index𝖥
- 1 -predecessor unless they have the first index𝖥
- 0 -predecessors if they have the first index𝖥

Stacked Interpretations
31
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(δ0,0) (δ1,0) (δ2,0) (δ3,0) (δ4,0)
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𝖤𝟢 𝖤𝟣 𝖤𝟢, 𝖤𝟣
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𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽

The  stacked formula  forces all elements to have:C2 ϕm
stack

- 1 -successor unless they have the last index𝖥
- 0 -successors if they have the last index𝖥
- 1 -predecessor unless they have the first index𝖥
- 0 -predecessors if they have the first index𝖥
- Any two -connected elements have consecutive indexes𝖥

Stacked Interpretations
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The  stacked formula  forces all elements to have:C2 ϕm
stack

- 1 -successor unless they have the last index𝖥
- 0 -successors if they have the last index𝖥
- 1 -predecessor unless they have the first index𝖥
- 0 -predecessors if they have the first index𝖥
- Any two -connected elements have consecutive indexes𝖥
- Binary predicates (except ) relate elements with matching indices.𝖥
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𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽

The  stacked formula  forces all elements to have:C2 ϕm
stack

- 1 -successor unless they have the last index𝖥
- 0 -successors if they have the last index𝖥
- 1 -predecessor unless they have the first index𝖥
- 0 -predecessors if they have the first index𝖥
- Any two -connected elements have consecutive indexes𝖥
- Binary predicates (except ) relate elements with matching indices.𝖥

An FO interpretation satisfies                                                          
it’s isomorphic to a stacked interpretation of an exp. sized FOSL structure

ϕm
stack iff
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If an element of an -type satisfies , there are permutations so all 
elements satisfy 

𝖤 ϕ
◊ϕ

If  is sentential, the variable assignment does nothing◊ϕ

 and its  translation are equisatisfiableϕ C2

Translating to C2
32

ϕ

𝖤𝟢 𝖤𝟣 𝖤𝟢, 𝖤𝟣

𝖡𝖾𝗌𝗍

𝖡𝖾𝗌𝗍 𝖶𝗈𝗋𝗌𝖾

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽

𝖫𝟢

(δ0,0) (δ1,0) (δ2,0) (δ3,0) (δ4,0)

(δ0,1) (δ1,1) (δ2,1) (δ3,1) (δ4,1)

…

…

𝖤𝟣 𝖤𝟢, 𝖤𝟣𝖤𝟢

Π

π0

π1

…δ2δ0 δ1 δ3Δ δ4

𝖡𝖾𝗌𝗍
𝖶𝗈𝗋𝗌𝖾

𝖦𝗈𝗈𝖽

𝖡𝖾𝗌𝗍𝖦𝗈𝗈𝖽 𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽

δ2δ0 δ1 δ3Δ …δ4Π′ 

…
𝖤𝟢 𝖤𝟣 𝖤𝟢, 𝖤𝟣

𝖡𝖾𝗌𝗍(π0, f0)

(π0, f∞)
…

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽

𝖡𝖾𝗌𝗍 𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽𝖦𝗈𝗈𝖽
… … … … …

(π1, f0)

(π1, f1)

(π1, f2)

(π1, f3)

(π1, f4)

(π1, f5)

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖦𝗈𝗈𝖽

𝖡𝖾𝗌𝗍𝖡𝖾𝗌𝗍
𝖶𝗈𝗋𝗌𝖾𝖡𝖾𝗌𝗍

𝖡𝖾𝗌𝗍

𝖡𝖾𝗌𝗍

𝖡𝖾𝗌𝗍

𝖡𝖾𝗌𝗍

𝖶𝗈𝗋𝗌𝖾

𝖶𝗈𝗋𝗌𝖾

𝖶𝗈𝗋𝗌𝖾

𝖶𝗈𝗋𝗌𝖾

𝖶𝗈𝗋𝗌𝖾

ϕ
Corollary: Satisfiability in monodic standpoint  is 

-complete
C2

𝖭𝖤𝗑𝗉𝖳𝗂𝗆𝖾


