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Abstract

In this thesis we investigate issues concerning decidability of reasoning under the
well-founded semantics. First, we give an overview of meta-level properties of the
well-founded semantics. We also define a new property—we call it the maximal path
property. It tells us that the number of WP -iterations in the well-founded model
computation is limited by the cardinality of the longest dependency path in the
atom-call graph of the program.

We propose a new setting for analysis of decidability of logic programs. We focus
our attention on properties of query atoms and their relevant subprograms rather
than on a logic program as a whole. Our observation is that within a logic program P

various atoms in its Herbrand base can have various properties, for example, finiteness
of the dependency relation or length of the maximal dependency path. Within a single
program P different query atoms have different relevant subprograms and thus yield
different decidability results. We divide a Herbrand base of a logic program P into two
subsets with respect to the cardinality of an atom dependency relation. Analysis of
the meta-properties and their combination leads us to the definition of three classes of
atoms with decidable query evaluation: finitely recursive, ω-recursive and ω-restricted
atoms. Finitely recursive atoms with a finite dependency relation enjoy decidability
of query evaluation because their relevant subprograms are finite; ω-recursive atoms
have an infinite dependency relation, nevertheless they are decidable because their
value can be computed in finite time due to the maximal path property; ω-restricted
atoms have relevant subprograms with a certain syntactic restriction that allows for
model computation to be a 2-NEXP-complete problem.
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Introduction

The well-founded semantics for normal logic programs is one of the most widely stud-
ied and commonly accepted paradigms for nonmonotonic reasoning under the closed-
world assumption [vGRS91, ADP95, Fit91, CSW95, BD98]. It was implemented in
several top-down reasoning systems, most prominent of which is XSB [RSS+97].

The relevance and actuality of studies on the subject of reasoning under the well-
founded semantics can be motivated by its closed relation to the well-known and
widely used mechanisms in the field of modern information technologies—to Answer
Set Programming (ASP) and F-logic, and finally, by means of both, to the Semantic
Web. The Semantic Web1 is an evolving development of the World Wide Web in which
the meaning of information and services on the web is defined, making it possible for
the web to “understand” and satisfy the requests of people and machines to use the
web content.

As a semantics of XSB, the well-founded semantics lies in the core system engine
for implementation of an F-logic formalism, which is often viewed as a logic program-
ming language with an object-oriented approach. With the advent of the Semantic
Web, especially, with the development of the RDF standard, there has been a new
wave of interest in systems for logic-based processing of object-oriented meta-data.
Being a rule-language, F-logic is a part of the Rule Interchange Format (RIF) ef-
fort, that is, an initiative within the Semantic Web activity to devise standards for
interoperability of existing rule-based technologies.

Answer Set Programming is a nonmonotonic problem-solving framework. It has
1The definition of the Semantic Web is taken from http://en.wikipedia.org/wiki/

Semantic Web

1



2

sophisticated, well-optimized implementations and has been shown competitive with
other frameworks on several benchmarks. It has been applied, for instance, to plan
generation and product configuration problems in artificial intelligence and to graph-
theoretic problems arising in VLSI2 design and in historical linguistics. Recently, it
has also been widely used to implement the ideas of the Semantic Web project.

As an approximation of stable model semantics [vGRS91, Fit02], which lies in the
basis of ASP, the well-founded semantics plays an important role in research dedicated
to ASP computation methods. Computing the well-founded model of propositional
programs is polynomial [vG89] while computing stable models is NP-hard [MT91].
Consequently, evaluating the well-founded semantics can be used as an effective pre-
processing technique in algorithms to compute stable models [SNV95]. In addition, as
demonstrated by smodels [NS96] and dlv [EFLP00], at present the most advanced
and most efficient systems to compute stable models of DATALOG programs, the
well-founded semantics can be used as a powerful lookahead mechanism.

It was shown by Schlipf in [Sch95] that the well-founded semantics and the stable
model semantics over infinite Herbrand universes have the same expressive power.
The problem of deciding whether a tuple of elements of the Herbrand universe is a
correct answer for a query is highly non-recursive, i.e. not even semi-decidable. This
has led to the fact that state-of-the-art answer set solvers have a major drawback—
they work only on finite domains, finite sets of constants.

Our goal is to define decidable subsets of the well-founded semantics, continuing
the studies on this problem started in [CHH07]. Based on the decidable classes of logic
programs defined in [CHH07], we want to perform a further analysis of the matter,
and, if possible, generalize or modify the conditions that define decidable subsets. As
a powerful tool of decidability analysis, we use the meta-properties of the semantics
in the art of Dix [Dix95b].

The report is organized as follows. Chapter 1 introduces key notions and terminol-
ogy. Chapter 2 is dedicated to the well-founded semantics. We start with decidability

2Very-large-scale integration (VLSI) is the process of creating integrated circuits by combining
thousands of transistor-based circuits into a single chip. The definition is taken from http://
en.wikipedia.org/wiki/Very-large-scale integration
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issues and then give an account of abstract properties of the well-founded semantics,
such as relevance [Dix95b], the level-mapping characterization [HW02, HW05] and
stratified relevance [CHH07]. Our contribution in this chapter is contained in Sec-
tion 2.6, where we define the maximal path property. In Chapter 3 we present three
classes of atoms with decidable query evaluation. The first class, finitely recursive
atoms in Section 3.1, is based on the definition of finitely recursive programs from
[Bon01b] and [CHH07], but we re-collect it here in a new setting. The subsequent
class of ω−recursive atoms in Section 3.2 is introduced on the basis of the maximal
path property. The last class of atoms, ω−restricted atoms in Section 3.4, is based on
the definition of ω−restricted programs by Syrjänen in [Syr01]. We prove decidabil-
ity results, compare these classes of atoms and provide examples. We conclude with
Chapter 4 including discussion of applicability in Section 4.1, related work account
in Section 4.2 and summary in Section 4.3.



Chapter 1

Preliminaries

In this chapter we review the basic notions of logic programming and the well-founded
semantics. For a more detailed account of the material given here the main references
are [Llo87] and [vGRS91], respectively.

1.1 Logic Programs

To make this work self-contained, we give here basic definitions, starting with an
alphabet and concluding with a notion of a normal logic program.

Definition 1.1.1. (Alphabet) An alphabet Σ consists of the following disjoint sets
of symbols:

1. Variables which will be denoted by identifiers starting with a capital letter like
U, V,W,X, Y, Z.

2. Function symbols which will be denoted by identifiers starting with a lower case
letter like f, g, h. Each function symbol has an arity n ∈ N. Function symbols
with arity 0 are called constants. Natural numbers are also constants.

3. Predicate symbols which will be denoted by identifiers starting with a lower case
letter like p, q, r, s. Each predicate symbol has an arity n ∈ N.

4. Connectives ¬ (not), ∧ (and), ∨ (or), → (implies), and ↔ (equivalent).

5. Quantifiers ∀ (forall) and ∃ (exists).

6. Punctuation symbols ”(”, ”)”, and ”,”.

4
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Please note that the sets of variables, function symbols and predicate symbols are
countably infinite.

Definition 1.1.2. (Term) A term is defined inductively as follows:

1. A variable is a term.

2. A constant is a term.

3. If f is a function symbol with arity n and t1, ..., tn are terms, then f(t1, ..., tn)
is a term.

4. There are no other terms.

Definition 1.1.3. (Atom) Let p be a predicate symbol with arity n ∈ N. Let
t1, ..., tn be terms. Then p(t1, ..., tn) is an atomic formula or atom. We also set
pred(p(t1, ..., tn) := p).

Definition 1.1.4. (Literal) A literal is a positive literal or a negative literal. A
positive literal is an atom A. A negative literal is the negation ¬A of an atom A.

Definition 1.1.5. (Complement) Let L be a literal and B its atom. The comple-
ment ¬L of L is defined as follows:

¬L :=
{
¬B if L = B

B if L = ¬B

For a set S of literals, ¬S denotes the set of the complements of the literals in S:
¬S := {¬L | L ∈ S}

Definition 1.1.6. (Positive and Negative Atoms) For a set S of literals we define
the set pos(S) of positively occurring atoms in S and the set neg(S) of negatively
occurring atoms in S as follows:

pos(S) := {A | A ∈ S is a positive literal in S},

neg(S) := {A | ¬A ∈ S is a negative literal in S}.

Definition 1.1.7. (Well-Formed Formula) A (well-formed) formula is defined
inductively as follows:

1. An atom is a formula.

2. If F and G are formulas, then so are ¬F, F ∧G,F ∧G,F → G, and F ↔ G.
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3. If F is a formula and X is a variable, then (∀X)F and (∃X)F are formulas.

4. There are no other formulas.

It will often be convenient to write the formula F → G as G← F .

Definition 1.1.8. (First Order Language) The first order language L for an
alphabet Σ consists of the set of all formulas that can be constructed according to
Definition 1.1.7 using symbols of Σ.

By Lp we shall define the language of propositional (quantifier-free) logic.

Definition 1.1.9. (Occurrence of a Variable) The set V(t) of variables that occur
in a term is defined as follows:

V(t) :=


∅, if t is a constant,
{t}, if t is a variable,⋃m

i=1 V(ti), if t is of the formf(t1, ..., tm).

V is extended to literals as follows:
V(p(t1, ..., tn)) := ⋃ni=1 V(ti) and V(¬p(t1, ..., tn)) := ⋃ni=1 V(ti), where p is a predicate
symbol and ti are terms.

Definition 1.1.10. (Rule) The program clause or normal rule R is of the form

A← L1 ∧ ... ∧ Ln

where A is an atom and Li are literals. A is called the head of the rule and is denoted
head(R), the Li are called body literals, and their conjunction L1 ∧ ... ∧ Ln is called
the body of the rule and is denoted body(R) or simply B. The sets of positive and
negative literals in the body will be denoted body+(R) and body−(R), respectively.
And lit(R) stands for head(R) ∪ body(R).

The set of variables that occur in a rule R is defined in terms of variables that
occur in its literals:

V(R) = V(head(R)) ∪
⋃

L∈body(R)
V(L).

Definition 1.1.11. (Groundness) A term, atom, rule or program with no variables
occurring in it is called ground.
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Definition 1.1.12. (Fact) A fact is a (normal) rule without any body literals. We
will denote a fact just by its head atom A, or in the set notation by A← ∅.

Definition 1.1.13. (Query) A query or a goal is a rule of the form

← L1, ..., Ln

having no atom in the consequent.

A query or a goal is called atomic if it consists of a single atom.

Definition 1.1.14. (Normal Program) A normal program is a set of normal rules.

In this work we consider only normal programs. Thus, by speaking of rules and
programs we always mean normal rules and normal programs.

Definition 1.1.15. (Definite Rule) A definite rule or positive rule is a normal rule
of the form

A← B1, ..., Bn

having no negative body literals.

Definition 1.1.16. (Definite Program) A definite program or positive program is
a set of definite rules.

Definition 1.1.17. (Facts, Heads, Predicates) Let P be a program. We define
the set of facts in P , facts(P ), the set of heads in P , heads(P ) and the predicates in
P , preds(P ), as follows:

facts(P ) := {A | (A← ∅) ∈ P},

heads(P ) := {A | there is a possibly empty body such that (A← body) ∈ P},

preds(P ) := {pred(R) | R ∈ P}.

Note that for every P , facts(P ) ⊆ heads(P ) holds.

Definition 1.1.18. (Predicate Definition) The definition of a predicate p with
respect to the program P , denoted by def(p), is the set of rules in P with head
predicates p, i.e.
def(p) := {R | R ∈ P and pred(head(R)) = p}.
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Definition 1.1.19. (Substitution) Let L be a first order language. A substitution
θ in L is a finite set of the form {V1/t1, ..., Vn/tn}, where each Vi is a variable in L,
each ti is a term in L distinct from Vi and the variables V1, ..., Vn are pairwise distinct.
Each element Vi/ti is called a binding for Vi. θ is called a ground substitution if the ti
are all ground terms. θ is called a variable-pure substitution if the ti are all variables.
We will omit the language L when it is clear from the context.

Definition 1.1.20. (Renaming Substitution) Let E be an expression and V be
the set of variables occurring in E. A renaming substitution for E is a variable-
pure substitution {X1/Y1, ..., Xn/Yn} such that {X1, ..., Xn} ⊆ V , the Yi are pairwise
distinct and (V\{X1, ..., Xn}) ∩ {Y1, ..., Yn} = ∅.

1.2 Interpretations and Models

In this section we recall the definitions of interpretations and models.

Definition 1.2.1. (Pre-Interpretation) A pre-interpretation of a first order lan-
guage L consists of the following:

1. A non-empty set D, called the domain of the pre-interpretation.

2. For each constant in L, the assignment of an element in D.

3. For each function symbol with arity n in L, the assignment of a mapping from
Dn to D.

Definition 1.2.2. (Interpretation) An interpretation I of a first order language L
consists of a pre-interpretation J with domain D of L together with the following:

1. For each predicate symbol in L with arity n, the assignment of a mapping from
Dn into {true, false} (or equivalently, a relation on Dn).

