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Abstract. We introduce (g, d)-bisimulation, a novel type of approxi-
mate probabilistic bisimulation for continuous-time Markov chains. In
contrast to related notions, (g,d)-bisimulation allows the use of differ-
ent tolerances for the transition probabilities (e, additive) and total exit
rates (0, multiplicative) of states. Fundamental properties of the notion,
as well as bounds on the absolute difference of time- and reward-bounded
reachability probabilities for (g, d)-bisimilar states, are established.
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1 Introduction

Continuous-time Markov chains (CTMCs) are a prominent probabilistic model
in various application fields, e.g., reliability engineering, systems biology, model-
ing of chemical reactions, and performance evaluation. CTMCs are state-based
models whose transitions yield a discrete probability distribution over states—as
in discrete-time Markov chains (DTMCs)—while the state residence times are
governed by exponential distributions. Various model-checking approaches for
CTMCs exist [7UTT12264] and are supported by tools such as PRISM [40] and
Storm [34]. CTMC model checking is used to analyze, e.g., stochastic Petri nets
[6], fault trees [8162], biological systems [4146], and chemical reactions [24].

The central issue in CTMC model checking is computing timed reachability
probabilities: what is the probability to reach a set of goal states within a given
deadline from a given start state? The reliability of a fault tree, or the proba-
bility that all molecules have been catalyzed within two days, are instances of
this question. Computing timed reachability probabilities reduces to computing
transient probabilities in a uniformized CTMC, i.e., a CTMC in which the state
residence times are “normalized” [I3]. This method is quite efficient, numerically
stable, and scales to CTMCs with millions of states.
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Fig. 1: Three CTMCs where the copies of the states can be related by a 7-quasi-
lumpability iff 7 > 1. The numbers indicate the transition rates between states.

In practical applications, however, transition probabilities and state residence
time distributions—defined by exit rates—are usually not known exactly. Com-
ponent failure rates in fault trees are vulnerable to environmental conditions, and
reaction rates of molecules are obtained experimentally. This raises the question
whether CTMC model-checking results are robust w.r.t. perturbations of their
stochastic aspects. The aim of this paper is to investigate to what extent transi-
tion probabilities and exit rates in a given CTMC can be altered while ensuring
that timed reachability probabilities are preserved up to a small tolerance 6.

To this end we define the novel notion of (e, §)-bisimulation on CTMCs, in-
vestigate its fundamental properties and derive bounds for timed reachability
probabilities. The results yield under which (absolute) e-tolerance on transition
probabilities and (relative) d-tolerance on exit rates, timed reachability probabil-
ities are close up to 6. This enables, e.g., to determine the maximal tolerances in
components’ failure rates while ensuring the fault tree’s (i.e., overall systems’) re-
liability. Our notion generalizes strong probabilistic bisimulation [I9] (also known
as lumpability) that preserves timed reachability probabilities exactly.

Let us illustrate the conceptual difference of perturbing exit rates and transi-
tion probabilities separately in (g, §)-bisimulations compared to existing notions
such as 7-quasi-lumpability (also known as near-lumpability) [T9J29/30] that con-
sider transition rates, i.e., products of exit rates and transition probabilities.

Ezample 1. Consider the CTMCs in Figure [I} The value attached to an arrow
from state s to state s’ describes the transition rate R(s,s’) between s and ¢,
given as the product of the total exit rate E(s) of s and the probability P(s,s’)
to move from s to s’. The colors of the states indicate their labels (also written
next to the states). Note that the CTMCs M; and My behave very similarly—
in M, the transition to f is only taken with a slightly higher rate, and the
probability to reach the goal state g until time ¢ is almost the same in the two
models. The CTMCs M and M3, however, behave very differently—reaching g
until ¢ is much less likely in M3 because of the significantly lower rate R(s1,g).

A 7-quasi-lumpability [T9J29/30] is an equivalence relation such that related
states have the same label and the total transition rates to move to any other
equivalence class from related states differ by at most 7. If we want to relate the
states of M with their copies in My with a 7-quasi-lumpability, 7 has to be at
least 1 due to the change of the transition rate from sy to f from 10 to 11. For
7 = 1, however, we can also relate the states of M; with their copies in Ms.
Hence, 7-quasi-lumpability does not allow us to capture the intuition that M
and My behave similarly while M; and M3 behave very differently.
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The central idea behind (e, §)-bisimulations is to decouple the changes of exit
rates and transition probabilities of related states. In My and My from Figure[T]
the total exit rate E(so) = ), R(so,s") of so changes by a factor of 1.05 from

20 to 21, and the probability P(sg, f) = %ﬁé’;) to transition from sq to f is 1/2
and 11/21, respectively. The absolute change of transition probabilities and the
relative change of exit rates is small, so the chains behave similarly. For M; and
Ms, however, P(s1,g) changes from 1/2 to 1/21, a huge difference. In this way,
(€, §)-bisimulation can express (dis)similarities of CTMCs in a more fine-grained

manner than notions that consider the transition rates between states.

Main Contributions. Our main contributions are the following:

— We introduce (g,0)-bisimulation for CTMCs, a novel type of approximate
probabilistic bisimulation that allows an absolute tolerance of € for the tran-
sition probabilities of related states, and a relative tolerance of § for their
total exit rates. We prove that the union of all (g, d)-bisimulations, called
(e, d)-bisimilarity, is an (e, §)-bisimulation itself, that it is additive in € and 4,
and that it coincides with strong bisimilarity [I5/19] iff e = 6 = 0. Moreover,
we discuss how quasi-lumpability [T9J29I30] and (e, 0)-bisimilarity relate, and
show how to “split” (e, d)-bisimilarity into (e,0)- and (0, §)-bisimilarity, al-
lowing an individual treatment of the parameters (Section .

— We derive bounds on the absolute difference of timed reachability proba-
bilities of (g, §)-bisimilar states by uniformizing the CTMC and applying a
bound from [I8] for the difference in finite horizon reachability probabilities
of e-bisimilar states of DTMCs [25]. The bounds are tight if § = 0 (Section[)).

— We analyze the absolute difference of timed reachability probabilities be-
tween (0, 0)-bisimilar states in more detail. Using so-called Erlang CTMCs
[28] we show how to compute them ezactly if ¢ = 0. Subsequently, we de-
rive different bounds on the difference: an easy-to-compute one based on an
Erlang CTMC of a specific length, and bounds that utilize a spectral decom-
position of the transition probability matrix of the given CTMC (Section .

— We extend (some of) our results to reward-bounded reachability probabilities
in CTMCs with nonnegative rewards, by utilizing a method from [12] that
allows us to express them as timed reachability probabilities (Section @

Missing proofs can be found in the the full version of the paper [59].

