TECHNISCHE
UNIVERSITAT
DRESDEN

Artificial Intelligence, Computational Logic

DEDUCTION SYSTEMS

Lecture 5 ASP SOIVing | *siides adapted from Torsten
Schaub [Gebser et al.(2012)]

Sarah Gaggl

Dresden, 18th June 2015



Conflict-driven ASP Solving: Overview

0 Motivation
e Preliminaries

° Boolean constraints

e Nogoods from logic programs
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Motivation of Conflict-driven ASP Solving

® Goal Approach to computing stable models of logic programs,
based on concepts from

— Constraint Processing (CP) and

— Satisfiability Testing (SAT)
® |dea View inferences in ASP as unit propagation on nogoods
® Benefits:

— A uniform constraint-based framework for different
kinds of inferences in ASP

— Advanced techniques from the areas of CP and SAT

— Highly competitive implementation
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Outline

e Preliminaries

@ Partial Interpretations
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Partial interpretations
or: 3-valued interpretations

A partial interpretation maps atoms onto truth values true, false,
and unknown
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Partial interpretations
or: 3-valued interpretations

A partial interpretation maps atoms onto truth values true, false,
and unknown
® Representation: (7, F), where
— T is the set of all 7rue atoms and

— Fis the set of all false atoms
— Truth of atoms in A\ (T U F) is unknown
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Partial interpretations
or: 3-valued interpretations

A partial interpretation maps atoms onto truth values rrue, false,
and unknown
® Representation: (7, F), where
— T is the set of all srue atoms and

— Fis the set of all false atoms
— Truth of atoms in A\ (T U F) is unknown

® Properties:
— (T, F)is conflicting if TN F # 0
— (T,F)istotal f TUF = Aand TNF =0
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Partial interpretations
or: 3-valued interpretations

A partial interpretation maps atoms onto truth values rrue, false,
and unknown
® Representation: (7, F), where
— T is the set of all 7rue atoms and
— Fis the set of all false atoms
— Truth of atoms in A\ (T U F) is unknown
® Properties:
— (T, F)is conflicting if TN F # 0
— (T,F)istotal f TUF = Aand TNF =0
® Definition: For (T}, F,) and (T, F»), define
- (T],F1> C (TQ,F2> iff T, CT, and FICF
= (T, F1) U(T2, F2) = (T1 U Ty, F1 U Fa)
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e Preliminaries

@ Unfounded Sets
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)
Intuitively, (T, F) is what we already know about P
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation
® Aset U C arom(P) is an unfounded set of P wrt (T, F)

® if we have for each rule r € P such that head(r) € U
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)

® if we have for each rule r € P such that head(r) € U
either
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)

® if we have for each rule r € P such that head(r) € U
either

@ body(r)T NF £ 0orbody(r)” NT # or
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)

® if we have for each rule r € P such that head(r) € U
either

body(r)*t N F # 0 or body(r)™ N'T # 0 or
body(r)T MU #0
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)

® if we have for each rule r € P such that head(r) € U
either

body(r)*t N F # 0 or body(r)™ N'T # 0 or
body(r)T MU #0

® Rules satisfying Condition 1 are not usable for further derivations
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Unfounded sets

Let P be a normal logic program,
and let (7, F) be a partial interpretation

® Aset U C arom(P) is an unfounded set of P wrt (T, F)

® if we have for each rule r € P such that head(r) € U
either
3 body(r)*t N F # 0 or body(r)™ N'T # 0 or
body(r)T MU #0
® Rules satisfying Condition 1 are not usable for further derivations

® Condition 2 is the unfounded set condition treating cyclic derivations: All
rules still being usable to derive an atom in U require an(other) atom in U
to be true
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Example
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Example

a <« b
P_{b(—a}

® () is an unfounded set (by definition)
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Example

a +« b
P= { b <« a }
® () is an unfounded set (by definition)

® {a} is not an unfounded set of P wrt (0, 0)
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Example

a +« b
P= { b <« a }
® () is an unfounded set (by definition)

® {a} is not an unfounded set of P wrt (0, 0)
® {4} is an unfounded set of P wrt (0, {b})
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Example

a <« b
P_{b(—a}

® () is an unfounded set (by definition)