We say I is based on J .

Definition 1.2.3. (Variable Assignment) Let J be a pre-interpretation of a first
order language L. A variable assignment w.r.t. J is an assignment of an element in
the domain of J to each variable in L.

Definition 1.2.4. (Term Assignment) Let J be a pre-interpretation of a first order
language L with domain D. Let V be a variable assignment. The term assignment
w.r.t. J and V of the terms in L is defined as follows:
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1. Each variable is given its assignment according to V .

2. Each constant is given its assignment according to J .

3. If t′1, ..., t
′
n are the term assignments of t1, ....tn and f

′ is the assignment of the
function symbol f with arity n, then f

′(t′1, ..., t
′
n) ∈ D is the term assignment

of f(t1, ..., tn).

Definition 1.2.5. (Truth Values) Let I be an interpretation of a first order lan-
guage L with domain D and let V be a variable assignment. Then a formula F in L
can be given a truth value, true or false (w.r.t. I and V) as follows:

1. If the formula is an atom p(t1, ..., tn), then the truth value is obtained by cal-
culating the value of p′(t′1, ..., t′n), where p′ is a mapping assigned to p by I and
t′1, ..., t

′
n are the term assignments of t1, ..., tn w.r.t. I and V .

2. If the formula has the form ¬F, F ∧ G,F ∨ G,F → G,F ↔ G, then the truth
value of the formula is given by the following table:

F G ¬F F ∧G F ∨G F → G F ↔ G

true true false true true true true
true false false false true false false
false true true false true true false
false false true false false true true

3. If the formula has the form (∃X)F , then the truth value of the formula is true if
there exists d ∈ D such that F has truth value true w.r.t. I and V(X/d), where
V(X/d) is V except that X is assigned d; otherwise, its truth value is false.

4. If the formula has the form (∀X)F , then the truth value of the formula is true
if, for all d ∈ D, we have that F has truth value true w.r.t. I and V(X/d);
otherwise, its truth value is false.

Definition 1.2.6. (Model) Let I be an interpretation of a first order language L.
Then I is a model of a closed formula F , if F is true w.r.t. I. Further, I is a model
of a set S of closed formulas, if I is a model of each formula of S.

Definition 1.2.7. (Herbrand Universe) Let L be a first order language with at
least one constant. The Herbrand universe UL of L is the set of all ground terms,
which can be formed out of the constants and function symbols of L.
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For the case that a given logic language contains no constant, we add a new
constant c to it and consider the resulting language L.

Definition 1.2.8. (Herbrand Base) Let L be a first order language. The Herbrand
base BL of L is the set of all ground atoms which can be formed by using predicate
symbols from L with ground terms from UL as arguments.

Definition 1.2.9. (Herbrand Instantiation) Let L be a first order language. The
Herbrand instantiation groundL(P ) of P consists of all ground instances (w.r.t. the
Herbrand universe UL) of all rules in P . We will omit the language L, when it is clear
from the context.

We will also assign a Herbrand universe UP and a Herbrand base BP to a pro-
gram P by assuming that the underlying first order language LP consists of exactly
the constants, function symbols and predicate symbols occurring in the program.
The ground instantiation ground(P ) of P consists of all ground instances w.r.t the
Herbrand base BP of all the rules in P .

Definition 1.2.10. (Herbrand Pre-Interpretation) Let L be a first order lan-
guage. The Herbrand pre-interpretation for L is given by the following:

1. The domain of the pre-interpretation is the Herbrand universe UL.

2. Constants in L are assigned themselves in UL.

3. If f is a function symbol in L with arity n, then the mapping f
′ : Un

L → UL
assigned to f is defined by f ′(t1, ..., tn) := f(t1, ..., tn).

Definition 1.2.11. (Herbrand Interpretation) A Herbrand interpretation is an
interpretation based on a Herbrand pre-interpretation.

Since, for Herbrand interpretations, the assignment to constant and function sym-
bols is fixed, it is possible to identify a Herbrand interpretation with a subset of the
Herbrand base. For any Herbrand interpretation, the corresponding subset of the
Herbrand base is the set of all ground atoms which are true w.r.t. the interpretation.

Definition 1.2.12. (Herbrand Model) Let L be a first order language and S a
set of closed formulas of L. A Herbrand model of S is a Herbrand interpretation of
L which is a model of S.
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The intended meaning of a logic program is that a formula should be true if it is
a logical consequence of the program, i.e., it is true in all models of the program. For
definite programs this intention leads to a semantics that coincides with the intuition
because of the following property.

Proposition 1.2.1. (Model Intersection Property) Let P be a definite program.
Let M be a non-empty set of Herbrand models for P . Then the intersection ⋂M of
all models is an Herbrand model for P .

Since every program P has BP as a Herbrand model, the set of all Herbrand
models for P is always non-empty.

Definition 1.2.13. (Least Herbrand Model) Let P be a definite program. Then
the least Herbrand model MP of P is the intersection of all Herbrand models for P .

The least Herbrand model MP is considered as the natural interpretation of a
definite program.

Definition 1.2.14. (Partial and Total Interpretation) Let P be a normal pro-
gram. A partial interpretation I is a set of ground literals such that for no atom A

both A and ¬A are contained in I, i.e.

pos(I) ∩ neg(I) = ∅,

and whose atoms are contained in the Herbrand base BP of P , i.e.

pos(I) ∪ neg(I) ⊆ BP .

I is a total interpretation, if I is a partial interpretation and for every atom A ∈ BP

it contains either A or ¬A, i.e.

pos(I) ∪ neg(I) = BP .

Definition 1.2.15. (Truth Values) Let I be a partial interpretation. A ground
literal L is true in I, if L is contained in I, i.e. L ∈ I. L is false in I, if its
complement ¬L is contained in I, i.e. ¬L ∈ I. L is undefined in I, if it is neither
true nor false in I.

We can see here that a partial interpretation is represented by a disjoint pair of
sets, 〈pos(I), neg(I)〉, pos(I) ∩ neg(I) = ∅, with the following meaning:
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• members of pos(I) have the truth value true,

• members of neg(I) have the truth value false,

• and members of neither are mapped to unknown.

There are two common partial orderings on truth values, the truth ordering and
the knowledge ordering. By a partial ordering we mean a binary relation which is
reflexive, antisymmetric and transitive.

Truth Ordering ≤t: false ≤t undefined, undefined ≤t true

Knowledge Ordering ≤k: undefined ≤k false, undefined ≤k true

These partial orderings can be generalized (pointwise) to partial Herbrand inter-
pretations as follows: for x ∈ {t, k},

I1 ≤x I2 iff I1(A) ≤x I2(A) for all A ∈ BP .

Truth ordering reflects truth content of an interpretation, while knowledge order-
ing reflects the amount of knowledge contained in an interpretation. For example,
given two interpretations I1 = {p, q,¬r} and I2 = {p, q}, we order them in the fol-
lowing way:

• I1 ≤t I2 because I1(r) ≤t I2(r), but

• I1 ≥k I2 because I1(r) ≥k I2(r),

since r is evaluated to false in I1 and to undefined in I2. With representation of
partial interpretations by two sets, of positive and negative literals, we have: I1 ≤k I2

if pos(I1) ⊆ pos(I2) and neg(I1) ⊆ neg(I2).
In the following, we will often use a shorthand notation for the truth values true,

false and undefined–we denote them t, f and u, respectively.
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Definition 1.2.16. (Partial and Total Model) Let P be a normal program. We
say that a ground rule A← B is satisfied in a (partial or total) interpretation I, if its
head A is true in I or if at least one body literal L ∈ B is false in I. I is a total model
of P , if it is a total interpretation and every ground instance A← B ∈ ground(P ) of
a rule of P is satisfied in I. I is a partial model of P , if it is a partial interpretation
that can be extended (by adding literals to I) to a total model of P .

A partial model is a partial interpretation such that some instantiated rules may
not be satisfied, but there is a (possibly empty) set of literals whose addition to
the partial interpretation will satisfy all rules. For example, consider the program
P = {p ← q, q ← ¬r}. I = {p, q} is a partial model of P , it can be extended to
the total model by adding the literals r or ¬r, but even if we do not add any literals
(empty set), still all rules of P are satisfied.

1.3 The Well-Founded Semantics

In this section we briefly outline the notion of the well-founded semantics originally
defined in [vGRS91].

Definition 1.3.1. (Unfounded Set) Let P be a normal program. Let I be a partial
interpretation. Let A ⊆ BP be a set of ground atoms. A is an unfounded set of P
w.r.t. I, if for every atom A ∈ A and every ground rule instance A← B ∈ ground(P )
at least one of the following conditions holds:

1. at least one body literal L ∈ B is false in I,

2. at least one positive body literal B ∈ B is contained in A.

Definition 1.3.2. (Greatest Unfounded Set) Let P be a normal program. Let I
be a partial interpretation. The greatest unfounded set of P w.r.t. I is the union of
all unfounded sets of P w.r.t. I.

Definition 1.3.3. (Immediate Consequences) Let P be a normal program. Let
I be a partial interpretation. The three operators TP , UP , and WP are defined as
follows:

TP (I) := {A ∈ BP | there is A← B ∈ ground(P ) with B ⊆ I}
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UP (I) := the greatest unfounded set of P w.r.t. I

WP (I) := TP (I) ∪ ¬UP (I)

Lemma 1.3.1. ([vGRS91]) TP , UP , and WP are monotonic operators.

Theorem 1.3.2. ([vGRS91]) Let P be a normal program. For every countable ordinal
α, WP ↑ α is a partial model of P .

Definition 1.3.4. (Partial and Total Well-Founded Model) Let P be a pro-
gram. The well-founded (partial) model of P , W ∗

P , is the least fixpoint of WP . If W ∗
P

is a total interpretation, it is called the well-founded total model of P .

Definition 1.3.5. (Semantics) A semantics is a mapping S, which assigns to every
logic program P a set S(P ) of (partial) models of P such that S is ”instantiation
invariant”, i.e. S(P ) = S(ground(P )).

Now we can define the well-founded semantics.

Definition 1.3.6. (Well-Founded Semantics) The Well-Founded Semantics as-
signs to every logic program P the well-founded partial model W ∗

P of P :

WFS(P ) := W ∗
P

The well-founded semantics is defined as a set of ground literals. However, we will
assign a truth value to a non-ground literal L w.r.t. the well-founded semantics, if
any ground instance of L has the same truth value in W ∗

P . With any ground instance
we mean, that any first order language L can be used for the grounding and that the
truth values of the instances do not depend on the constants occurring in P .

We illustrate computation of a well-founded model of a program by the following
two examples.
Example 1.3.1. (Detection of Odd Cycles)

P1 : g. WP ↑ 1 = TP (∅) ∪ ¬UP (∅)
a← b, c. = {g} ∪ ¬{k}
b← e,¬k. WP ↑ 2 = {g,¬k} =
c← h. = WP ↑ 1 = lfp(WP )
d← ¬a.
e← g, d.

h← d.
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Figure 1.1: Dependency graph of P1.

The atom g gets into the model of P trivially as a fact, via TP , while ¬k is
added to the model by the first unfoundedness condition—there is no rule that can
be used to establish truth of k, in other words, no rule in P defines k. But it is
more interesting to observe which atoms are left unknown in the model of P . These
are {a, b, c, d, e, h}. It shows us how the well-founded semantics deals with odd cycles
(cycles in the dependency graph with an odd number of negative edges, see Figure 1.1
and Section 2.2 for the definition). The well-founded semantics leaves odd-cyclic
atoms “out” of the model, while the same very situation leads to an inconsistency
in another nonmonotonic logic programming semantics, the stable model semantics
(this fact is illustrated in [Bon01b]).

Example 1.3.2. (Detection of Cycles)
P2 : g. WP ↑ 1 = TP (∅) ∪ ¬UP (∅)

a← b, c. = {g} ∪ ¬{k, a, d, h, e, c, b}
b← e. WP ↑ 2 = WP ↑ 1 = lfp(WP )
c← h.

d← ¬a, e.
d← a,¬k.
e← g, d.

h← d.
The above program slightly differs from that in the previous example. We have

eliminated ¬k from the second rule, added e into the body of the fourth rule and added
one more rule: d← a,¬k. Our manipulations are aimed at elimination of odd-cycles.
As a consequence, the atoms {a, b, c, d, e, h} are now evaluated to false because they
form an unfounded set with respect to ∅ due to the second unfoundedness condition.
We can see that among these atoms none can be the first to be proven, none can be
the first given the value true. Declaring any of a, b, c, d, e, h false does not create a
proof that any other element of the set is true. And if all are declared false at once,
we do not have an inconsistency. These atoms are not odd-cyclic anymore, but they
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Figure 1.2: Dependency graph of P2.

still form a cycle (see Figure 1.2). The well-founded semantics detects cycles, and
this is one of the reasons of its undecidability. We discuss it further on in Chapter 2.