Related Work. In the discrete-time setting of DTMCs a lot of work has been done
on approximate probabilistic bisimulations, mainly focusing on e-bisimulations
as introduced by Desharnais et al. [I8I25]. Other notions include approximate
probabilistic bisimulations with precision e [1I3l27], up-to-(n,)-bisimulations
[16/25], or approximate versions of weak- and branching probabilistic bisimula-
tion [BI60]. See, e.g., [60] for a comparison of several different notions.

For CTMCs, an approximate version of lumpability, called 7-quasi- or near-
lumpability, is known [T9J29130]. It is best suited for the analysis of long-run or
stationary properties of a chain, but does not provide good guarantees on its tran-
sient behavior. A more recent notion is proportional lumpability [48J49I55/56].
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Intuitively, states s, s’ are proportionally lumpable w.r.t. a function x that maps
states to values in R+ iff there is an equivalence R such that the transition rates
of s and s’ to any equivalence class of R differ by the constant factors (s) resp.
k(s"). Proportional lumpability preserves the exact stationary distributions.

Uncertain continuous-time Markov chains (UCTMC) [20021] are CTMCs
with time-varying transition rates. At each time ¢ > 0 and for all states s, s’,
the transition rate to move from s to s’ must be contained in a fixed interval
[m(s,s’), M(s,s")] C Rso. Lumpabilities for UCTMCs are equivalences that re-
quire related states to have the same “extremal realizations”, defined as the (time-
invariant) CTMCs in which all transition rates R(s,s’) coincide with m(s, s)
resp. M (s,s’). These lumpabilities can be computed efficiently and are charac-
terized both via value functions and satisfaction equivalence of formulas in a
variant of the continuous stochastic logic CSL [9/T3]. However, there does not
seem to be a direct connection to our notion of (e, §)-bisimulation.

Another related line of research is perturbation theory for Markov chains.
Given a CTMC M and a (slightly) perturbed M’, the goal is to bound the dif-
ference of (some) performance measures of the models. See, e.g., [43/44/45]5T)58]
or the overview article [52]. The bounds presented in the literature are usually on
the total error between the stationary distributions of M and M’. Furthermore,
they are oftentimes obtained under the assumption of drift conditions or rely on
the ergodicity of the chain. This is in contrast to our work, which focuses on the
componentwise difference in transient reachability probabilities up to time t.

2 Preliminaries

Distributions and vectors. Let S # () be finite. The set of distributions on
S is Distr(S) = {u: S = [0,1] | >_.cg m(s) = 1}. The support of ju € Distr(S)
is supp(p) = {s € S| u(s) > 0}. Given A C 5, we set u(A) = > .4 p(a). The
Dirac-distribution 14 satisfies 1,(s’) = 1 if s = ¢’ and 14(s’) = 0 otherwise. We
may associate p € Distr(S) with a row vector p € [0, 1]**I5! such that p[i] = p(4)
for every i € S. Vectors are written in bold face, and p' is the transpose of .
Relations. Given a relation R C S x S, the image of A C S under R is
R(A) = {t € S| 3ds € A: (s,t) € R}. A is called R-closed if R(A) C A.
If R is an equivalence, we write S/R for the set of R equivalence classes. The
R-closed sets of an equivalence R are precisely the (unions of) elements of S/R.

Markov chains. Fix a countable set AP of atomic propositions. A discrete-
time Markov chain (DTMC) is a tuple D = (S, P, Sinit, L), with S a finite set
of states, P: S — Distr(S) a transition distribution function, s;n;+ € S a unique
initial state and L: S — 247 a labeling function. P(s,s') = P(s)(s") denotes the
probability to move from s to s’ in one step, and we write P € [0, 1]151XIS] for
the transition probability matriz of D with entries P o = P(s,s’). Succ(s) =
{s' € S| P(s,s") > 0} is the set of successors of s. Given s € S, let D; be the
DTMC that is exactly like D, but with initial state s. The direct sum D @ D’ of
DTMCs D, D’ is the DTMC obtained from the disjoint union of D and D’. The
initial state of D @ D’ is not relevant for our purposes.
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A continuous-time Markov chain (CTMC) is a tuple M = (S, P, E, Sinit, L)
such that Dag = (S, P, Sinit, L) is a DTMC, called the embedded or underlying
DTMC of M, and E: S — Rsq is an exit rate function. We use the same
notations for CTMCs as for DTMCs, and we let M, N range over CTMCs.
Note that we do not exclude the possibility of P(s,s) > 0, i.e., we allow self-
loops in CTMCs. The residence time in a state s of M is negative exponentially
distributed with rate E(s), so the probability to take any outgoing transition of
s until time ¢ > 0 (including self-loops) is 1 — e~ F(*)*and the probability to
take a transition from s to some specific state ' until ¢ is P(s, s') - (1 — e~ F()t),
Q < RISIXISI denotes the (infinitesimal) generator of M. The entries of Q are
given as Q;; = P(i,j) - E(i) if i # j and Q;; = —>,,; Q. For more
information on CTMCs and DTMCs see, e.g., [14I36/39].

Paths and probability measures. Let D be a DTMC. A sequence o =
S081 - .. € 8 is an (infinite) path of D if ;11 € Succ(s;) for alli € N. o[i] = s; is
the state at position i of o, and trace(c) = L(so)L(s1) ... € (247)¥ is the trace
of 0. The set of infinite paths is Paths(D). Finite paths o = sgs; ...s;, € SF+!
and their traces are defined similarly. Paths™ (D) is the set of finite paths of D.

Let s € S. We consider the standard probability measure Pr? on subsets of
Paths(D), defined via cylinder sets Cyl(p) = {o € Paths(D) | p is a prefix of o}
for p € Paths*(D). See, e.g., [14] for details. We write Pr” for Prgv and drop
the superscript if D is clear from the context.

Now, let M be a CTMC. o = sptpsity... € (S - Rsg)¥, where - denotes
concatenation, is an (infinite) timed path of M if s;11 € Succ(s;) for all ¢ € N.
oli] and trace(c) are defined as for DTMCs. A finite timed path is a finite prefix
of a timed path that ends in a state. We write Paths(M) (resp. Paths™(M)) for
the set of infinite (resp. finite) timed paths of M. The value o; = t; describes
the residence time in state s; along o. Given some ¢ € R>(, 0@t is the state of
o at time t, i.e., 0@t = o[k] for k the smallest index such that ¢ < Ef:o t; [13].

Let £ € N, s,50,...,8,41 € S and Iy,...,I; nonempty intervals in R>g.
We consider the standard probability measure Pr’! on subsets of Paths(M),
defined via timed cylinder sets Cyl(soly ... Sklksk+1) = {o € Paths(M) | o[i] =
s;fori < k+1and o; € I; for j < k}. See, e.g., [I3] for details. We use the
same abbreviations as for DTMCs regarding Prgw. For a finite untimed path
T = 89S1...8p, let PrM(w) denote the probability of M to follow any timed
path with a state sequence prefixed by 7.

