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Multiperspective Ontology Management
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CONSISTENT

Multiperspective Ontology Management
4

Challenge: combining diverse (potentially conflicting) sources without weakening them
Standpoint Logic
➡ Multimodal logic characterised by simplified Kripke semantics
➡ Knowledge relative to “points of view” (standpoints)

 Unequivocal to s 
 Conceivable to s

□𝗌
◊𝗌
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➡ Knowledge relative to “points of view” (standpoints)

( L and H inherit the axioms of S )

 Unequivocal to s 
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□𝗌
◊𝗌
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(∃𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 . 𝖯𝖾𝖺𝗇𝗎𝗍)(p)(𝖯𝖾𝖺𝗇𝗎𝗍 ⊑ 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:   ,   ,    

- Assertions:   ,     

C ::= ⊤ ∣ A ∣ ¬C ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃≤nr . C ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R ⊑ R′ R ∘ R ⊑ R
C(a) r(a, b)

Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic 
6

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩⟨N𝖢, N𝖱, N𝖨⟩

∃𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 . 𝖭𝗎𝗍𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾
𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾 ⊓ ¬𝖣𝖺𝗇𝗀𝖾𝗋𝗈𝗎𝗌 ∃ ≤1𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾

∧ ¬

𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾𝖭𝗎𝗍
𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾

δ′ ′ δ = p δ′ 
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(∃𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 . ◊𝖯𝖭𝗎𝗍)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:   ,   ,    

- Assertions:   ,     

C ::= ⊤ ∣ A ∣ ¬C ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃≤nr . C ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R ⊑ R′ R ∘ R ⊑ R
C(a) r(a, b)

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲⟨N𝖢, N𝖱, N𝖨⟩

Towards Standpoint-
7

𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾𝖭𝗎𝗍
𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾
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∃𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 . 𝖭𝗎𝗍𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾

𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾 ⊓ ¬𝖣𝖺𝗇𝗀𝖾𝗋𝗈𝗎𝗌 ∃ ≤1𝗌𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝖾𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾
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C ⊑ D R ⊑ R′ R ∘ R ⊑ R
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Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:   ,   ,    

- Assertions:   ,     

C ::= ⊤ ∣ A ∣ ¬C ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃≤nr . C ∣ ⊙s C
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Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲
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Notice that  only occurs at the concept level◊𝗌
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Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0>
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Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1><δ1,1>
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Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2><δ1,1> <δ2,2>
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Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻

…

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>



Reasoning in  with Axiom- and Concept-Level Standpoint Modalities | Page𝒮ℋℐ𝒬

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo

π1

𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15

δ3Πo
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𝖦𝖯

π3

𝖤𝖣
π2

π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15
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π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15
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𝖦𝖯
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π4

π5
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δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15
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δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒 𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15
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𝖦𝖯

π3

𝖤𝖣
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π4

π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻 𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

Small model property for 𝕊
15
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𝖦𝖯
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π5

δ1

𝗍𝖳𝗋𝗂𝖡𝗒

δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻 𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>
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𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒
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15
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δ2

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝗎𝖻

𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻

Δo

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝖱,

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝗍𝖳𝗋𝗂𝖡𝗒

𝖲𝗎𝖻 𝗍𝖳𝗋𝗂𝖡𝗒

…

𝖤𝖣

Π

π𝖤𝖣

𝖦𝖯

π𝖦𝖯

π0
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

π1
𝖦𝖯,𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖲𝗎𝖻 𝖲𝗎𝖻𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖲𝖾𝗇𝗌𝖳𝗈

𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻
𝖲𝖾𝗇𝗌𝖳𝗈

𝖲𝗎𝖻 𝖠𝗅𝗅𝖾𝗋𝗀𝗒
𝖲𝖾𝗇𝗌𝖳𝗈

 
             
            

𝒦 = { □𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ 𝖠𝗇𝗍𝗂𝖻𝗈𝖽𝗒𝖱𝖾𝗅𝖾𝖺𝗌𝖾),
□𝖦𝖯 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ = 1𝖲𝖾𝗇𝗌𝗂𝗍𝗂𝗏𝗂𝗍𝗒𝖳𝗈 . 𝖲𝗎𝖻𝗌𝗍𝖺𝗇𝖼𝖾),
□𝖤𝖣 (𝖠𝗅𝗅𝖾𝗋𝗀𝗒 ⊑ ∃𝖳𝗋𝗂𝗀𝗀𝖾𝗋𝖾𝖽𝖡𝗒 . ◊𝖦𝖯𝖠𝗅𝗅𝖾𝗋𝗀𝗒)}

Δ <δ1,0> <δ2,0> <δ3,0> <δ2,1> <δ3,1> <δ1,2> <δ3,2> <δ1,3> <δ2,3><δ1,1> <δ2,2> <δ3,3>



Reasoning in  with Axiom- and Concept-Level Standpoint Modalities | Page𝒮ℋℐ𝒬

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒

𝗍𝖳𝗋𝗂𝖡𝗒

𝖠𝖱,
𝖠𝗅𝗅𝖾𝗋𝗀𝗒
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Corollary 9 . Satisfiability and statement entailment in              are EXPTIME-complete𝕊
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➡ Managing perspectives is interesting in knowledge integration scenarios

➡ Reasoning with Standpoint                 has the same complexity as with plain 

➡ Tidy models allow for implementation of translations & relying on highly optimised reasoners

➡ Nominals destroy the small model property 

Future Work:
➡ Implementation of the translation and integration with existing reasoners

➡ Reasoning with more expressive languages (eg. C2, which subsumes a lot of OWL)

➡ Towards conceptual modelling with standpoints for knowledge integration challenges



The end.