Chapter 2

Properties of the Well-Founded
Semantics

2.1 Decidability Issues

Although logic programming semantics are usually thought of as models of human in-
ference, they can also be thought of as methods for defining relations on databases. In
this respect the primary concern is in what relations a semantics can define, how ex-
pressive it is. The input databases are arbitrary (not necessarily recursive) relations
on the infinite Herbrand universe of the program. For normal logic programming,
Schlipf [Sch95] has shown that for the well-founded semantics over infinite Herbrand
universes, the problem of deciding whether a tuple of elements of the Herbrand uni-
verse is a correct answer for a query is highly non-recursive.

Theorem 2.1.1. ([Sch95]) Logic programming with negation under the well-founded
semantics is Π1

1-complete.

The class Π1
1 belongs to the analytical hierarchy in a relational form and contains

those relations that are definable by a second-order formula Φ(X) = ∀Pφ(P ;X),
where P is a finite set of predicate variables and φ is a first-order formula with free
variables X.

While the polynomial hierarchy is an attempt at characterizing ”how polynomially
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uncomputable” is a decidable function, the arithmetic and analytical hierarchies—
which are precursors of the polynomial hierarchy—are characterizations of ”how un-
decidable” is a function. For more details about this class in the context of logic
programming, see, for example, Schlipf [Sch95] and Eiter and Gottlob [EG97]. To
illustrate Π1

1-completeness, we simply mention that such problems are of much higher
complexity than the well-known halting problem of Turing machines.

The result given above is often referred to, but it was never closely considered
and analyzed. What is the reason of this ”high non-recursiveness”? Originally, the
well-founded semantics was invented to ”improve” the existing semantics, such as
the Clark’s completion-semantics [Cla87], in the way that it delivers more intuitive
answers for programs with negation. Take a look at the following example.
Example 2.1.1. (Loop Detection)[Dix95a]

P : p← p P
′ : p← p

q ← ¬p q ← ¬p
r ← ¬r

comp(P ) : p↔ p comp(P ′) : p↔ p

q ↔ ¬p q ↔ ¬p
r ↔ ¬r

?− q : No (completion). ?− p : Yes (completion).
Yes (NMR-intuition). No (NMR-intuition).

For both programs, the answers of the completion-semantics do not match the non-
monotonic intuition. In the case of P we expect q to be derivable, since we expect
¬p to be derivable: the only possibility to derive p is the rule p← p which will never
succeed. But q is not in the deductive closure of q ↔ ¬p.

In the case of P ′ we expect p not to be derivable, for the same reason: the
only possibility to derive p is the rule p ← p. But deductive closure of r ↔ ¬r
is the set of all formulae, the completion of P ′ is inconsistent, therefore p is among
logical consequences of the completion of P ′. Note that the answers of the completion
semantics agree with the mechanism of SLDNF: p← p represents a loop.

This example motivates the need for semantics that detects loops. As we have seen
in Section 1.3, the well-founded semantics detects loops. It evaluates all the atoms
belonging to an odd negative cycle (a cycle with an odd number of negative edges)
in the atom-call dependency graph as undefined. All other loop-atoms also constitute
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potential candidates for unfounded sets. In general, loop detection is undecidable
because the halting problem of Turing machines1 reduces to it. This is the reason
why the well-founded semantics is not even recursively enumerable.

Despite the importance of the well-founded semantics, the question of its not-
semi-decidability has not attracted significant attention. The problems of semantics
decidability lie on the meta-level, more in the scope of philosophical logic, nevertheless
we believe they should not be put aside by those interested in optimizing the behavior
of logic programs. Sometimes even rather superficial abstract analysis might lead to
the definition of classes of programs that demonstrate decidability of query evaluation,
e.g. as shown in [Bon01b]. Keeping the above observation in mind, in this chapter we
analyze the well-founded semantics on the meta-level. We perform such an analysis
by means of abstract properties of relevance, level-mapping characterization, stratified
relevance and, finally, a new property called maximal path property, which is defined
in Section 2.6.

2.2 Relevance

An abstract property of relevance is introduced in this section. It is one of the so-called
weak properties formulated by Dix in [Dix95b]. These properties were inspired by
irregular behavior of some of the logic programming semantics, such as, for example,
the stable model semantics [GL88]. Every weak principle characterizes one of the
aspects of semantics behavior. We give a brief description of relevance together with
its formal definition.

We start with some basic definitions.

Definition 2.2.1. (Predicate-Call Dependency Graph) Let P be a normal logic
program and p, q its predicates. The predicate-call dependency graph GpredP is a directed
graph whose nodes are the predicates from P .

(i) We say that p refers positively to q (resp. negatively) iff there is a rule in P that
uses p in its head and q in a positive (resp. negative) body literal. We denote
positively (negatively) refers to as >+ (>−).

1See Section 3.1 for the definition of the halting problem.



20

(ii) There is a positive edge (resp. negative) from p to q iff p >+ q (resp. p >− q).

(iii) We say that p depends on q iff there is a path in GpredP from p to q. We denote
depends on as ..

We say that q is lower than p, or, equivalently, that q is a dependency successor of
p, if there is a path from p to q, but no path from q to p. We say that p and q are
in the same strongly connected component (SCC) if there is a path from p to q and
from q to p.

Definition 2.2.2. (Atom-Call Dependency Graph) Let ground(P ) be a ground
instantiation of normal logic program P and A,B its atoms. The atom-call depen-
dency graph GatomP is a directed graph whose nodes are the elements of the Herbrand
base BP .

(i) We say that A refers positively to B (resp. negatively) iff there is a rule in
ground(P ) that uses A in its head and B in a positive (resp. negative) body
literal. We denote positively (negatively) refers to as >+ (>−).

(ii) There is a positive edge (resp. negative) from A to B iff A >+ B (resp. A >− B).

(iii) We say that A depends on B iff there is a path in GatomP from A to B. We denote
depends on as ..

We also say:

• A depends positively on B (resp. negatively) if there is a path in GatomP from A

to B containing only positive edges (resp. at least one negative edge).

• A depends evenly on B (resp. oddly) if there is a path in GatomP from A to B

containing an even number of negative edges (resp. an odd number).

One atom can be lower than another (a dependency successor) or in the same SCC
of an atom-call graph in an analogous way to predicates in a predicate-call graph.

By definition, depends on is a transitive closure of the refers to relation. We shall
often omit positive or negative character of the dependency if it is irrelevant. In the
following, it will sometimes be necessary to use the notion of a reverse dependency
relation on predicates (resp. atoms): if p.q (resp. A.B), then q.−1p (resp. B.−1A),
where .−1 denotes a reverse dependency relation.



21

Definition 2.2.3. (Dependency Path) The predicate dependency path is a path in
GpredP which is denoted by a list of its nodes as follows: π = {p1, p2, ..., pn}.

The atom dependency path is a path in GatomP and is denoted by a list of nodes in
an analogous way: π = {A1, A2, ..., An}. We shall denote a dependency path starting
with the node representing an atom A by πA.

Cardinality of a dependency path π is denoted by |π| and is defined as the number
of distinct members of the list representing the path.

Please note that a cyclic dependency path representing a cycle in the dependency
graph is denoted by a list with the same node as the first and the last member. It
is important to count only distinct members for cardinality so that in cyclic paths
the starting node is not counted twice. For a given predicate dependency path π =
{p1, p2, ..., pn} its reverse version is π−1 = {pn, pn−1, ..., p1}. The same holds for an
atom dependency path.
Definition 2.2.4. (Dependency Relation) The predicate dependency relation
Dpred(P ) ⊆ preds(P )× preds(P ) of a logic program P is defined as follows:

Dpred(P ) := {〈p, q〉 |p . q}

All predicates on which p depends are said to belong to the dependency relation of p
denoted by D(p), i.e. D(p) := {q|p . q}.

The atom dependency relation Datom(P ) ⊆ BP × BP of a ground logic program
ground(P ) is defined in an analogous way.

All atoms on which some ground atom A ∈ BP depends are analogously said to
form the dependency relation of A, D(A) := {B|A . B}.

We recall that by a semantics we mean a mapping S from the class of all programs
into the powerset of the set of all 3-valued Herbrand interpretations. S assigns to
every program P a set of 3-valued Herbrand models of P .

The property of relevance states that a goal in P can be answered using only the
atoms from ground(P ) that are in a syntactic dependency with it. Let us call this set
of atoms a relevant universe of the goal. In fact, it is a union of dependency relations
of goal atoms. We use this notion to define a relevant subprogram—a program that
contains only the rules defining the atoms from the relevant universe. This is a so-
called module, or stratum—a part of the program solely responsible for the evaluation
of the query defined by it.
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Definition 2.2.5. (Relevant Universe [Bon01b]) The relevant universe for a
program P and a ground query Q, denoted by Urel(P,Q), is the set of all ground
atoms B such that some atom from Q depends on B. In symbols:

Urel(P,Q) := {B| some A ∈ Q,A . B}.

Definition 2.2.6. (Relevant Subprogram [Bon01b]) The relevant subprogram
for a ground query Q (w.r.t. a normal program P ), denoted by PQ, is the set of all
rules in ground(P ) whose head belongs to Urel(P,Q):

PQ := {R|R ∈ ground(P ) and head(R) ∈ Urel(P,Q)}.

In the following, we will denote a relevant subprogram also by Prel if the name of
the query is not given or not important.

Definition 2.2.7. (Relevance [Dix95b]) Relevance states that for all literals L, P
entails L under semantics S iff PL entails L under S: S(P )(L) = S(PL)(L), where
PL is a relevant subprogram of P with respect to L.

In other words, relevance states that for all ground formulae Q and all normal
logic programs P , P entails Q under semantics S iff PQ entails Q under S. Such
a property is quite natural and one can expect any logic programming semantics to
satisfy it. However, not all semantics do. For example, the stable model semantics
does not satisfy relevance. Negative odd-cycles (cycles in the dependency graph with
an odd number of negative edges) affect the meaning of the query even if they do not
have any syntactic dependency with it. A rule involved in an odd-cycle can never
be ignored because it may cause the program to be inconsistent (or without stable
model).

As noted by Dix [Dix95b], the well-founded semantics is among very few logic
programming semantics that satisfy relevance.

We illustrate relevance by the following example.
Example 2.2.1. (Relevance)

P : d. Q : ?− c.
a← b, c.

b← e,¬k. PQ : d.

c← h. c← h.

e← g, d. h← d.

h← d.
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Figure 2.1: Dependency graph of PQ.

We can see here that the relevant subprogram of the program P with respect
to the query Q contains all rules that could ever contribute to Q’s derivation or its
non-derivability. We can also observe (see Figure 2.1) that all the atoms in PQ are
in the dependency relation of the atom c which constitutes the query. To sum up,
relevance states that only atoms belonging to the dependency relation of query atoms
affect their meaning in P .

The principle of relevance can be very useful. First, it allows to minimize in-
stantiation costs because relevant subprogram suffices for query answering, the whole
ground(P ) is not needed. Second, when program instantiation ground(P ) is infinite
(in the presence of function symbols), one can still have a finite relevant subprogram
for the given query so that its value can always be computed. With these consider-
ations, we have defined classes of normal logic programs with semi-decidable query
evaluation under the well-founded semantics (see [CHH07]). Moreover, we use rele-
vance later on in Chapter 3 in the definition of atoms with decidable query evaluation.

2.3 The Level Mapping Characterization

In this section we introduce the level mapping characterization of the well-founded
semantics. Hitzler and Wendt [HW02, HW05] have proposed a methodology that
allowed to obtain uniform characterizations of different logic programming seman-
tics. This uniform approach is inspired by the fact that most semantics introduced
so far are defined and characterized using a wide range of various techniques, includ-
ing semantic operators, program transformations, restriction to suitable subprograms
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etc. In this rich but heterogeneous context establishing relationships between the
semantics and comparing the respective models appear to be rather intricate tasks.
Characterizations by Hitzler and Wendt allow immediate comparison between the
semantics. Moreover, they enable to make some new and interesting observations,
such as the fact that the well-founded semantics can formally be understood as the
Fitting semantics augmented with a form of stratification.

The main tool employed for characterization is the notion of level mapping. Level
mappings are mappings from Herbrand bases to ordinals, i.e. they induce orderings
on the set of all ground atoms while disallowing infinite descending chains. Level
mappings are used here as a technical tool for capturing dependencies between atoms
in a program.

Definition 2.3.1. (I-partial Level Mapping [HW02, HW05]) For an inter-
pretation I and a program P , an I-partial level mapping for P is a partial mapping
l : BP → α with domain dom(l) = {A|A ∈ I or ¬A ∈ I}, where α is some (countable)
ordinal. A (total) level mapping is a total mapping l : BP → α for some (countable)
ordinal α.

We extend every level mapping to literals by setting l(A) = l(¬A) for allA ∈ dom(l).

Definition 2.3.2. (WF-properties [HW02, HW05]) Let P be a normal logic
program, I be a model for P , and let l be an I-partial level mapping for P . We say
that P satisfies (WF) with respect to I and l if each A ∈ dom(l) satisfies one of the
following conditions.