Given G C S and t > 0, Pr’(0='Q) is the probability to reach in M from
s € S a state in G after time at most t. For a DTMC D, Pr?(0<FQ) is the
probability to reach in D from s a state in G after at most k € N steps.

Transient probabilities. Let n € N. The probability of a DTMC D to be in
state s after n steps when starting in state s is 77 (s,s’) = P7 ..

For CTMC M, the values 7!(s) of the transient probability distribution
7 € Distr(S) describe the probabilities of M to be in s at time ¢. Let w €
[0,1]"%I5] denote the vector representation of 7™, and let mM (s, s') = "' (")
be the probability to be in s’ after time ¢ when starting in s. 7' can be computed

by solving the following system of forward Kolmogorov differential equations [3§]:

vit
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daM=aM.Q given wjt=1

Sinit*

Let ¢ > maxscg F(s). The DTMC unif(M, q) = (S, P, Sinit, L) with P(s,s') =

713(3’82']5(3) if s # s, and P(s,s) =1+ 713(8’3;"?(8) — @ is the uniformization of

M w.r.t. g. mM can also be computed by the uniformization method via [32)35]

k —_
aM =37, e 1t @t 4 P

k! Sinit

We omit the superscript from 7/ (resp. 72) if no confusion can arise.

Bisimulation. A (probabilistic) bisimulation R C S x S for DTMC D is an
equivalence such that for all (s,s’) € R it holds that L(s) = L(s") and P(s,C) =
P(s',C) for every C € S/R [42]. For CTMC M, an equivalence R is a strong
(probabilistic) bisimulation if it is a bisimulation on D4, and additionally sat-
isfies E(s) = E(s') for all (s,s") € R [I5I19]. States s and s’ of M are strongly
(probabilistic) bisimilar, written s ~ ', if there is a strong bisimulation R on
M with (s,s") € R. CTMCs M and N are strongly (probabilistic) bisimilar,
written M ~ N, if sM. ~ N in MO N,

init

3 (e, d)-Bisimulation on CTMCs

If not specified otherwise, we always assume that €, > 0. In this section, after a
short recap on e-bisimulation for DTMCs (Section [3.1]), we formally define (&, §)-
bisimulation for CTMCs (Section and establish fundamental properties of
this notion (Section [3.3).

3.1 e-Bisimulation in the Discrete-Time Setting

In the discrete-time setting of DTMCs, the most well-known and well-studied
[18I2537] notion of approximate probabilistic bisimulation are e-bisimulations.
They were introduced by Desharnais et al. [25] for labeled Markov processes
[23124] and have since been adjusted to other models like DTMC [I837].

Definition 2 ([I825]). Let D be a DTMC. A reﬂexiveﬂ and symmetric rela-
tion R C S x S is an e-bisimulation if for all (s,t) € R and any A C S

(i) L(s) = L(t) and (i) P(s, A) < P(t, R(A)) + <.

States s and t are e-bisimilar, denoted s ~. t, if there is an e-bisimulation
R with (s,t) € R. DTMCs Dy and Dy are e-bisimilar, denoted Dy ~. Da, if

D4 Do .
Sinit ~e Sinst 1 D1 @ Da.

The tolerance € describes by how much the transition probabilities of related
states may differ. If € &~ 1, many states can be related, but their behavior might
be significantly different, whereas an € close to 0 allows us to only relate states
with almost the same behavior, decreasing the number of relatable states.

! In contrast to [18I25] we require reflexivity of e-bisimulations. This assumption is
rather natural (a state should always simulate itself) and does not affect ~.
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The satisfaction of condition (ii) of Definition [2| can be characterized by the
existence of suitable weight functions that describe how to split the successor
probabilities of related states such that the condition holds. This approach is
used in, e.g., [33I37U6T]. We will later use the following characterization (where
we slightly abuse notation and write A, ,(s’,t') instead of A, (s")(¢')).

Lemma 3 ([60]). A reflexive and symmetric relation R C S x S that only
relates states with the same label is an e-bisimulation iff for all (s,t) € R there
is a map Ag: Succ(s) — Distr(Succ(t)) such that

1. for all ¢ € Succ(t) we have P(8,¢') = 3 eguce(s) L(5:87) - Asi(s', 1), and
2. Zs’ESucc(s) P(Sa S/) . As,t(s/, R(S/) N SU.CC(t)) >1—e.

Furthermore, step-bounded reachability probabilities Pr,(0<"g) of a goal
state g for e-bisimilar states s, s’ are related as follows.

Theorem 4 ([18]). Let D be a DTMC, k € N and s ~. s'. Then
IPrs(0=Fg) — Pry (0=Fg)| < 1— (1 —e)".

3.2 Definition of (e, §)-Bisimulation

In contrast to the discrete-time case, the behavior of a CTMC M is not only
influenced by the transition probabilities, but also by the exit rates of the states.
Thus, it is natural to consider two different tolerance values € and ¢ for the
probabilities resp. the exit rates. As the values of P(s,-) are in [0, 1] for any
s € S, similar to the discrete-time case an additive tolerance ¢ is suitable.

The rates E(s), however, can take on any (finite) positive value. This makes
the use of additive tolerances ¢ for the rates difficult. Consider, for example, a
CTMC with states s, s’ such that E(s) = 1 and E(s’) = 100, and assume that
the exit rates of related states are allowed to differ by at most 10%. For s, an
additive ¢ would need a value of 0.1 (i.e., all states with a rate in [0.9,1.1] are
considered to behave almost the same as s), while § = 10 would be necessary
for s’. The former allows virtually no tolerance for E(s’) (only 0.001% instead
of the desired 10%), while the latter allows a tolerance of up to 1000% for E(s).

To circumvent this issue we propose the use of a multiplicative tolerance §
for the exit rates of related states, so that the tolerable difference is relative to
the actual rates. For the rest of the paper, let In(-) denote the natural logarithm.

Definition 5. Let M be a CTMC and let R C S x S be a reflexive and sym-
metric relation. R is an (,9)-bisimulation if for all (s,s’) € R it holds that

1. L(s) = L(s’) (labeling condition)

2. |In(E(s)) —In(E(s"))] <48 (6-condition)
3 for all AC S: P(s,A) < P(s',R(A)) + (e-condition)
States s,s' € S are (g,9)-bisimilar, written s ~.5 s, if (s,8") € R for an (g,0)-

bistimulation R. CTMCs My and My are (e, 6)-bisimilar, written My ~¢ 5 Ma,
if s~ 5 5M2 i My @ M.
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Fig. 2: The CTMC used in Example [f}

Any (e, 6)-bisimulation on M induces an e-bisimulation on the embedded
DTMC Dy, ie., s Ng\:‘; t implies s ~PM t. Hence, there are weight functions
Ag as in Lemma 3| (w.r.t. the probabilities of M) for (e, §)-bisimilar states s, t.