{a} is not an unfounded set of P wrt (0, 0)
{a} is an unfounded set of P wrt (0, {b})
{a} is not an unfounded set of P wrt ({b}, 0)
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Example

a <« b
P_{b(—a}

() is an unfounded set (by definition)

{a} is not an unfounded set of P wrt (0, 0)
{a} is an unfounded set of P wrt (0, {b})
{a} is not an unfounded set of P wrt ({b}, 0)

® Analogously for {b}
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Example

a <« b
P_{b(—a}

() is an unfounded set (by definition)

{a} is not an unfounded set of P wrt (0, 0)
{a} is an unfounded set of P wrt (0, {b})
{a} is not an unfounded set of P wrt ({b}, 0)

{a, b} is an unfounded set of P wrt (0, 0
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Example

a <« b
P_{b<—a}

® () is an unfounded set (by definition)

{a} is not an unfounded set of P wrt (0, 0)
{a} is an unfounded set of P wrt (0, {b})
{a} is not an unfounded set of P wrt ({b}, 0)

{a, b} is an unfounded set of P wrt (0, 0
{a, b} is an unfounded set of P wrt any partial interpretation
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e Boolean constraints
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Assignments

® An assignment A over dom(A) = atom(P) U body(P) is a sequence

(Ulw-wo'n)

of signed literals o; of form Tv or Fv for v € dom(A) and 1 <i<n
® Tvexpresses that v is true and Fv that it is false
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Assignments

® An assignment A over dom(A) = atom(P) U body(P) is a sequence

(Ulw-wffn)

of signed literals o; of form Tv or Fv for v € dom(A) and 1 <i<n
® Tvexpresses that v is true and Fv that it is false
® The complement, 7, of a literal o is defined as Tv = Fv and Fv = Tv
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Assignments

® An assignment A over dom(A) = atom(P) U body(P) is a sequence

(Ulw-wffn)

of signed literals o; of form Tv or Fv for v € dom(A) and 1 <i<n
® Tvexpresses that v is true and Fv that it is false
® The complement, 7, of a literal o is defined as Tv = Fv and Fv = Tv
® A oo stands for the result of appending o to A
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Assignments

® An assignment A over dom(A) = atom(P) U body(P) is a sequence

(0-11“‘70-71)

of signed literals o; of form Tv or Fv for v € dom(A) and 1 <i<n

Tv expresses that v is true and Fv that it is false

The complement, 7, of a literal ¢ is defined as Tv = Fv and Fv = Tv
A o o stands for the result of appending o to A

Given A = (o1, ...,0k—1,0%,...,0n), We let Aloy] = (o1,...,0%—1)
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Assignments

® An assignment A over dom(A) = atom(P) U body(P) is a sequence

(U],...,O’n)

of signed literals o; of form Tv or Fv for v € dom(A) and 1 <i<n

Tv expresses that v is true and Fv that it is false

The complement, 7, of a literal ¢ is defined as Tv = Fv and Fv = Tv
A o o stands for the result of appending o to A

Given A = (o1, ...,0k—1,0%,...,0n), We let Aloy] = (o1,...,0%—1)
We sometimes identify an assignment with the set of its literals
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Assignments

® An assignment A over dom(A) = atom(P) U body(P) is a sequence

(U],...,O’n)

of signed literals o; of form Tv or Fv for v € dom(A) and 1 <i<n

Tv expresses that v is true and Fv that it is false

The complement, 7, of a literal ¢ is defined as Tv = Fv and Fv = Tv
A o o stands for the result of appending o to A

Given A = (o1, ...,0k—1,0%,...,0n), We let Aloy] = (o1,...,0%—1)
We sometimes identify an assignment with the set of its literals
Given this, we access true and false propositions in A via

AT = {v € dom(A) | Tv € A} and AT = {v € dom(A) | Fv € A}
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Nogoods, solutions, and unit propagation

® Anogoodis aset{cy,...,o,} of signed literals,
expressing a constraint violated by any assignment
containing oy, ...,on

TU Dresden, 18th June 2015 DS slide 36 of 67



Nogoods, solutions, and unit propagation

® Anogoodis aset{oy,...,o,} of signed literals,
expressing a constraint violated by any assignment
containing oy, ...,on

® An assignment A such that AT U A¥ = dom(A) and AT N AF =@
is a solution for a set A of nogoods, if § Z A forall § € A