(WFi) A ∈ I and there is a clause A ← L1, .., Ln in ground(P ) such that Li ∈ I

and l(A) > l(Li) for all i.

(WFii) ¬A ∈ I and for each clause A ← A1, .., An,¬B1, ..,¬Bm in ground(P ) one
(at least) of the following conditions holds:

(WFiia) There exists i with ¬Ai ∈ I and l(A) ≥ l(Ai).
(WFiib) There exists j with Bj ∈ I and l(A) > l(Bj).

If A ∈ dom(l) satisfies (WFi), then we say that A satisfies (WFi) with respect to
I and l, and similarly if A ∈ dom(l) satisfies (WFii). Atoms (literals) satisfying one
of the WF-conditions with respect to I and l are called kernel atoms (literals).
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We shall denote sets of kernel atoms (literals) as K. In the following, the notation
R = A ← K,B means that body(R) = K ∪ B, where K is the set of kernel atoms
(literals) belonging to the rule R, and B is the set of body literals of R that are not
kernel.

Theorem 2.3.1. ([HW02, HW05]) Let P be a normal logic program with well-founded
model M . Then, in the knowledge ordering, M is the greatest model amongst all
models I for which there exists an I-partial level mapping l for P such that P satisfies
WF-properties with respect to I and l.

In the following, we shall often refer to the property of the well-founded semantics
stated in Theorem 2.3.1 as the level mapping characterization of the well-founded
semantics. We illustrate it by the following example.
Example 2.3.1. (Level Mapping Characterization)

P : r. WP ↑ 1 = {r} ∪ ¬{k, s} Λ0 = {r,¬k,¬s}
p← q, r. WP ↑ 2 = {r, q} ∪ ¬{k, s} Λ1 = {q}
q ← r. WP ↑ 3 = {r, q, p} ∪ ¬{k, s} Λ2 = {p}
s← q, k. WP ↑ 4 = WP ↑ 3 = lfp(WP )

As the above example shows, atoms that get the value undefined in the well-
founded model, are not ordered into levels by the level mapping lP based on the
WP -operator computations. The domain of the model-driven lP includes only atoms
whose literals are computed by the WP -operator, in other words, only atoms that are
evaluated to true or false.

2.4 Stratified Relevance

Given any semantics S, it is reasonable to expect that a truth value of a ground
query Q only depends on the relevant subprogram PQ for Q with respect to P . As we
have seen in Section 2.2, this idea was formalized by Dix [Dix95b] in the property of
relevance. The property called stratified relevance [CHH07] is based on level mappings
and Theorem 2.3.1 from Hitzler, Wendt ([HW02, HW05]). It absorbs the advantages
of stratification and relevance, and appears to be a good instrument in achieving our
goal—to define a class of logic programs with decidable query evaluation.
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Definition 2.4.1. (Model-Driven Level Mapping) For a normal program P and
its well-founded model M , define an M -partial level mapping lP as follows: lP (A) = α,
where α is the least ordinal such that A is not undefined in WP ↑ (α + 1). We call
this level mapping a model-driven level mapping.

Please note that each program has a unique model-driven level mapping because
each program has a unique well-founded model. Let l−1(α) = Λα ⊆ M be a set of
ground literals of level α, WP ↑ (α + 1)\WP ↑ (α) = Λα. In the following, when it
is clear from the context, we call a set of literals of some level simply a level. If we
evaluate a query Q, we start from some set Λα such that Q ∈ Λα (assume this is an
atomic ground query for the moment). According to the WF-properties that a model
M enjoys by Theorem 2.3.1, every evaluation step either “goes down” to the previous
level, or “stays” at the same level. The sequence of sets Λα is well-founded—the last
set is Λ0 = WP ↑ 1\WP ↑ 0 = WP ↑ 1\∅ = WP ↑ 1. This observation lets us limit
the new relevant universe U∗rel(P,Q) (and thus the relevant subprogram P ∗Q) to those
levels that are less than or equal to the level of query atoms w.r.t the level mapping
lP .

Definition 2.4.2. (Stratified Relevant Universe) The stratified relevant universe
for P and query Q, denoted by U∗rel(P,Q), is the set of all ground atoms B such that
some atom A ∈ Q depends on B and lP (A) ≥ lP (B), where lP is an I-partial level
mapping for P as defined above. In symbols:

U∗rel(P,Q) = {B| some A ∈ Q,A . B and lP (A) ≥ lP (B)}.

Thus, the definition of U∗rel(P,Q) differs from that of Urel(P,Q). Due to stratifi-
cation of the well-founded semantics, it can be shown that only the levels less than
or equal to those of query atoms are relevant for the query evaluation.

In order to define a stratified relevant subprogram, we first need the following
definition:

Definition 2.4.3. Let P be a logic program and Q a ground query. P ′Q is the set of
all rules Rσ such that there exists a rule R in P and a substitution σ meeting the
following conditions:

• The head of Rσ is in U∗rel(P,Q).
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• At least one atom occurring in the body of Rσ is contained in U∗rel(P,Q).

• Let A1, ..., An be all atoms occurring in R, such that Aiσ ∈ U∗rel(P,Q) for all
1 ≤ i ≤ n. Then the following must hold:

– σ is the most general unifier for the unification problem {Ai = Aiσ|i =
1, ..., n}.

– There does not exist an atom B occurring in R, which is distinct from all
Ai(i = 1, ..., n) such that there is a substitution θ with Bσθ ∈ U∗rel(P,Q).

Definition 2.4.4. (Stratified Relevant Subprogram) Let P be a logic program
and Q a ground query. The stratified relevant subprogram for P and Q w.r.t. an
I-partial level mapping lP , denoted by P ∗Q, is the set of all rules R′ defined as follows:

• for any rule R in P ′Q, let R′ be the rule which is obtained by removing all
non-ground literals from R.

Note that by definition the head and at least one of the body literals of R′ are never
removed.

The definition of stratified relevant subprogram P ∗Q is more complicated than that
of PQ. The underlying intuition is that we use rules from ground(P ) where the head
and all body atoms are contained in the stratified relevant universe, as they are those
which contribute to the well-founded semantics in the sense of condition (WFi) in
Definition 2.3.2. In order to accommodate condition (WFii) from Definition 2.3.2 it
suffices if one witness of unusability 2 remains in the body of the rule, which is the
rationale behind the remaining definition of stratified relevant subprogram.

Definition 2.4.5. (Stratified Relevance) Stratified relevance states that for all lit-
erals L, P entails L under semantics S iff P ∗L entails L under S: S(P )(L) = S(P ∗L)(L),
where P ∗L is a stratified relevant subprogram of P with respect to L.

In other words, stratified relevance states that for all ground formulae Q and all
normal logic programs P , P entails Q under semantics S iff P ∗Q entails Q under S.

Proposition 2.4.1. [CHH07] The well-founded semantics satisfies stratified rele-
vance.

2these are literals satisfying one of the unfoundedness conditions[vGRS91].
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Thus, if a literal L is in the well-founded model, it is brought into this model by
literals it refers to (there is always a syntactic dependency) and these literals come
from the same or the previous level of the level mapping lP . The fact that there is
always a syntactic dependency is not new—it is expressed in relevance. An important
point for us is the level of literals responsible for L’s derivation. This proposition
shows us that a stratified relevant subprogram P ∗L by its definition contains all the
necessary information for L’s derivation or non-derivability.

We illustrate the property of stratified relevance by the following example.
Example 2.4.1. (Stratified Relevance)

P : p(f(X))← p(X), q(X).
q(a)← s(f(X)), r(X).
r(a)← r(a).
u(X)← p(X).

Q : ?− p(f(a)).

Urel(P,Q) : {p(f(a)), p(a),
q(a), s(fm(a)), r(fn(a))|m ≥ 1, n ≥ 0}

PQ : {p(f(a))← p(a), q(a);
q(a)← s(fm(a)), r(fn(a))|m ≥ 1, n ≥ 0}

Both Urel(P,Q) and PQ are infinite. Q is not finitely recursive because of the se-
cond rule, where q(a) depends on infinite sequences of atoms of the form s(fm(X)),m >

0 and r(fn(X)), n ≥ 0. However, given a level mapping characterization lP of the well-
founded model of P , that maps lP (p(f(a))) = 3 and lP (s(f(a))) = 0, lP (r(a)) = 1,
and at the same time the set of atoms of the form {s(fm(a)), r(fn(a))|m > 1, n >

0} is not in the domain dom(lP ), we observe that it leaves all the rules q(a) ←
s(fm(a)), r(fn(a)) with m > 1, n > 0 out of our new stratified relevant universe and
relevant subprogram, P ∗Q:

P ∗Q : p(f(a))← p(a), q(a).
q(a)← s(f(a)), r(a).

Thus stratified relevance helps to keep the fragment of the program that is relevant
for query evaluation finite.
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2.5 Approximation of Level Mappings

We have seen in the previous section that the well-founded semantics enjoys the
property of stratified relevance. This property tells us that we do not need to include
all the relevant rules into Prel but only those that define atoms coming from the levels
that are lower than the query atom. But the definition of P ∗rel is not purely syntactic
anymore. It becomes proof-theoretic in a sense that a level mapping characterization
of the well-founded model comes into play. The level of an atom in this stratification
is based on the number of iterations it takes the WP -operator to determine the truth
value of this atom. As such, this stratification exactly follows the computation of
the well-founded model and is, therefore, the most precise possible stratification of a
program under the well-founded semantics. But we should admit that there exist no
syntactic criteria which can be used to determine whether a certain stratification is
the level mapping stratification of the program. The only way of deciding this is by
actually constructing the well-founded model of the program. Therefore this concept
cannot be used to perform the kind of static, upfront analysis of decidable fragments
which is our goal.

If we take a closer look at the level mapping stratification, we see that it is tightly
bounded to the dependency relation of atoms in the program. If we reformulate
the property of relevance, we can state that the truth value of an atom depends
solely on the atoms that are lower in the dependency relation. This has led us
to the idea to approximate the level mapping characterization of the well-founded
model. The approximate stratification is based on the dependency relation and is
therefore syntactically defined. This approximation is of the following character: one
approximation stratum includes all the possible candidates that might get into the
corresponding level of the M -partial level mapping, where M is the well-founded
model of the program.

Definition 2.5.1. (Stratification) Let P be a logic program with Herbrand base
BP . A stratification of P is a partition (Si)i∈Ind of BP , such that the well-founded
order ≥ on the index set Ind agrees with the dependency relation . of P , i.e. if
A . B,A ∈ Si and B ∈ Sj, then i ≥ j. For each i ∈ Ind, the program Pi consists of
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Figure 2.2: Dependency graph of P and stratification Si.

all clauses which have an atom from Si in their head.

We illustrate the above definition by the following example.
Example 2.5.1. (Dependency-Driven Stratification)

P : r. WP ↑ 1 = TP (∅) ∪ ¬UP (∅)
p← q, r. = {r} ∪ ¬{k, s}
q ← r. WP ↑ 2 = {r, q} ∪ ¬{k, s}
s← q, k. WP ↑ 3 = {r, q, p} ∪ ¬{k, s}

WP ↑ 4 = WP ↑ 3 = lfp(WP )
S0 = {r, k} Λ0 = {r,¬k,¬s}
S1 = {q} Λ1 = {q}
S2 = {p, s} Λ2 = {p}

The dependency graph of P together with stratification Si are given in Figure 2.2.
Model-driven level mapping lP orders literals into levels Λi as given above. Depen-
dency-driven stratification (Si)i∈Ind approximates lP in the following manner: atoms
that get into stratum Si cannot get higher in lP than level Λi, but they can appear
lower, in levels Λj for 0 ≤ j ≤ i. And we observe it in the above example: r and k

cannot get higher than Λ0, q cannot get higher than Λ1, and, finally, p and s do not
get over Λ2.

The above stratification orders atoms of BP into strata that approximate the
levels of a model-driven level mapping. As already noted, to obtain a model-driven
level mapping, one needs to compute a well-founded model of the program, which
is, in general, an undecidable task. On the contrary, a stratification can always be
computed. We believe that such a dependency-driven approximation of a model-
driven level mapping can be shown useful in a number of situations that arise in the
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analysis of program and query decidability.

2.6 Maximal Path Property

In this section we formulate a new property for the well-founded semantics—we call
it the maximal path property. The following observation is central in this section: the
number of WP -iterations in computation of a well-founded model of P is limited by
the cardinality of the longest dependency path in GatomP , as long as this path is of
finite length. When GatomP has at least one infinite path, one can only conclude that
there is no guarantee that the least fixed point of WP is reached before ω. We use
the convention that ω > n for all n ∈ N.

We remind that, if we evaluate a query Q, we start from some set Λα such that
Q ∈ Λα (assume this is an atomic ground query for the moment). According to the
WF-properties that a model M enjoys by Theorem 2.3.1, every evaluation step either
“goes down” to the previous level, or “stays” at the same level. The sequence of sets
Λα is well-founded—the last set is Λ0 = WP ↑ 1\WP ↑ 0 = WP ↑ 1\∅ = WP ↑ 1.
We regard the well-founded model M of a program P as stratified and ordered into a
(possibly infinite) number of levels Λα by a model-driven level mapping lP , as defined
in Section 2.4.