Ezxzample 6. Let ¢ < % and § > 0. In Figure [2| ~. ;5 is the reflexive and sym-

metric closure of {(so,s2), (S0, $3), (81, S4), (S2,83)}. States s; and sy are not
(€,0)-bisimilar as they violate the d-condition: |In(E(s1)) — In(E(s2))| = 24.
Moreover, sg . s s1 since, although the pair of states satisfies the §-condition,
the e-condition is violated: P(so, {s2}) = 3 > & = P(s1,~,s({s2})) + €.

Note that the steady state distributions of (e, §)-bisimilar states can differ
significantly: starting from sy the probability to reach g (and stay there forever)
is 2/3, from s9 it is 1 and from s3 it is 0, even though sg, s2, and s3 are pairwise
(e, 0)-bisimilar.

3.3 Fundamental Properties of ~. s

We now establish some fundamental properties of ~. s that are generally desir-
able for approximate probabilistic bisimulations [25J60].

Theorem 7. Let M be a CTMC and s,s’,s” € S.

1. ~¢ 5 is the largest (g, 6)-bisimulation on M.

! /! 1 1
2. If s ~c, 5, 8" and ' ~g, 5, 8" then s ~¢ 4ey 5145, 8-
3. s~ iff s~ s

Theorem [7| shows that ~, 5 is itself an (e, §)-bisimulation, and that it is the
largest such relation (item 1). Furthermore ~. s is additive in both ¢ and ¢
(item 2) and coincides with strong bisimilarity ~ iff e = § = 0 (item 3).

By slightly adjusting a procedure proposed in [25] that constructs ~. for
DTMCs by solving flow networks & la [I0I57], ~.s can be computed in time
polynomial in the number of states of M.

Corollary 8. For a given CTMC M, ~. s can be computed in time O(|S|7).

Furthermore, (e, §)-bisimilarity in M implies 7-bisimilarity (for a 7 > 0 that
depends on € and 4) in the uniformization unif (M, ¢) of M for ¢ > max,cg E(s).

o if
Lemma 9. s ~M s implies s ~7" M9 o where T = €’ - (I1+¢)—1.
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A notion from the literature related to (g, §)-bisimulations is that of T-quasi-
lumpability, which is also known as 7- or near-lumpability [T9J29J30]. It is defined
for partitions 2 = {{21,..., 2, } of the state space S of M. More precisely, 2
is a 7-quasi-lumpability for some 7 > 0 if for all 1 < 4,5 < m and all s,s" € £
it holds that |P(s, $2;) - E(s) — P(s’,£2;) - E(s")| < 7 [48]. The partitions of the
state space induced by transitive (e, d)-bisimulations are quasi-lumpabilities.

Proposition 10. Let R be a transitive (g, 0)-bisimulation and ¢ > maxscs FE(s).
The partition induced by R, i.e., the set S/R, is a q- (€’ - (14¢) —1)-lumpability.

In [59] we construct, for given e € (0,1),6 > 0 and 7 > 0, a CTMC M(e, 4§, 7)
with states s, s’ such that {s, s’} is a block of a 7-quasi lumpability on M(e, 4, 7)
but the pair (s,s’) does neither satisfy the e- nor the d-condition.

We finish the section by showing how to “split” (e, d)-bisimilarity into (e, 0)-
and (0, d)-bisimilarity. More precisely, given M ~. 5 N we construct CTMCs
M, N with the same graph structure and such that M ~. g M’ ~g s N' ~ N.
This decomposition makes it possible to treat the two parameters individually
and, together with the additivity of ~ 5, allows us to extend results shown for
(€,0)- and (0, ¢)-bisimilar states or chains to (e, d)-bisimilar ones.

Theorem 11. Let M ~.5 N. Then there are CTMCs M’ and N’ with the
same graph structure and such that M ~g o M ~g 5 N' ~ N

Proof sketch. We describe how to construct M’ and A’. The models share the
state space S’ = SM x SV with initial state (s, s),,). The label function L’

of both models is L'((s,t)) = LN (t), and the exit rate functions are defined via

EM((s,1)) = {

EM(s), ifs~cst

BN, st M4 EV(s0)=BY0).

Furthermore, the common transition probability function of M’ and N is

Ag4(s', ) PM(s,8"), if s ~cst,s" € Succ(s),t’ € Succ(t)
P'((s,t),(s', 1)) = { PM(s,8"\PN(t, 1)), ifsm 5t
0, otherwise

where, for a given pair of (&, d)-bisimilar states (s,t) € SM x SV the function
Ay s Suce(s) — Distr(Succ(t)) is a weight function as in Lemma [3} which exists
for all such (s,t) since s ~¢ ¢ in the underlying DTMCs of M and N. The proof
proceeds by showing the desired relations between the models. O

Ezample 12. We illustrate the construction of Theorem in Figure (3} The
CTMCs M (top left) and A/ (bottom left) are (e, §)-bisimilar, as all states with
the same label are pairwise (&, §)-bisimilar in M & N. The chains M’ and N”,
which only differ in their exit rate functions EM (first, in blue) and V' (second,
in red) are on the right of the figure. To construct M’ and N’ it is necessary
to compute weight functions A, ; for all s ~. 5 t. For example, a suitable choice
for (so,t0) is Asgte(81,%0) =1 =2 &, Agy1e(51,11) =2 €, Agy 1 (52, t2) = 1 and
Asy 1o (+,+) = 0 otherwise. It is easy to prove that M ~. g M’ ~g s N/ ~ N
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Fig.3: The CTMCs used in Example

4 Bounding Timed Reachability Probabilities

Let M be a CTMC and ¢t € R>. We are interested in bounds for the absolute
difference of the probabilities of (g, d)-bisimilar states s and s’ to reach a unique
goal state g until the deadline ¢, i.e., in bounds for [Pry(0<tg) — Pry (0<tg)|.

For the rest of the paper we therefore assume that M has such a unique goal
state g, which is w.l.o.g. [13] absorbing and uniquely labeled. If there are multiple,
potentially non-absorbing goal states, these states can be collapsed to a single
absorbing goal state without affecting the time-bounded reachability probabili-
ties. The same pre-processing is also applied in the computation of satisfaction
probabilities for time-bounded until-formulas of the continuous stochastic logic
CSL [9/13]. Similarly, we assume that all states from which ¢ is not reachable
are collapsed to a single, uniquely labeled absorbing fail state. Hence, there are
at most two absorbing states in M which are not (e, §)-bisimilar to any other
state (because of the unique labels) and are eventually reached almost surely.
Further, let ¢ = maxgcg E(s) be the smallest possible uniformization rate of M.

By considering the DTMC unif(M, ¢) and applying the bound of Theorem [4]
[18], which is possible because of the preservation of approximate bisimilarity in
the uniformization (see Lemma E[), we derive an upper bound on the absolute
difference of timed reachability probabilities of (g, §)-bisimilar states.

Proposition 13. For s ~. 5 s': |Prg(0=tg) — Pry (0Stg)| < 1— e—at(e(1+e)=1)

Considering € = 0 or 6 = 0 in Proposition [13] yields the following corollary.

/

Corollary 14. Let s ~.; s'.

1. If § =0 then |Prs(<>§tg) _ Prs/(<>§tg)| <1 emate,
2. If £ =0 then [Pry(05tg) — Pro(0Stg)| < 1— e e’ D),
3. If e = § = 0 then Pry(0Stg) = Pry . (0=tg).
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Fig.4: A CTMC with s ~. ¢ s’ and [Prs(0=tg) — Pry (0Stg)| = 1 — e~ 2=,

The third result of Corollary also directly follows from s ~g o " iff s ~ &/,
which was proved in the third item of Theorem [7] and the fact that ~ exactly
preserves transient (reachability) probabilities [I319].

We now show that the bound of Proposition [I3]is tight if § = 0.

Ezample 15 ([18]). In Figure 4 s ~. o s, Pry(0Stg) = 0 and Pry(0Stg) =
1 — e so |Pry(0Stg) — Pry (0Stg)| = |1 — e79% — 0] = 1 — e~ 9 for all ¢.

A disadvantage of the bounds in Proposition (and Corollary is that
they converge to 1 exponentially fast for ¢ — oo, while the maximal total differ-
ence in timed reachability probabilities is usually much smaller for (g, 6)-bisimilar
states. Intuitively, the bounds converge to 1 because the bound of Theorem [
used in their derivation always assumes the maximal possible error. However it
does not consider, e.g., that for growing ¢ some of the probability mass already
reached the goal state and can thus not contribute to the total error anymore.
This disadvantage is particularly observable for (0, d)-bisimilar states, as in this
case the actual error converges to 0 for ¢ — oo (see also Figures |§| and [7| in
Section . In Section [5, we derive explicit formulas and better bounds for the
absolute difference in timed reachability probabilities of (0, §)-bisimilar states.

For now we consider the problem of computing, for given 6 € [0,1) and time
t > 0, values for € and ¢ that guarantee the absolute difference in reachability
probabilities of ¢ until ¢ for (g, §)-bisimilar states to be < . By using the bound
of Proposition [L3| and solving 1 — e—at(e"(1+e)—1) < 0 w.r.t. € and § we obtain:

Theorem 16. Let § € [0,1), t > 0, and g = max,ecg E(p). Then, for all €,
with € € {O, L. <w> — 1] and § € [O,IH (w)}, it holds that

e at (e+D)-qt
sn~egs s implies |Prs(0Stg) — Pry(0Stg)| < 6.
As the bound of Proposition |13|is tight if § = 0 (see Example 7 the range

of admissible values for ¢ in Theorem [L6]is tight in this case as well, in the sense
that for a given 6 € [0,1) there is a CTMC M with states s ~. ¢ s’ such that

. In(1—0)
|Pry(0=tg) — Pry (0Stg)| < 0 iff e < =5

5 The Effect of Changing Rates Only

The goal of this section is to obtain more refined bounds for the absolute differ-
ence of timed reachability probabilities of (0, d)-bisimilar CTMCs. This setting
is relevant in different scenarios like, e.g., queuing theory. Consider a CTMC M
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Fig.5: The Erlang CTMC &;.

modeling a single server queue with a buffer of size n, in which tasks arrive with
a constant rate 7 and are served with a constant rate p. If the buffer is full and
a new task arrives, it has to be dropped and an absorbing fail state f is entered.
The timed reachability probability Pr’™!(¢=<!f) describes the probability of fail-
ure until ¢. Now let M’ be like M, but with an increased service rate p' = p-c for
some ¢ > 1. Then M ~g 5 M’ for § > In(c) and |[Pr™ (0=t f) — Pr'™' (0=t f)| de-
scribes how much higher the probability of failure until ¢ is when using the slower
server instead of the faster one, making it easy to compare their performance.
We first show how to compute the absolute difference in timed reachability
probabilities of (0, §)-bisimilar CTMCs M and M’ exactly, without relying on
the uniformization method [32I35] or the Kolmogorov forward equations [3§].
We then derive two bounds for the difference: an easy-to-compute constant value
(that depends on ¢ and ¢), and a bound that yields better results if t — oo.

Remark 17. Throughout this section we assume that the CTMCs are uniform,
i.e., that all states have the same exit rates. For transitive (0,¢)-bisimulations
R on non-uniformized CTMCs, the following procedure allows us to construct
uniformized CTMCs for the analysis of time-bounded reachability probabilities:
Let M and N be related by such an R. In all equivalence classes C of R, we
change the exit rates in M to the minimal exit rate E! (C) present in C and all
rates in N to EM (C) - €°. As the transition probabilities of the chains are not
affected by this change, and the rates of related states differ by a factor of at most
€®, R is also a (0, §)-bisimulation on the transformed chains. Afterwards, M and
N can be uniformized with rates ¢ and ¢ - €%, respectively, for a suitable g. This
again preserves the fact that R is a (0,0)-bisimulation and results in uniform
CTMCs. During the procedure, the difference [Pr™(0<tg) — PrV'(0<tg)| in the
original CTMCs is at most as big as in the resulting uniformized CTMCs. For

more details on the transformation, see [59].

Our formula for [Pr™(Q<tg) — PrMI(OStg)| depends on the corresponding
differences in CTMCs of a specific form, which we call Erlang CTMCs [28§].

Definition 18. Let n € N. The (n-)Erlang CTMC &, is a CTMC with n non-
goal states so, ..., sp—1 and a unique goal state s, = g, such that L(s;) = L(s;)
for 0 < i,j <m, L(g) # L(s;) for any i < n, E(s;)) =1 for 0 < i < n and
P(si,8i41) =1 for 0 < i< n, as well as P(g,g9) = 1.

&4 is illustrated in Figure ] Given M and ¢ € Ry, let ¢- M be the CTMC
obtained from M by multiplying all rates with c¢. Then M ~q s ¢-M for § > In(c).
For an absorbing, uniform CTMC M it is clear that an acceleration ¢- M with ¢ =
e% > 1 or a deceleration 1/c- M induces the maximal possible difference in timed
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reachability probabilities compared to M among all M’ with M ~g 5 M. In the
sequel, results are formulated for the comparison of M with ¢- M. By switching
the roles of M and ¢ - M, we obtain symmetric results for the deceleration.

Proposition 19. Letn € N, t >0, and &, = ¢- &, for some ¢ > 1. Then

n—1

Diff (€,) = |Pr (0<'g) — Pr™ (05!g)| = &= - (e — che~).
If ¢ > 1, Diff(£,) has a local mazimum at t = ”Cl%(f) that is global on [0, 00).