From relevance it follows that the truth value of an atom A in the well-founded
model of P and in the well-founded model of PA is the same. PA contains by definition
only atoms that are below A in the dependency relation. Therefore the truth value
of A is defined solely by truth values of atoms below in the dependency relation and,
consequently, below in all possible dependency paths starting from A (there might
be an infinite number of them). Each atom in Λα has a truth value depending solely
on truth values of atoms below in all dependency paths starting with this atom.
In order to assign a truth value to an atom A in any level Λα of M , the model
computation starts at some atom A0 in Λ0 and then “goes up” the levels along the
reverse dependency path of A (in other words, along the dependency path of A in an
opposite direction, from its “end”, the node A0, to the “beginning” with the starting
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node being atom A). Let us call the dependency path that starts with an atom A

and ends with some atom in the level Λ0 the evaluation path for an atom A. We will
show that each A ∈ M has an evaluation path. If an atom A is a starting node of
the longest dependency path in GatomP , denoted by πmax, then its evaluation path can
be at most πmax. In the extreme case, only one atom from πmax is evaluated in each
level Λα and the atom A is evaluated in Λβ, where β is the cardinality of πmax. This
maximal situation gives us β as the maximal possible number of levels in M and,
consequently, the upper limit for the number of iterations of WP -operator needed to
reach the least fixed point.

Definition 2.6.1. Given a logic program P , its atom-call dependency graph GatomP ,
the maximal path, denoted by πmax, is defined as the dependency path in GatomP with
the largest cardinality, that is for all dependency paths π in the graph GatomP it holds
that |π| < |πmax|.

By πA we denote a dependency path that starts with the node A.
We remind that kernel atoms (literals) are atoms (literals) satisfying one of the

WF-conditions (see Section 2.3). Intuitively, kernel atoms are the atoms in the body
of a rule that “cause” its head to get into the model, or, in other words, assign
the truth value to the head atom. If the head is assigned the value true, then, by
definition, it is caused by the truth of the whole body of the rule—this means that
all body atoms are kernel. If the head is assigned the value false, it can be caused by
falsity of a single body atom—this only atom is considered kernel while the rest of
the body is not.

Lemma 2.6.1. Given a logic program P and its well-founded model M , for each
A ∈M with A ∈ Λα, α > 0, there exists at least one kernel atom B such that B ∈ Λα

or B ∈ Λα−1 and B ∈ πA.

Proof. By Theorem 2.3.1 [HW02, HW05], M is the greatest model in the knowledge
ordering, for which there exists an M -partial level mapping l for P such that P
satisfies (WF ) with respect to M and l. One such level mapping is the model-driven
level mapping lP as defined in Section 2.4. The proof is based on the evaluation of L
under the well-founded semantics. We have to consider two cases: L = A is a positive
literal and L = ¬A is a negative literal. Let A ∈ dom(lP ), suppose lP (A) = α.
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Case i. L = A. By (WFi) there is at least one rule R = A ← L1, .., Ln in
ground(P ) such that Li ∈ M and lP (A) > lP (Li) for all i. By definition of WP -
operator, A ∈ TP (WP ↑ α) and all Li ∈ body(R) are true in WP ↑ α. At least one of
Li must have been added to M in WP ↑ α and not earlier, otherwise A would have
been added to M also earlier. This means that at least one literal from body(R) must
belong to Λα−1. We denote this literal by Lα−1 and its atom by Aα−1. We see that A
refers to Aα−1 or, in other words, A . Aα−1. Thus there is at least one atom in Λα−1

such that A . Aα−1 and, consequently, Aα−1 ∈ πA.
Case ii. ¬A ∈ M . Then A ∈ UP (WP ↑ α) and by (WFii) for all rules A ←

A1, .., An,¬B1, ..,¬Bm one of the following holds:

(a) there is i with ¬Ai ∈ M and lP (A) ≥ lP (Ai). This means A . Ai, consequently
Ai ∈ πA. Ai is a kernel atom for A. By definition of WP , A ∈ UP (WP ↑ α) and,
by definition of UP , Ai is either also in UP (WP ↑ α) or in UP ↑ α. Ai must have
been added to M not earlier than in WP ↑ α, otherwise A would have been
added to M also earlier. This means that Ai ∈ Λα or Ai ∈ Λα−1.

(b) there is j with Bj ∈ M and lP (A) > lP (Bj). Again A . Bj and ¬A is brought
into M by Bj via UP . Bj is a kernel atom for A and Bj ∈ πA. By definition
of WP , A ∈ UP (WP ↑ α) and Bj ∈ body(R) is in UP ↑ α. Bj must have been
added to M in WP ↑ α and not earlier, otherwise A would have been added to
M also earlier. This means that Bj ∈ Λα−1.

To summarize all the cases, we can say that the following property holds: given a
program P , a well-founded model M and some literal L ∈M with atom(L) = A and
lP (A) = α, there exists an atom B such that B ∈ Λα or B ∈ Λα−1 and B ∈ πA.

Thus, all atoms that are not in the bottom level Λ0 must have at least one de-
pendency successor either in the same level or in the previous one. The only level
allowed to contain atoms without dependency successors is Λ0 which corresponds to
the definition of WP -operator.

In the following, when it is not important whether a positive or negative literal of
an atom A occurs in M or in some level Λα, we say simply A ∈M or A ∈ Λα instead
of L ∈M and atom(L) = A.

The following lemma ensures the existence of an evaluation path for every A ∈M .
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Lemma 2.6.2. Given a logic program P and its well-founded model M , for each
A ∈ M with A ∈ Λα, α > 0 there exists at least one dependency path πA such that
A0 ∈ πA and A0 ∈ Λ0.

Proof. Assume that all dependency paths starting at A have no atoms in the bottom
level Λ0, i.e. there is no πA such that some A0 ∈ πA and A0 ∈ Λ0. Then all πA have
their last member, an atom without any dependency successors, in one of the levels
Λα, α > 0. But this contradicts the definition of WP -operator, according to which
only WP ↑ 1 = WP (∅) can contain atoms without dependency successors, in other
words, atoms that are true in the empty set ∅—facts, or atoms that are false in the
empty set ∅—atoms not occurring in the head of any rule.

The following lemma states that each evaluation path starting in atom A ∈ Λα

contains at least one atom per level and “goes down” from the level Λα to the level
Λ0.

Lemma 2.6.3. Given a logic program P and its well-founded model M , for each
A ∈M there exists at least one dependency path πA such that Aβ ∈ πA and Aβ ∈ Λβ

for all ordinals β ≤ lP (A).

Proof. Lemma 2.6.2 states that every A ∈ M has an evaluation path πA that goes
down to the bottom level Λ0. From this fact and from Lemma 2.6.1 it follows that
πA has at least one atom Aβ in each Λβ for all ordinals β ≤ α.

The main result of this section states the maximal path property.

Proposition 2.6.4. Given a normal logic program P , its atom dependency graph
GatomP with |πmax| = β and the well-founded model M of P with M = lfp(WP ) =
WP ↑ α, the following holds:

α ≤ β,

where α and β are finite ordinals.

Proof. Assume there is A ∈M such that A ∈ Λβ and M = lfp(WP ) = WP ↑ (β+ 1).
The last member of A’s evaluation path πA must belong to Λ0 by Lemma 2.6.2.
Lemma 2.6.3 states that at least one atom from πA must belong to each level Λγ, γ ≤
lP (A). But lP (A) = β. This leaves us with at least β + 1 atoms in the evaluation
path πA. And we know that the maximal dependency path in GatomP contains only β
atoms, a contradiction.
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Figure 2.3: Dependency graph of P .

Thus we have shown that the number of WP -iterations in computation of a well-
founded model of P is limited by the cardinality of the longest dependency path in
GatomP , as long as this path is of finite length.

We illustrate the maximal path property by the following example.
Example 2.6.1. (Maximal Path Property)

P : e. WP ↑ 1 = {e} ∪ {¬g}
a← b. WP ↑ 2 = {e, d} ∪ {¬g}
b← c,¬g. WP ↑ 3 = {e, d, c} ∪ {¬g}
c← d. WP ↑ 4 = {e, d, c, b} ∪ {¬g}
d← e. WP ↑ 5 = {e, d, c, b, a} ∪ {¬g}

WP ↑ 6 = WP ↑ 5 = lfp(WP )
As we can see on the dependency graph of P (see Figure 2.3), πmax = {a, b, c, d, e},

thus |πmax| = 5 and β = 5. And we also have WP ↑ 5 = lfp(WP ), therefore α = 5.
We can see here that α ≤ β holds.

The maximal path property gives us an upper limit for the number ofWP -iterations.
This is a theoretical observation, but it will be of practical use in Chapter 3, where a
decidable subset of the well-founded semantics is defined on the basis of this property.



Chapter 3

Atoms with Decidable Query
Evaluation

In this chapter we propose a new setting for analysis of decidability of logic programs.
In fact, instead of analyzing decidability of programs, we propose to analyze decid-
ability of queries. We focus our attention on properties of query atoms and their
relevant subprograms rather than on a logic program as a whole. Our observation
is that within a logic program P various atoms in its Herbrand base can have var-
ious properties, e.g., finiteness of the dependency relation or length of the maximal
dependency path. This leads to the fact that within a single program P different
query atoms have different relevant subprograms and thus yield different decidability
results. We divide a Herbrand base of a normal logic program P into three sub-
sets with respect to the cardinality and properties of an atom dependency relation.
Finitely recursive atoms with a finite dependency relation enjoy decidability of query
evaluation because their relevant subprograms are finite. Decidability of atoms with
an infinite dependency relation is obtained with the help of certain restrictions on the
form of their relevant subprograms. For example, ω-recursive atoms are decidable
because their value can be computed in finite time due to the maximal path prop-
erty defined in Chapter 2. And ω-restricted atoms have relevant subprograms whose
model computation is a 2-NEXP-complete problem.

36
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3.1 Finitely Recursive Atoms

We focus the analysis of a program on its Herbrand base. Let us take a look at
the Herbrand base BP of a normal logic program P . We divide it into subsets with
respect to finiteness of dependency relation of atoms.

Definition 3.1.1. (Finitely Recursive and Infinitely Recursive Atoms) Let
P be a normal logic program and BP its Herbrand base with A ∈ BP . BP is divided
into subsets by the following principles:

(i) We say that A is a finitely recursive atom iff its dependency relation DA is finite.
We denote a finitely recursive subset of BP containing only finitely recursive
atoms as FIN .

(ii) We say that A is an infinitely recursive atom iff its dependency relation DA is
infinite. We denote an infinitely recursive subset of BP containing only infinitely
recursive atoms as INF .

From the fact that the well-founded semantics enjoys relevance it follows that
queries can be answered using a fragment of the program instantiation. Such a
fragment includes definitions of atoms occurring in the query plus definitions of all
atoms on which the query atoms depend. In other words, this fragment includes all
rules that define the dependency relation of query atoms.

We know that logic programming with negation under the well-founded semantics
is Π1

1-complete (see [Sch95]). This allows us to conclude that, in general, an infinitely
recursive atom can have a dependency relation of cardinality larger than ω.

Bonatti [Bon01b] has defined finitely recursive programs as a technical concept
used to introduce finitary programs under the stable model semantics. We have
shown in [CHH07] that finitely recursive programs constitute an independent class of
programs under the well-founded semantics which enjoys semi-decidability of query
evaluation. Now we have another definition of finitely recursive programs as pro-
grams with BP consisting solely of finitely recursive atoms. As we already know (see
[CHH07]), query evaluation for such programs is decidable for ground queries and
semi-decidable for existentially quantified queries. We can thus conclude that for all
atoms from FIN ⊆ BP of some normal logic P query evaluation is (semi-)decidable.
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However, in contrast to the results obtained in [CHH07], we observe that a pro-
gram P does not have to be finitely recursive for decidability of ground queries.
Finiteness of dependency relation of a query atom alone guarantees finiteness of its
relevant subprogram thus ensuring decidability.

Lemma 3.1.1. Each finitely recursive ground atom A has a finite relevant subprogram
PA.

Proof. If A is finitely recursive, Urel(P,A) must be finite by definition. So it follows
that PA is finite, as well.

Proposition 3.1.2. Given a normal logic program P and a query Q consisting of
finitely recursive ground atoms, the truth value of Q under the well-founded model of
P is decidable.

Proof. By relevance, Q is entailed by P iff Q is entailed by PQ. By Lemma 3.1.1, PQ
is finite, so its well-founded model can be computed in finite time. It follows that the
problem of entailment for P and Q is decidable.

It easily follows that existentially quantified finitely recursive goals are semi-
decidable. From now on, the existential closure of Q is denoted by ∃Q.