Remark 20. We could have also allowed arbitrary (but uniform) rates for &, in
Definition [I8] i.e., E(s) = r for all s € S and some r > 0. In this case,

n—1
Diff,(&,) = (T]'ft!)k . (efr»t _ Ckefc-r-t)’
k=0

with a (local) maximum at t* = :'(lcr’fcl)) for ¢ > 1. Note that Diff;-(&,) does
not depend on r. Moreover, the assumption that » = 1 can be made w.l.o.g., as
in the case of r # 1 the time-bounded reachability probabilities until ¢ are the

same as those of the corresponding CTMC with uniform exit rate 1 until r - ¢.

Proposition [I9] induces a way to exactly compute the absolute difference in
timed reachability probabilities of a CTMC M and its acceleration ¢ - M.

Theorem 21. Let M be a CTMC with E(s) =1 for all s € S, and let g be a
unique absorbing goal state. Let 6 >0, c=¢e% > 1, and M’ =c- M. Then

Diff, (M) = [Pr** (0=tg) — Pr*(0='g)| = 3 pu - Diff(En),
n=1
where p,, denotes the probability to reach g after exactly n (discrete) steps.

Proof sketch. Let II,, contain all finite paths entering g after exactly n steps, and
let Traj*(m) contain all timed versions of = € II,, that enter g in (¢,c - t]. Then
Diffy (M) = 020> rem,, Pr™(Traj*(r)) = 02, dorer, Pr™(Traj*(r) | 7) -
Pr™(n) by Bayes’ rule. As Pr™(Traj*(n) | n) = Diffy(&,) for all 7 € II,,
Diff; (&) = 0 for all ¢, and > Pr™ () = p,, the claim follows. O

In Theorem (and all other results in this section) we could have also
used any (uniform) exit rate » > 0 for the states of M since, as described in
Remark we can model different rates by scaling the time bound ¢.

Next we show how to obtain, for given ¢ and 4, a maximal N (that depends
on t,d) such that Diff;(M) < Diff;(Ex). Using the explicit form of Diff:(Ex)
from Proposition [19] this yields an easy-to-compute upper bound for Diff;(M).

Proposition 22. Let N = [@—‘ Under the conditions of Theorem

N—-1
Diff,(M) < Diffy(Ex) = > & - (e7t — cket).
k=0
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The bound of Proposition [22] is usually tighter than that for (0,d)-bisimilar
states in Corollary [I4] since it does not converge to 1 exponentially fast for
increasing t. See Figures[6]and [7] for some examples of the behavior of the bound.

Remark 23. Let M be as in Theorem BT and let X be the random variable that
describes the probability to reach g for the first time after exactly n steps. Then
pn < Pr(X < mn), so the Markov inequality implies p,, < EQXO for every n, where

E(X) is the expected value of X. Together with Theorem this yields

Dift, (M) = 3 pn - Diffy(€,) SE(X) - 30 1 - Diffe(E,).
n=1 n=1

This bound heavily depends on E(X), i.e., on the expected number of steps

until reaching g. If E(X) is small the bound can be tighter than those of Propo-

sitions [13| and while it can quickly become trivial if E(X) is large.

Next, we present a way to compute the values of p, based on a spectral
decomposition of the transition probability matrix P of CTMC M. We start
with the case of a diagonalizable P, and afterwards deal with arbitrary P by
using the Jordan canonical form [50]. Moreover, we use the so obtained explicit
formulas for p,, to obtain upper bounds for Diff;(M). In contrast to the results
so far, these bounds converge to 0 for ¢ — oo, just like the actual difference does.

The transition probability matrix P of M is diagonalizable if there is a
diagonal matrix D, with diagonal elements corresponding to the eigenvalues of
P (repeated according to their multiplicities), and a regular matrix S such that
P = SDS~! |50]. It is well-known that every eigenvalue \; of a stochastic matrix
satisfies |A;| < 1, and that A\; = 1 is an eigenvalue of any such matrix. As we
assume that an absorbing state is reached almost surely, 1 is the only eigenvalue
of modulus 1, and it has a multiplicity ap of at most 2 (as there are at most two
absorbing states in M). Hence, we can w.l.0.g. assume that for the m distinct
eigenvalues of P we have Ay =1 > |A2| > ... > |\n,], and that the diagonal of D
is in descending order w.r.t. the absolute values of these eigenvalues. From now
on we denote the second largest (absolute value wise) eigenvalue of P by A.

Proposition 24 ([63]). Let M be a CTMC such that P = SDS™! is diago-

nalizable. Let k € N and n = |S|. Then py+1 = Z;L:llp+1 Si1; S;}L (A —1)- )\?.

Combining Theorem and Proposition [24] yields a new bound for Diff;(M).
Proposition 25. Under the conditions of Theorem [21] we have
Diffy(M) < (n—ap) - C - > pe | [N"71 - Diff (&),

where n = |S| and C = max;—qp+1,...n [S1.i S;ﬁ (A = 1)

Proof sketch. By Proposition 24} py1 = >7_, 41 S1; - S;}l ~(Aj = 1) - MK, so
by the triangle inequality pry1 < >0, .1 [S15-S;, - (A — 1] [A;[*. Because
I\;j| <|A| for all j > ap we get prr1 < [A|F- Y imaps1C = IA¥- (n—ap) - C for

C = maXj—qp+1,..n |51, - S;:L -(A; = 1)]. The claim follows from Theorem O
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Fig.6: A CTMC M with diagonalizable probability matrix (left) and a compar-
ison of the different error bounds for Diff;(M).

The bound obtained in Proposition [25] is tight: Consider a CTMC M with
two states s and g, such that E(s) = F(g) =1 and P(s,s) =p,P(s,g) =1—p
for a p € (0,1). Let M’ = €° - M, so M ~gs M'. The probability matrix
P of M is diagonalizable with eigenvalues \y = 1 and A, = A = p. Then
P =151, -85 (N —1) - N =(1=p) pF = (n—1)-C- M1 50
here the inequalities in the proof of Proposition [25] are equalities. Furthermore,
since always |\| < 1, the bounds converge to 0 for ¢ — oo, just like Diff;(M).

Ezample 26. Consider the CTMC M on the left of Figure[f] The probability ma-
trix P of M is diagonalizable, with second largest eigenvalue A = % The graphic
on the right of the figure compares the different error bounds for Diff; (M) when
6 = 0.1. We can observe that the bound from Proposition [13| based on the uni-
formization method quickly approaches 1. The bound from Proposition [22] based
on the maximal value of Diff;(€,) performs well if ¢ is small, but becomes impre-
cise if ¢ grows. On the other hand, the bound from Proposition [25] that utilizes
the diagonalization of P shows the opposite behavior. It performs bad for small
values of ¢ (as here the values of Diff(€) are big for small k, for which |A|* is
not yet close to 0), while it converges to the actual error with increasing t.

Ezxample 27. Consider a single-server queue with capacity 4, modeled by the
CTMC M on the left of Figure[7] Tasks are completed with rate x. If the queue
is empty, the next task arrives with rate 1, and otherwise tasks arrive with rate
7. We assume that 7 + g = 1. If the queue is full, i.e., if it already contains four
tasks, and a fifth one arrives it has to be dropped, leading to a fail-state f. This
setting is close to the example discussed in the beginning of this section.

Let M’ = €%!. M. In particular, M ~0,0.1 M’. We analyze the bounds from
Propositions 22| and [25| w.r.t. M, M’ and f by considering three scenarios that
are parameterized in 7 and pﬂ In the first scenario, 7, = % and p; = i, i.e., the
arrival rate of tasks is three times higher than their service rate. In the second
scenario, arrival and service rates coincide (o = % = p2), while in the third

2 We omit the bound based on uniformization from Proposition as we have already
seen in Example [26] that it does not perform well for (0, §)-bisimilar models.
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Fig. 7: The queue from Example 27| (left) and the bounds and errors for specific
instances (right). The upper graphic depicts the bounds from Propositions
and @ for the considered scenarios, the lower one the actual errors.

scenario the service rate is twice the arrival rate, i.e., 73 = % and pg = % We
denote the CTMC corresponding to scenario i € {1,2,3} by M,. Note that for
each ¢ the transition probability matrix P; of M; is diagonalizable.

The resulting bounds, as well as the actual errors, are depicted on the right-
hand side of Figure [7, where the same-colored (and similarly dashed) lines cor-
respond to the same scenario (red and solid for the first, blue and dashed for
the second and magenta and dash-dotted for the third). The dotted line in the
upper graphic represents the bound from Proposition

We observe that in each scenario the actual error and the bounds of Proposi-
tion [25] converge to 0 for ¢ — oo, while the bound of Proposition 22] converges to
1 for increasing ¢t. The convergence rate to 0 of the former bound can, however,
be quite slow. In, e.g., the third scenario, the second largest eigenvalue of Pg3
has modulus 0.9778, causing a slow convergence of |A|¥ to 0. On the other hand,
in the first scenario M; enters f quickly, which is reflected in a second largest
eigenvalue of 0.7334 whose powers converge to 0 fast.

While the values of the bounds from Proposition 25 are, in particular for
small t, significantly larger than the actual error, it is promising that their shape
as a function of ¢ closely resembles the actual difference. This scaling of the
bounds by a large factor is caused by the constant C, which is obtained by using
the triangle inequality and a maximum. Refining this constant in future work
might lead to bounds following the actual error much more closely.
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As the presented bounds work differently well for small and large t, the
following formulation is useful.

Corollary 28. Let C be as in Proposition[25, and N as in Proposition[23. Then
Diff;(M) < min {Diff;(Ex), (n —ap) - C - > pe; [A[F~1 - Diff, (&) } -

Proposition [25requires the transition probability matrix P of M to be diago-
nalizable. If this is not the case, we can use the Jordan canonical form (JCF) [50]
instead, which looks as follows: Given an n xn matrix M over the field of complex
numbers C with distinct eigenvalues A1, ..., A\, given in descending order w.r.t.
their absolutes values, the JCF of M is a decomposition of the form M = SJS™!
for matrices S,J € C"*™. J is a block diagonal matrix with so-called Jordan
blocks J;, i = 1,...,k, m < k < n, on the diagonal. The i-th Jordan block
J; corresponds to one of M’s eigenvalues 7 and is a r; X r; matrix for some 7;
that is at most the algebraic multiplicity of 7, and such that the sum over all
r; for the Jordan blocks belonging to the same eigenvalue 7 equals its geometric
multiplicity. The Jordan blocks for eigenvalue 7 have 7 everywhere on the diag-
onal and entry 1 directly above the diagonal. All other entries are 0. We w.l.o.g.
assume that the Jordan blocks are in descending order w.r.t. the absolute value
of the corresponding eigenvalues, and that multiple Jordan blocks for the same
eigenvalue are in descending order w.r.t. their size. We write gy for the total
number of Jordan blocks of J and r; for the size of the i-th Jordan block J;.

It is well-known that every matrix over C has a JCF [50], so the above
decomposition exists for the transition probability matrix of any CTMC. We
now show how to compute p,, i.e., the probability to reach the goal state after
exactly n discrete steps, in the case that P is not diagonalizable.

Proposition 29. Denote by \; the eigenvalue corresponding to the i-th Jordan
block J; of P = SJS™!. Let N € N, z € {0,...,q3 — 1} the number of Jordan

blocks for eigenvalue 0 and h; = Zi;i ri. Then pyy1 equals

-z T J
i N+1 N
N+k
)OID D) SLITEIRE Y ]‘<Al'(j—k)_<' k))+R(N’Z)

l=ap+1j=1 k=1 J=

where, for ST hti = S+ if >0 and St ;=0 ifj =0,

N+1) 1
( ) Zl =qy—2z+1 Z” ( ( 1hl+j_sl7hz+j+1) Sh,+N+]n

In particular, the term R(N, z) introduced in Propositionequals 0ifz=0
orif N > maxg;_.11<i<q, 7i- Hence, if N is at least the size of the largest Jordan
block corresponding to eigenvalue 0, the term R(N, z) vanishes.

Remark 30. The decompositions of P proved in Propositions[24] and 29] also hold
when the Markov chain contains more than 2 (reachable) absorbing states, i.e,
if ap > 2. In an absorbing Markov chain, the multiplicity (both geometric and
algebraic) of the eigenvalue 1 is the number of absorbing states, and thus each
Jordan block for eigenvalue 1 has a size of 1, causing them to get canceled out
in the computations of the explicit forms of pny1.
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Combining Theorem and Proposition [29 yields another upper bound
on the absolute difference in timed reachability probabilities of (0, d)-bisimilar
CTMCs.

Theorem 31. In the setting of Proposition[29 let |A| > 0. Let R be the mazimal
size of any Jordan block of P, r = maxX;—qp+1,....q;—2 T the mazimal size of any
such block corresponding to an eigenvalue # 0,1, \f = max{|\, |1 — X[} for
l=ap+1,....q5 =z and C = 32 = ST S [Suetne - Siinnl - NI
Then

Diff, (M) < S0 pi - Diff (&) + C - 0% [AF7 - k71 - Diff, (&)

The bound of Theorem [31] is a conservative extension of the one for diago-
nalizable P from Proposition 25, as in this case R = 1 = r and so the bound of
Theorem [31| collapses to Diff;(M) < C' - 372 | [A|*~1 - Diff ().

Remark 32. In Theorem [31| we have to exclude the case |A| = 0, i.e., the case
that P only has eigenvalues 0 and 1. This happens, e.g., if P (and hence M)
is acyclic. In an acyclic CTMC the goal state g is, however, reached after at
most as many steps as the length of the longest path in the chain. Therefore, if
M is acyclic, Diff; (M) can easily be computed exactly, for example by using the
identity in Theorem [21] and computing the relevant values of p, = P"t! — P,
or by applying methods like the ACE algorithm of [47] that allow computing the
transient distribution functions of acyclic CTMCs directly.