Corollary 3.1.3. Given a normal logic program P and a query Q consisting of finitely
recursive ground atoms, the truth value of ∃Q under the well-founded model of P is
semi-decidable.

Proof. The formula ∃Q is entailed by P iff there exists a grounding substitution θ such
that Qθ is entailed by P . By Proposition 3.1.2, the latter problem is decidable, and
all grounding substitutions θ for Q can be recursively enumerated. Thus, existential
entailment can be reduced to a potentially infinite recursive sequence of decidable
tests, that terminates if and only if some Qθ is entailed. It follows that the problem
of entailment for P and ∃Q is semi-decidable.

The following example shows us a program with infinite instantiation, but with
finitely recursive atoms.
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Example 3.1.1. (Finitely Recursive Atoms)
P : p(a).

R1 = p(f(X))← p(X),¬q(X).
R2 = q(X)← r(X).
R3 = n(X)← ¬p(Y ).
Q1 : ?− p(f 2(a)).
Q2 : ?− n(f(a)).
PQ1 : p(a).

p(f 2(a))← p(f(a)),¬q(f(a)).
p(f(a))← p(a),¬q(a).
q(f(a))← r(f(a)).
q(a)← r(a).

PQ2 : p(a).
R1 : p(f(a))← p(a),¬q(a).

...
p(f i(a))← p(f i−1(a)),¬q(f i−1(a)).
...

R2 : q(a)← r(a).
...
q(f i(a))← r(f i(a)).
...

R3 : n(f(a))← ¬p(a).
n(f(a))← ¬p(f(a)).
...
n(f(a))← p(f i(a)).
...
i ∈ N.

The program instantiation ground(P ) is infinite. This is due to the the function
symbol in the head of the first rule and a local variable in the last rule. A local
variable is a variable occurring only in the body of a rule.

The first rule contains a function symbol that makes ground(P ) infinite. But we
also see that both arguments in the body predicates of this rule are strict subterms of
the head’s argument. The arity of the function symbol decreases along the dependency
path of the head atom thus ensuring its finiteness. Therefore p(f 2(a)) is a finitely
recursive atom. The relevant subprogram PQ1 is finite, even though the atom contains
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a function symbol in the argument.
The second condition that makes ground(P ) infinite is a local variable in the last

rule. In contrast to Q1, Q2 is not finitely recursive. We can see that the relevant
subprogram of Q2 is infinite. We shall take a look at this case in Section 3.2.

Recognizing the class of finitely recursive atoms is not decidable in general. Check-
ing whether an atom A is finitely recursive can be reduced to the halting problem
of a Turing machine with semi-infinite tape. The halting problem 1 is a decision
problem about properties of computer programs on a fixed Turing-complete model
of computation. The problem is to determine, given a program and an input to the
program, whether the program will eventually halt when run with that input. In
this abstract framework, there are no resource limitations of memory or time on the
program’s execution; it can take arbitrarily long, and use arbitrarily much storage
space, before halting. The question is simply whether the given program will ever
halt on a particular input.

To show undecidability of finitely recursive atoms recognition, we use a Turing
machine encoding by the program PM from [Bon01b]. This program is appealing
because each rule has at most one subgoal, and therefore SLD-derivations are in
one-to-one correspondence with paths in the dependency graph. We are going to
prove that the class of finitely recursive atoms is undecidable by showing that an
atom A ∈ BPM is finitely recursive iff M terminates from the configuration encoded
by A. The Turing machine configuration encoded by an atom A will be called A-
configuration.

LetM be an arbitrary deterministic Turing machine with semi-infinite tape; let S
and V be M’s set of states and tape alphabet, respectively. Recall that the instruc-
tions ofM are 5-tuples {s, v, v′, s′,m} ∈ S × V × V × S ×{left, right}, where s and
v are the current state and symbol, respectively, v′ is the symbol to be overwritten
on v, s′ is the next state, and m specifies M’s head movement.

We say that a computation uses at most k cells if each configuration in the com-
putation satisfies the following property: if the machine’s head is on the i-th cell of

1The definition of the halting problem is taken from http://en.wikipedia.org/wiki/
Halting problem
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t(s,L,v,[V|R],C)← t(s’,[v’|L],V,R,C+1). for all inst. 〈s, v, v′, s′, right〉
t(s,L,v,[],C)←t(s’,[v’|L],b,[],C+1). for all inst. 〈s, v, v′, s′, right〉
t(s,[V|L],v,R)←t(s’,L,V,[v’|R],C+1). for all inst. 〈s, v, v′, s′, left〉
t(s,[],v,R,C)←t(s’,[],b,[v’|R],C+1). for all inst. 〈s, v, v′, s′, left〉
t(s,L,v,R). for all final states s.

Figure 3.1: A Turing machine encoding by program PM.

the tape, then i ≤ k.
Each configuration of M can be finitely encoded by an atom t(s, L, v, R) where

s is the current state, v is the current symbol, L is the list of symbols on the left
of the machine’s head in reverse order, and R is the list of symbols on the right of
the machine’s head, truncated after the last non-blank symbol (but not necessarily
immediately after it).

Now consider the definite program PM illustrated in Figure 3.1. The last argument
of predicate t is a step counter, and the second and fourth rules are introduced to
extend the tape encoding and add blanks (represented by b) whenever the head moves
beyond tape boundaries.

Theorem 3.1.4. Given a logic program P and an atom A ∈ BP , checking whether
A is finitely recursive is not decidable.

Proof. “If”-direction: we assume that A is finitely recursive and prove that the
corresponding A-configuration of M terminates.

By the program’s construction, (i) the computations of M on tape x, (ii) the
SLD-derivations starting from t(s, L, V,R, c) where s is a state, terms L, V,R encode
correctly x, and c is any fixed term, and (iii) the corresponding paths in the depen-
dency graph, are in one to one correspondence. More precisely, the nth configuration
in M’s computation is encoded by the unique atom belonging to the nth goal in the
SLD-derivation, and such atom equals the nth element in the path. The step counter
(last argument of t) ensures that the dependency graph is acyclic. Then, if M falls
into a cycle from A-configuration, the dependency graph of PM contains an infinite
acyclic path starting with A and hence A is not finitely recursive. By contraposi-
tion, it proves that if A is finitely recursive, then the computation of A-configuration
terminates.

“Only if”-direction: suppose that A is not finitely recursive and prove that the
corresponding A-configuration of M is non-terminating.
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A is not finitely recursive. Then, there must be an infinite acyclic path in the
dependency graph starting from A. Now there are two possibilities.

In the first case, the initial element of the path is an atom A = t(s, L, V,R, t)
where s is a state and L, V,R is a correct tape encoding. In this case, M has
a corresponding non-terminating computation starting with A-configuration by the
program’s construction.

The second possibility is that either s is not a state or L, V,R is not a correct tape
encoding. If s were not a state or the head moved over a symbol that does not belong
to M’s alphabet, then the SLD-derivation corresponding to the path would finitely
fail, by the program’s definition, and hence the path would be finite—a contradiction.
Therefore, s must be a state and the head must never move over a cell with illegal
content. In this case, it can be easily verified that by uniformly substituting illegal
tape values with any legal values in all of the path’s elements, we obtain another
path of the dependency graph, where the initial element A correctly encodes an A-
configuration ofM. Therefore,M has a corresponding non-terminating computation.
This proves that if A is not finitely recursive then A-configuration of M induces an
infinite computation.

We conclude that A is finitely recursive iff the computation starting from A-
configuration of M terminates.

We have seen than checking whether a given atom is finitely recursive is an un-
decidable problem. However, a subclass of finitely recursive atoms can be effectively
checked. When does a ground atom A depend on infinitely many atoms? It happens
in the following cases:

• a dependency path starting in the node A is of infinite length,

• a dependency path starting in the node A contains infinite branching.

A dependency path of infinite length appears in ground(P ) if a program P before
instantiation contains the following schema:

P : p(X)← p(f(X)).
ground(P ) : p(a)← p(f(a)).

p(f(a))← p(f 2(a)).
p(f 2(a))← p(f 3(a)).
...
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We see here that a recursive predicate definition with the body predicate contain-
ing a super-term of the head’s argument (a term “grows” along the dependency path)
always gets instantiated into an infinite dependency path in the atom-call dependency
graph of P . As we have seen in the example above, if the term in the body (a subterm
of head’s argument) is smaller or of the same size as in the head, we do not have an
infinite recursion:

P1 : p(X)← p(X). P2 : p(f(X))← p(X).
ground(P1) : p(a)← p(a). ground(P2) : p(f(a))← p(a).

p(f(a))← p(f(a)). p(f 2(a))← p(f(a)).
p(f 2(a))← p(f 2(a)). p(f 3(a))← p(f 2(a)).
... ...

So, in order to recognize finitely recursive atoms, the recursion patterns of the
input predicates have to be analyzed, looking for arguments whose terms do not
increase indefinitely.

The second case with an infinite branching from a node in an atom-call dependency
graph of P arises in the presence of local variables. This situation can be represented
by the following schema:

P : p(X)← q(Y ).
ground(P ) : p(a)← q(a).

p(a)← q(f(a)).
p(a)← p(f 2(a)).
...

To exclude infinite branching, one can check if the head arguments in a rule bound
the local variables in the body.

If predicate’s definition as well as all predicates below it in the dependency relation
do not contain any of the situations that lead to infiniteness in a dependency graph
of P , that is, terms that “grow” along the dependency path or local variables, then
this predicate will be instantiated to finitely recursive atoms.

As an example of predicates that usually get instantiated into finitely recursive
atoms, one can regard most classical predicates on recursive data structures such
as lists and trees (e.g. predicates member, append, reverse in Figure 3.2). We
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member(X,[X|Y]).
member(X,[Y|Z])← member(X,Z).

append([],L,L).
append([X|Xs],L,[X|Ys])← append(Xs,L,Ys).

reverse(L,R)← reverse(L,[],R).
reverse([],R,R).
reverse([X|Xs],A,R)← reverse(Xs,[X|A],R).

Figure 3.2: List processing, finitely recursive predicates.

can see that these predicates generate finitely recursive atoms because the terms
occurring in the body of a rule occur also in the head, often as strict subterms of the
head’s arguments. Such predicates are also called covered or predicates without local
variables.

Bonatti in [Bon01a] has developed a prototype recognizer, a part of which is aimed
at finitely recursive atoms. It operates on a finite non-ground program. Therefore, in
order to identify a finitely recursive atom with the help of this recognizer, its relevant
subprogram has to be introduced in a non-ground version. Intuitively, such a non-
ground subprogram contains definitions of all predicates that occur in the dependency
relation of a given atom. Here is a formal definition.

Definition 3.1.2. (Non-ground Relevant Subprogram) The non-ground rele-
vant subprogram for a ground query Q (w.r.t. a normal program P ), denoted by
PNG
Q , is the set of all rules in P whose grounded versions belong to PQ:

PNG
Q = {R|R ∈ P and ground(R) ∈ PQ}.

The part of the prototype recognizer that discerns finitely recursive atoms consists
of three stages.

Interargument analysis checks relationships between the size of terms occurring
as predicate arguments in a rule of the input program. It takes a special care
of the size of head arguments with respect to the size of body arguments. This
is done in order to find out if the head arguments in a rule bound the local
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variables in the body; or if the head recursive predicate can occur in the body
on arguments with a bigger size (note that this could generate infinite sequences
of recursive calls without repeats).

Recursive analysis uses the results of the interargument analysis and finds, for each
predicate symbol, the group of its arguments whose size decreases (or at least
does not increase “too much”) at each recursive call. It also examines cyclic
atom dependencies classifying them in good recursion cycles and false cycles by
identifying suitable recursion patterns. Intuitively, an atom whose relevant sub-
program contains only good recursion cycles or false cycles, is finitely recursive.

Recursive domain predicate identification considers negative cycles spotted as
false cycles during the previous phase for identifying domain predicates that
can be used to compute an optimized partial evaluation of the input program.
The subprogram of all domain predicates has the well-founded model that is
contained in the well-founded model of the entire program. It is the case because
domain predicates constitute the bottom program of a splitting set of the given
program. This model can be used to simplify the ground program instantiation
by considering only rule instances whose domain subgoals are true. Depending
on its recursion properties, such as the existence or lack of positive cycles, a
domain predicate may be evaluated in a naive top-down fashion, in a bottom-
up fashion, or in a tabled fashion.

We sum up by saying that even though finitely recursive atoms are an undecidable
class, in practice this negative result can be evaded in many cases.

3.2 Omega-Recursive Atoms

In this section we define ω-recursive atoms and show that, even if a logic program P

contains function symbols and all of its Herbrand base atoms are infinitely recursive,
we can still obtain decidability of query evaluation for a certain subset of its Herbrand
base. This subset contains ground atoms whose relevant subprograms are ω-recursive.
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As we have seen in the previous section, ground finitely recursive atoms enjoy
decidability when they occur in queries. If an atom has an infinite dependency rela-
tion, its cardinality, in general, can be larger than ω, because the logic programming
with negation under the well-founded semantics is expressive enough to encode Π1

1-
relations (see [Sch95]). In this section we describe a situation when a ground atom
A has an infinite dependency relation but, if its relevant subprogram meets a certain
syntactic condition, a model of this subprogram can be computed in finite time.