Corollary 33. Under the conditions and with the notation of Theorem [31] and
Proposition [23, Diff;(M) is bounded from above by

min {Difft(SN), Sy - Diff, (Ex) + C - S22 4 [AFT kL Difft(ék)} .

We finish the section by noting that the bounds for (0, d)-bisimilar CTMCs
can also be used to derive bounds for the case that € > 0. Given M ~. s N, by
Theoremthere are CTMCs M’ and N’ with M ~. g M’ ~q 5 N' ~ N. Hence,
the triangle inequality together with the fact that strong bisimilarity preserves
timed reachability probabilities [I3/19] implies [Pr™(0<tg) — Pr'V(0<tg)| <
[Pr(0=tg) — Pr™ (0=tg)| + [Pr* (0=tg) — PrV'(0="g)[. As M ~e0 M, the
bound from Proposition [I3] for the special case of ¢ = 0 is applicable to the
first term, and one of the bounds for (0, J)-bisimilar chains can be applied to
the second term. This yields another upper bound on the absolute difference in
timed reachability probabilities for (e, §)-bisimilar CTMCs.

6 Bounds for Reward-Bounded Reachability Probabilities

In practice, CTMCs are often extended with rewards that allow to model, e.g.,
the accumulation of costs, the energy consumption, or different performance
measures like the availability of the system [I2J31]. We consider state-based
reward functions p: S — R that assign to every s € S a reward p(s). Rewards
are accumulated in the states, and the cumulative reward along the timed path
T = Sotpsity ... € Paths(M) of M until time ¢ is given (for c@Qt = s,,,) as [12]
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plost) = X7 b - plsy) + (E= X555 ) - plsm).

Similar to timed reachability probabilities Pr,(0=!g), logics like CSRL [12]
allow to specify properties in terms of reward-bounded reachability probabilities
Prs(0<rg), which denote the probability to reach, from state s, a goal state g
while accumulating at most reward r € R.

We extend the results of Sections [] and [5] to reward-bounded reachability
probabilities. Here, we consider the special case of nonnegative rewards, i.e., we
assume that p(s) > 0 for all s € S. To accommodate for the addition of rewards
to our model, we adjust the definition of (e, §)-bisimulations to require related
states to have the same reward, i.e., s ~. 5 ' is possible only if p(s) = p(s’). An
extension to a notion of, say, (¢, d, u)-bisimulation, where u describes an allowed
error in the rewards in related states, is an interesting direction for future work.

First, assume p(s) > 0 for all s, a setting also analyzed in, e.g., [I2]. There,
based on ideas from [I7], a transformation is proposed that allows to compute
reward-bounded reachability probabilities in M via time-bounded reachability
probabilities in a modified model M. This model differs from M only in the exit

rates E(s) = f((;)) and rewards p(s) = ﬁ of states s € S. A direct consequence

of [12, Lem. 1] is that Pr*(¢<,.g) = PrM(0="g).

Thus, given s ~, 5 s’ we can directly apply the bounds obtained in Sections
and |p} provided that s and s’ are still (e, d)-bisimilar in M. However, this is
indeed the case as we require p(s) = p(s’), and so the transformation of [12]
simply scales the exit rates (and rewards) of s and s’ by a common factor.

Proposition 34. Let s ~c 58, r >0 and ¢ > maxpes E(p) Then
|Prs(<>§rg) - PTs'(Qgr9)| < 1- 6_at‘(66(8+1)_1)-

If e = 0, a similar result can be formulated for the bounds from Section

Next, we allow p(s) = 0. As the reward of the goal state g does not matter
for our purpose, we can w.l.o.g. assume p(g) > 0. The transformation from [12]
is not applicable, as it could require division by 0. To circumvent this issue we
first construct from M a CTMC M without states with p(s) = 0. Intuitively,
this is done by redirecting the incoming transitions of states with reward 0 to
their successors, allowing us to remove any such state from the chain.

Proposition 35. Let M be a CTMC. There is a CTMC Mo with SM>0 =
SMN\ {z | p(x) = 0} such that Pr™(O<,g) = PrM>0(Ocpg) for all s € SM>o.

Hence, by first constructing M~ from M and afterwards applying the trans-
formation from [12] to Mg, we obtain the following corollary.

Corollary 36. Proposition[3]] also holds for CTMCs with nonnegative rewards.

7 Conclusion and Future Work

We introduced (g, d)-bisimulations, a novel type of approximate probabilistic
bisimulation for CTMCs. In contrast to notions from the literature such as quasi-
lumpability [T929130], the separate bounds on changes in transition probabilities
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and changes in exit rates used in (g, §)-bisimulation result in a more flexible, fine-
grained notion of behavioral similarity. We established fundamental properties
of the notion, and analyzed the difference in timed reachability probabilities of
(e, 0)-bisimilar chains.

We obtained bounds on this difference by uniformizing the chain and apply-
ing known results from [18] for the discrete-time setting. Although tight if 6 = 0,
the bounds usually do not perform well if § > 0. Hence, we investigated the spe-
cial case of (0, d)-bisimilarity in more detail—also as a stepping stone towards a
refined treatment of (g, §)-bisimilarity in future work. For (0, §)-bisimilar chains,
we provided bounds based on the error in Erlang CTMCs &,,, as well as based on
a spectral analysis of the probability matrix P of the CTMC in question. Fur-
thermore, we extended our results to reward-bounded reachability probabilities,
provided that all rewards in the model are nonnegative.

From a theoretical point of view, the behavior of the bounds obtained from
the spectral analysis of P is promising. They are tight and, as can be observed
in Figure[7] seem to evolve similar to the actual error. The bounds are, however,
stretched by a (large) factor, which happens since, to obtain the constants C, the
triangle inequality and maxima are used. This causes the constants to become
significantly larger than necessary, leading to poor performance of the bounds
in particular if ¢ is small. Therefore, searching for smaller constants C’ < C' in
future work is in order. From a practical point of view, applicability of the bounds
seems questionable. They tend to over-approximate the error and, depending on
the second largest eigenvalue of P, can take a long time (i.e., require large values
of t) to converge to the actual error, even for small chains. Moreover, computing
Jordan canonical forms (and diagonalizations) is computationally expensive and
numerically unstable [26)53/54]. Consequently, the search for more practically
relevant bounds is an important direction for future work.

Other open questions include an extension of (g, §)-bisimulation to a notion of
(e, 9, p)-bisimulation that allows a tolerance of y in the rewards of related states,
an analysis of the achievable state space reduction in quotients w.r.t. (transitive)
(g,0)-bisimulations, and a closer look at the (approximate) preservation of logical
properties expressed by, e.g., CSL-formulas [9/I3], between (g, §)-bisimilar states.
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