We want a relevant subprogram to be ω-recursive—the cardinality of the longest
path in its dependency graph, including cyclic paths, must be finite, strictly smaller
than ω. In other words, to obtain decidability, the dependency graph of the relevant
subprogram is allowed to have only finite dependency paths. The restriction on
the length of dependency paths is less strong than that on the size of dependency
relation for finitely recursive atoms. This new condition admits infinite dependency
relations—the number of finite dependency paths can still be infinite.

Definition 3.2.1. (ω-Recursive Atoms) Let P be a normal logic program, GatomP

its atom-call dependency graph and BP its Herbrand base with A ∈ BP . We say
that A is an ω-recursive atom iff all dependency paths πA starting at A are of finite
cardinality: for all πA ∈ GatomP it holds that |πA| < ω.

Proposition 3.2.1. Given a normal logic program P and a query Q consisting of
ω-recursive ground atoms, the truth value of Q under the well-founded model of P is
decidable.

Proof. By relevance, Q is entailed by P iff Q is entailed by PQ. Let Q = A1, ..., An.
Since all Ai, i = 1..n are ω-recursive atoms, all πAi are of finite cardinality by defi-
nition. It follows that each relevant subprogram PAi has a dependency graph with
|πmax| = β such that β < ω. By Proposition 2.6.4 the model MAi of each PAi can be
computed in at most β iterations, MAi = lfp(WP ) = WP ↑ α with α ≤ β and β < ω.
It follows that α < ω, so the well-founded model of each πAi can be computed in
finite time. It follows that the problem of entailment for P and Q is decidable.

It easily follows that existentially quantified finitely recursive queries are semi-
decidable.
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Corollary 3.2.2. Given a normal logic program P and a query Q consisting of ω-
recursive ground atoms, the truth value of ∃Q under the well-founded model of P is
semi-decidable.
Proof. The formula ∃Q is entailed by P iff there exists a grounding substitution θ such
that Qθ is entailed by P . By Proposition 3.2.1, the latter problem is decidable, and
all grounding substitutions θ for Q can be recursively enumerated. Thus, existential
entailment can be reduced to a potentially infinite recursive sequence of decidable
tests, that terminates if and only if some Qθ is entailed. It follows that the problem
of entailment for P and ∃Q is semi-decidable.

We take an example from the previous section, slightly modify it and show that,
with the help of the maximal path property, we have enlarged the subset of decidable
queries.
Example 3.2.1. (ω-Recursive Atoms)

P : p(a).
R1 = p(f(X))← p(a),¬q(X).
R2 = q(X)← r(X).
R3 = n(X)← ¬p(Y ).
Q : ?− n(f(a)).
PQ : p(a).
R1 : p(f(a))← p(a),¬q(a).

...
p(f i(a))← p(a),¬q(f i−1(a)).
...

R2 : q(a)← r(a).
...
q(f i(a))← r(f i(a)).
...

R3 : n(f(a))← ¬p(a).
...
n(f(a))← p(f i(a)).
...
i ∈ N.

The program instantiation ground(P ) is infinite. This is due to the function
symbol in the head of the first rule and a local variable in the third rule. The query
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Q is not finitely recursive. We can see that the relevant universe as well as the relevant
subprogram of Q are infinite. It is caused by the local variable in the rule that defines
this atom’s predicate.

However, Q is ω-recursive. There is an infinite number of dependency paths from
the atom n(f(a)) making its dependency relation infinite. But all these dependency
paths are finite. πmax = {n(f(a)), p(f i(a)), q(f i−1(a)), r(f i−1(a))}. The cardinality
of the maximal dependency path is finite, |πmax| = 4 = β, and it is easy to verify
that the model of PQ is computed (or the least fixed point of WPQ is reached) after 2
iterations:

WPQ ↑ 1 = {p(a)} ∪ {¬r(f i(a)),¬q(f i(a))}, i ≥ 0
WPQ ↑ 2 = {p(f i(a))}, i ≥ 0 ∪ {¬r(f i(a)),¬q(f i(a)),¬n(f(a))}
WPQ ↑ 3 = WPQ ↑ 2 = lfp(WPQ)

Thus we have WPQ ↑ 2 = lfp(WPQ), α = 2 and α ≤ β holds.

The maximal path property allows us to exclude the occurrence of local variables
from the undecidability conditions. Even if there is an infinite number of branches in
the atom-call dependency graph of a program that start in the node A, we are still
guaranteed a possibility to compute the value of A as long as all branches are finite.

It is easy to see that ω-recursive atoms form a superset of finitely recursive atoms.
Since the class of finitely recursive atoms is not decidable, it follows that the problem
of ω-recursive atoms recognition is also undecidable.

Corollary 3.2.3. Given a logic program P and an atom A ∈ BP , checking whether
A is ω-recursive is not decidable.

3.3 Omega-Restricted Programs

In this section we introduce a concept of ω-restricted programs. The idea of ω-
restricted programs is first given by Syrjänen [Syr01]. He has defined them as a
class of programs that admit function symbols and nevertheless enjoy decidability
under the stable model semantics.

We need ω-restricted programs for the definition of the next class of decidable
atoms—we call them also ω-restricted. We want a relevant subprogram for these
atoms to be ω-restricted—it should be possible to construct a hierarchy of predicates
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such that all variables occurring in a rule of level n + 1 have to also occur in a
positive literal of level n or lower in the rule body. The definition of such a hierarchy
extends the usual principle of stratification by adding a special ω-stratum to hold
the unstratifiable part of the program. The restriction on variables guarantees that
each ground instantiation for the stratified part is a ground instantiation also for the
ω-stratum.

Note that an ω-restricted program is also range-restricted.

Definition 3.3.1. (Range-Restricted Program) A program is range-restricted if
in every rule each variable that occurs in the head or in a negative body literal also
occurs in a positive body literal.

We start introduction of ω-restricted programs with the definition of ω-stratification.

Definition 3.3.2. (ω-Stratification [Syr01]) An ω-stratification of a program P

is a function s : preds(P )→ N ∪ {ω} such that:

1. ∀p1, p2(p1 >+ p2 ⇒ s(p1) ≥ s(p2)) and

2. ∀p1, p2(p1 >− p2 ⇒ s(p1) > s(p2) ∨ s(p1) = ω).

The next concept of ω-valuation extends ω-stratification to cover also rules and
variables.

Definition 3.3.3. (ω-Valuation [Syr01]) An ω-valuation of a rule R under an
ω-stratification s is a function

Ω(R, s) = s(pred(head(R))).

An ω-valuation of a variable v in a rule R under an ω-stratification s is a function

Ω(v,R, s) = min({s(pred(A))|A ∈ body+(R) ∧ v ∈ V(A)} ∪ {ω}).

Definition 3.3.4. (ω-Restricted Rule [Syr01]) Let R be a rule in a logic program
P . Then R is ω-restricted if and only if there exists an ω-stratification s such that

∀v ∈ V(R) : Ω(v,R, s) < Ω(R, s).

Definition 3.3.5. (ω-Restricted Program [Syr01]) A logic program P is ω-
restricted if and only if all rules R ∈ P are ω-restricted.
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Figure 3.3: Predicate-call dependency graph of P and ω-stratification s.

For example, consider the following program P and its ω-stratification s.
Example 3.3.1. (ω-Restricted Programs)

P :
R1 = p(X)← r(X),m(X).
R2 = q(X)← ¬r(X),m(X).
R3 = r(X)← q(X), n(X).
R4 = m(X)← u(X).
R5 = n(X)← m(X), u(X).

sω = {p, q, r}
s1 = {m,n}
s0 = {u}

Ω(R1) = ω > Ω(X,R1, s) = 1
Ω(R2) = ω > Ω(X,R2, s) = 1
Ω(R3) = ω > Ω(X,R3, s) = 1
Ω(R4) = 1 > Ω(X,R4, s) = 0
Ω(R5) = 1 > Ω(X,R5, s) = 0

The predicate-call dependency graph of P along with ω-stratification s are given
in Figure 3.3. P is ω-restricted because each rule R ∈ P meets the condition defining
ω-restricted programs. We can see that, for the given ω-stratification s, each variable
occurs in a positive body literal of a stratum lower than the head in every rule.

Finally, the predicate symbols of P are divided into two classes, domain predicates
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that are on finite strata and non-domain predicates that are on the ω-stratum.

Definition 3.3.6. (Domain Predicates [Syr01]) Let P be an ω-restricted pro-
gram. Then a predicate p ∈ preds(P ) is a domain predicate if and only if there exists
an ω-stratification s such that s(p) < ω. The set of rules defining domain predicates
of P is denoted by D(P ).

This means that each ground instantiation for the stratified part is a ground
instantiation also for the ω-stratum.

The subprogram D(P ) that defines the domain predicates is stratified, therefore
it has the least model MD(P ). MD(P ) forms a splitting set of P . The splitting set for
a program P is any set U such that, for any rule R ∈ P , if head(R) ∩ U 6= ∅ then
lit(R) ⊂ U . The idea of splitting a logic program was introduced by Lifschitz and
Turner in [LT94]. It implies that a logic program can be split into two parts, so that
one of them, the “bottom” part, does not refer to the predicates defined in the “top”
part. The bottom rules can be used then for evaluation of the predicates that they
define, and the computed rules can be used to simplify the “top” definitions.

MD(P ) is a splitting set of P because it is closed under the condition: if head(R) ∈
MD(P ) then body(R) ∈MD(P ). The domain subprogram D(P ) constitutes a “bottom”
part. We can compute the well-founded model of P by first computing MD(P ) and
then extending it to cover the atoms on ω-stratum. The condition of ω-restriction
put on the rules of P guarantees that each variable occurring in the rule occurs also
in a positive body literal. This allows us to create all relevant ground instances of a
rule R by computing the natural join of extensions of the domain literals in body(R).

The following algorithm is used in [Syr01] to compute MD(P ) and the instantiation
PNG of PN = P\D(P ):

1. Find all strongly connected components of the predicate-call dependency graph
of P . Each component becomes a new stratum with the exception that all
components that have a path to a negative dependency cycle are put on the
ω-stratum. Order the different strata by doing a depth-first search over the
strongly connected components.
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2. Instantiate the predicates on finite strata starting from the lowest one. After
instantiation, compute the deductive closure of the new ground rules and store
the resulting atoms as facts in a database. These facts are then used to give
domains for variables when we instantiate the rules on higher strata.

3. Instantiate all rules on the ω-stratum and output them along with the domain
facts.

We want to establish decidability of the following two problems for the class of
ω-restricted programs.

INSTANTIATION given an ω-restricted program P and a ground atom A, we
want to find out whether one of the following holds:

1. A ∈MD(P ) or

2. there is a rule A← L1, ..., Ln in PNG.

MODEL given an ω-restricted program P we want to compute a model of P .

Syrjänen [Syr01] has proven the complexity results for the whole class of ω-
restricted programs:

• the INSTANTIATION of an ω-restricted program is 2-EXP-complete and

• the MODEL of an ω-restricted program is 2-NEXP-complete.

Since the MODEL problem is 2-NEXP-complete, it follows that:

Theorem 3.3.1. [Syr01] Both INSTANTIATION and MODEL are decidable for
ω-restricted programs under the stable model semantics.

We know from [Sch95] that over the class of infinite Herbrand universes the stable
model semantics and the well-founded semantics have the same expressive power2.
This allows us to conclude that:

2see Section 4.2 Theorem 4.4 in [Sch95].
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Corollary 3.3.2. Both INSTANTIATION and MODEL are decidable for ω-restricted
programs under the well-founded semantics.

With this result, we can use the ω-restricted programs in the definition of another
class of decidable atoms—ω-restricted atoms. If such an atom has Prel which is ω-
restricted, due to the above statement it will be easy to prove decidability of evaluation
of such an atom under the well-founded semantics.

3.4 Omega-Restricted Atoms

In this section we define ω-restricted atoms and show that, even if a logic program P

contains function symbols and all of its Herbrand base atoms are infinitely recursive,
we can still obtain decidability of query evaluation for a certain subset of its Herbrand
base. This subset contains ground atoms whose relevant subprograms are ω-restricted.

We need a notion of a non-ground relevant subprogram (see Section 3.1) for the
purpose of checking the ω-restricted condition. A non-ground relevant subprogram
contains variables and therefore it is an abbreviation for the ground Prel. However,
if we take a grounded version of PNG

rel , we will get a superset of Prel.

Definition 3.4.1. (ω-Restricted Atoms) Let P be a normal logic program and
BP its Herbrand base with an infinitely recursive atom A ∈ BP . We say that A is an
ω-restricted atom iff its non-ground relevant subprogram PNG

A is ω-restricted.

The basic idea here is, as in Section 3.1, to analyze relevant subprograms of queries
instead of the whole logic program. A logic program P as a whole might not meet
any syntactic conditions that guarantee decidability of query evaluation (e.g., it is
not finitely recursive nor ω-restricted), but some of the queries posed to this P can
be still decidable—due to decidability of model computation for the query’s Prel.

Let us consider a situation when we are given a program P with some ground
query atom A. First, we check the dependency relation of A and find out that it is
infinite—so, A is infinitely recursive. Second, we obtain PA and see that it is infinite
and not ω-recursive due to the presence of infinite dependency paths. But, if we take
the non-ground version of PA, which is finite, we can check each of its rules for the
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ω-restricted condition. We remind that each rule in an ω-restricted program must
satisfy the following: every variable should occur at least once in a positive body
literal of a stratum lower than the head with respect to some ω-stratification. If the
non-ground version of PA happens to be ω-restricted, we can compute the value of
A by solving the MODEL problem from Section 3.3. As we have seen in [Syr01], the
MODEL problem for ω-restricted programs is 2-NEXP-complete, so it follows that
the value of A is decidable in our situation. Formally, it can be stated as follows:

Proposition 3.4.1. Given a normal logic program P and a query Q consisting of
ω-restricted ground atoms, the truth value of Q under the well-founded model of P is
decidable.

Proof. By relevance, Q is entailed by P iff Q is entailed by PQ. By definition of
ω-restricted atoms, Q has an ω-restricted relevant subprogram PNG

Q . By Corollary
3.3.2, the well-founded model of PNG

Q can be computed in finite time. It follows that
the problem of entailment for P and Q is decidable.

It follows that existentially quantified ω-restricted goals are semi-decidable.

Corollary 3.4.2. Given a normal logic program P and a query Q consisting of ω-
restricted ground atoms, the truth value of ∃Q under the well-founded model of P is
semi-decidable.

Proof. The formula ∃Q is entailed by P iff there exists a grounding substitution θ such
that Qθ is entailed by P . By Proposition 3.4.1, the latter problem is decidable, and
all grounding substitutions θ for Q can be recursively enumerated. Thus, existential
entailment can be reduced to a potentially infinite recursive sequence of decidable
tests, that terminates if and only if some Qθ is entailed. It follows that the problem
of entailment for P and ∃Q is semi-decidable.

The following example illustrates ω-restricted atoms.
Example 3.4.1. (ω-Restricted Atoms)

P : p(a).
R1 = p(f(X))← p(X), q(X, Y ), n(X).
R2 = q(X, Y )← r(X, Y ).
R3 = n(X)← ¬p(Y ), q(X, Y ).
Q : ?− n(f(a)). PNG

Q = P
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PQ : p(a).
R1 : p(f(a))← p(a), q(a, a), n(a).

p(f(a))← p(a), q(a, f(a)), n(a).
...
p(f(a))← p(a), q(a, f i(a)), n(a).
...
p(f i(a))← p(f i−1(a)), q(f i−1(a), a), n(f i−1(a)).
...
p(f i(a))← p(f i−1(a)), q(f i−1(a), f i(a)), n(f i−1(a)).
...

R2 : q(a, a)← r(a, a).
q(f(a), a)← r(f(a), a).
...
q(f i(a), a)← r(f i(a), a).
...
q(a, f(a))← r(a, f(a)).
...

R3 : n(f(a))← ¬p(a), q(f(a), a).
n(f(a))← ¬p(f(a)), q(f(a), f(a)).
...
n(f(a))← ¬p(f i(a)), q(f(a), f i(a)).
...
i ∈ N.

We have only sketched ground(P ) here, because a list of possible instances of rules
will take too much space and is not needed. We can still see that the program instan-
tiation ground(P ) is infinite, because the function symbol makes Herbrand universe
infinite, and local variables occurring in all three rules cause infinite branching in the
atom-call dependency graph of P . No query posed to P has a chance to be finitely
recursive because local variables occur in all the rules. Q is not ω-recursive, either.
It is easy to see that any dependency path starting in n(f(a)) has more than one
point of infinite branching for the same reason—local variables in the rules defining
the predicate n.

However, the local variables that make ground(P ) infinite also play another impor-
tant role—their presence makes PNG

Q (which in this case is equal to P ) ω-restricted.
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Figure 3.4: Predicate-call dependency graph of PNG
Q and ω-stratification s.

The predicate-call dependency graph of PNG
Q is depicted in Figure 3.4. For the ω-

stratification s, as given below, each rule in PNG
Q is ω-restricted.

sω = {p, n}
s1 = {q}
s0 = {r}
Ω(R1) = ω > Ω(X,R1, s) = 1 Ω(Y,R1, s) = 1
Ω(R2) = 1 > Ω(X,R2, s) = 0 Ω(Y,R2, s) = 0
Ω(R3) = ω > Ω(X,R3, s) = 1 Ω(Y,R3, s) = 1

Since PNG
Q meets the conditions that define ω-restricted programs, we are able to

compute its model and, consequently, the value of Q in finite time.

Recognition of an ω-restricted atom is performed via its non-ground relevant sub-
program. In other words, the corresponding PNG

rel should be ω-restricted. Since ω-
restricted programs are defined by a syntactic condition in a non-ground setting, for
a finite set of non-ground rules, it is easy to see that this condition can be effectively
checked. Therefore the class of ω-restricted atoms is decidable.

Theorem 3.4.3. Given a logic program P and an atom A ∈ BP , checking whether
A is ω-restricted is decidable.



Chapter 4

Summary

4.1 Applicability of the Obtained Results

To demonstrate ways of application of the obtained results, we have developed the
following algorithm. It takes a normal logic program P and a ground query Q and
as an outcome we have two answers:

“decidable” means that the computation of the value of Q is a decidable problem;

“possibly undecidable” means that there is no guarantee that the value of Q can
be computed in finite time.

Algorithm.

Input a normal logic program P , a ground query Q = A1, ..., An. Initialize i := 1,
until i = n do the following:

Step 1 if 1 ≤ i ≤ n, take Ai, set A := Ai and goto Step 2. If i > n, succeed and
output “decidable”.

Step 2 if |DA| < ω, then A is finitely recursive, set i := i + 1 and goto Step 1.
Otherwise goto Step 3.

Step 3 if |πmaxA | < ω, then A is ω-recursive, set i := i+1 and goto Step 1. Otherwise
goto Step 4.

57
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Step 4 if PNG
A is ω-restricted, then A is ω-restricted, set i := i+ 1 and goto Step 1.

Otherwise fail and output “possibly undecidable”.

The given algorithm checks ground atoms of Q for decidability, one by one. If an
atom is decidable, then the next member of Q is checked. With the first failure to
establish decidability of a query atom, the algorithm outputs “possibly undecidable”
and stops, because there is no need to check further members of Q. If all query
atoms have undergone the decidability check, the algorithm succeeds and outputs
“decidable”.

In Step 2 a query atom is evaluated for finite recursiveness. For this condition
to hold, we need the dependency relation of this query atom to be finite. As we
have seen in Section 3.1, the condition defining finitely recursive atoms is, in general,
undecidable. However, we have shown that this undecidability can be circumvented
in practice. There also exists a prototype recognizer (see [Bon01a]) that can be used
to identify finitely recursive atoms.

In Step 3 a query atom is checked for ω-recursiveness. This condition allows for
an infinite dependency relation, but the maximal dependency path of the query atom
must be finite. We remind that, unfortunately, the condition defining ω-recursive
atoms is undecidable. However, we believe that further studies of the problem will
allow to effectively recognize a subclass of ω-recursive atoms.

In Step 4 a query atom is tested for the ω-restricted condition. This condition
allows for both an infinite dependency relation and for an infinite dependency path
(see Section 3.4). For this condition to hold, we need a non-ground relevant subpro-
gram of this query atom to be ω-restricted. For a detailed account on the condition
that defines ω-restricted programs see Section 3.3 and [Syr01]. In contrast to the two
conditions considered above, the ω-restricted programs condition can be effectively
checked.

If at least one query atom does not satisfy any of the above conditions, then the
algorithm outputs “possibly undecidable”. This means, on the basis of our results,
the query Q does not meet any of the conditions that guarantee its decidability. We
state “possibly” because there is still a possibility that a value of Q can be computed
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in finite time. But this can be checked only by actual computation, to the best of our
knowledge no preliminary, upfront check can be performed.

4.2 Related Work

The part of this work dedicated to the abstract properties of the well-founded se-
mantics is based on the general approach introduced by Kraus, Lehmann and Magi-
dor [KLM90] and then further developed by Makinson [Mak89, Mak93], Freund and
Lehmann [FLM90, Fre93, FL94]. This abstract approach to the nonmonotonic infer-
ence was adopted for the logic programming setting and extended to a general theory
of logic programming semantics by Dix [Dix95a, Dix95b].

The work of Hitzler and Wendt [HW02, HW05] was the starting point for our
investigations. The maximal path property introduced in our work was stimulated
by the level mapping characterization of the well-founded semantics presented in
[HW02, HW05].

The work on finitely recursive atoms was inspired by the paper of Bonatti [Bon01b]
on finitary programs. The idea of ω-restricted programs was adopted from Syrjänen
[Syr01]. Work in a similar direction comprises papers on acyclic programs [AB91], ac-
ceptable programs [AP93], Φ-accessible programs [HS99], (locally) stratified programs
[ABW88, Prz88], affordable classes of programs [SS97]. An infinitary proof theory can
be found, for example, in [Mil99]. In [Ros99], issues related to decidable nonmonotonic
reasoning in MKNF are investigated. Efficient methods for top-down computation of
queries under the well-founded semantics are presented in [CSW95, RSS+97].

4.3 Conclusion

We have defined a new meta-level property of the well-founded semantics—the maxi-
mal path property. It tells us that the maximal possible number of lP -levels in a model
of normal logic program P is limited by the cardinality of the longest dependency
path in the atom-call dependency graph of P . With this property it is possible to
“predict” the number of WP -operator iterations in computation of the well-founded
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model of P . If the longest dependency path is finite, i.e. with cardinality strictly less
than ω, we can conclude that the number of WP -operator iterations will be less or
equal to the number of atoms in the longest dependency path.

We have proposed a new setting for study of decidability of logic programs. We
focus our attention on properties of query atoms and their relevant subprograms
rather than on a logic program as a whole. Given a logic program P , atoms in its
Herbrand base can have different properties, for example, finiteness of the dependency
relation or length of the maximal dependency path. Within a single program P

various query atoms have different relevant subprograms and thus yield different
decidability results. The new setting allows us to operate on classes of decidable
atoms that constitute subsets of a Herbrand base, rather than on classes of decidable
programs.

A finitely recursive atom has a finite dependency relation and therefore a finite
relevant subprogram. This definition is an adaptation of the definition of finitely
recursive programs taken from [Bon01b]. Our results are new in the following aspect:
we show that the whole logic program does not need to be finitely recursive to obtain
decidability of query evaluation.

The new maximal path property has allowed us to define a class of ω-recursive
atoms. Given a ground query consisting of ω-recursive atoms, we know that the
relevant subprogram of this query can be infinite. But all dependency paths in the
atom-call graph of the relevant subprogram are finite. And the maximal path property
allows us to conclude that it is always possible to compute a model of such a relevant
subprogram in finite time.

The class of ω-restricted atoms is based on the definition of ω-restricted pro-
grams from [Syr01]. A relevant non-ground subprogram of such an atom has to be
ω-restricted, which guarantees that its model computation is a 2-NEXP-complete
problem, as reported in [Syr01].

Both classes of finitely recursive and ω-recursive atoms are in general not de-
cidable. However, there exists a recognition procedure for the subclass of finitely
recursive atoms [Bon01a], and we believe that future studies will allow to develop
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an effective procedure that discerns a subclass of ω-recursive atoms. The class of
ω-restricted atoms is decidable due to its non-ground syntactic definition.

We have defined three classes of decidable atoms, i.e. atoms with relevant subpro-
grams, well-founded models of which can be computed in finite time. All the three
classes of atoms constitute a very expressive fragment of Default Logic, Autoepistemic
Logic, and normal logic programs under the well-founded semantics. Many classical
AI applications and problems such as diagnosis, reasoning about actions and change,
propositional satisfiability [Bon01b], epistemic reasoning, and more, can be naturally
modeled with programs containing the decidable classes of atoms in the Herbrand
base. We claim that function symbols and recursion need not be excluded from ASP.

Our results show how queries can be answered by using only a strict subset of
the ground instantiation of the program, that is, the relevant subprogram. This
technique is interesting, and may have practical advantages also in the absence of
function symbols.1 It is well-known that the instantiation process is one of the most
expensive computation phases of the existing inference engines. A smaller ground
program instance may significantly reduce memory requirements and cut down the
search space.

Decidable classes of atoms are also interesting from a theoretical perspective.
Their properties are unusual among nonmonotonic formalisms. For example, first-
order nonmonotonic reasoning over infinite domains is typically not semi-decidable.

1This observation is due to Bonatti [Bon01b].
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