TU Dresden, 18th June 2015 DS slide 37 of 67



Nogoods, solutions, and unit propagation

® Anogoodis aset{oy,...,o,} of signed literals,
expressing a constraint violated by any assignment
containing oy, ...,on

® An assignment A such that AT U A¥ = dom(A) and AT N AF =@
is a solution for a set A of nogoods, if § Z A forall § € A

® For a nogood ¢, a literal o € 4, and an assignment A, we say that
7 is unit-resulting for § wrt A, if

36\A:{a}and
TZA
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Nogoods, solutions, and unit propagation

® Anogoodis aset{oy,...,o,} of signed literals,
expressing a constraint violated by any assignment
containing oy, ...,on

® An assignment A such that AT U A¥ = dom(A) and AT N AF =@
is a solution for a set A of nogoods, if § Z A forall § € A

® For a nogood ¢, a literal o € 4, and an assignment A, we say that
7 is unit-resulting for § wrt A, if

36\A:{a}and
TZA

® For a set A of nogoods and an assignment A, unit propagation is the
iterated process of extending A with unit-resulting literals until no further
literal is unit-resulting for any nogood in A
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Outline

° Nogoods from logic programs
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Outline

Nogoods from logic programs
@ Nogoods from program completion
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Nogoods from logic programs
via program completion

The completion of a logic program P can be defined as follows:

{vgar Ao Nam AN —appr N+ A —ay |
B € body(P),B = {ay, . .., am,not ayy1,...,not a,}}

U {a<>vp V- -V | ac atom(P),body(a) = {Bi,...,Bi}},

where body(a) = {body(r) | r € P, head(r) = a}
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Nogoods from logic programs
via program completion

® The (body-oriented) equivalence
v > ap N Nam NGy N N ay

can be decomposed into two implications:
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Nogoods from logic programs
via program completion

® The (body-oriented) equivalence
vp<rair N Nam Ny N N ay

can be decomposed into two implications:

° vp —>ayp N Nam N\ g A N ap
is equivalent to the conjunction of

—vgVay, ..., g Vam, vV "y, ..., VBV Tdy
and induces the set of nogoods

A(B) = {{TB,Fa\},...,{TB,Fan},{TB,Tay+1},...,{TB,Ta,}}
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Nogoods from logic programs
via program completion

® The (body-oriented) equivalence
vp<rair N Nam Ny N N ay

can be decomposed into two implications:

e ay N - Nam N "y N2 N\ 2ap — VB
gives rise to the nogood

6(B) ={FB,Tay,...,Tan,Fay,,...,Fa,}
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Nogoods from logic programs
via program completion

® Analogously, the (atom-oriented) equivalence
a<>vp V--- Vg,
yields the nogoods
@ 2(0) ={{Fa,TB\},...,{Fa,TB;}} and

© 6(a) = {Ta,FB,,...,FB}
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get

{Ta,FBl, . 7I"Bk} and {{Fa, TBl}, ey {Fa, TBk}}
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Nogoods from logic programs

atom-oriented nogoods

® For an atom a where body(a) = {By, ..

{Ta,FB,,..

., B¢}, we get

. 7I"Bk} and {{Fa, TBl},. . .,{Fa, TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X
X

—
<+

y
not z

TU Dresden, 18th June 2015

{Tx,F{y}, F{not z}}
{{Fx, T{y}}, {Fx,T{not z}} }
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z}}, the signed literal
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X 4+ notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z} }, the signed literal
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z}}, the signed literal
— Fxis unit-resulting wrt assignment (F{y}, F{not z}) and
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z} }, the signed literal
— Fxis unit-resulting wrt assignment (F{y}, F{not z}) and
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z} }, the signed literal
— Fxis unit-resulting wrt assignment (F{y}, F{not z}) and
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X <~ vy {Tx,F{y},F{not z}}
X 4 notz {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z}}, the signed literal
— Fxis unit-resulting wrt assignment (F{y}, F{not z}) and
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X <~ vy {Tx,F{y},F{not z}}
X 4 notz {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z}}, the signed literal
— Fxis unit-resulting wrt assignment (F{y}, F{not z}) and
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z}}, the signed literal

— T{not z} is unit-resulting wrt assignment (T, F{y})

TU Dresden, 18th June 2015 DS slide 56 of 67



Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z} }, the signed literal

— T{not z} is unit-resulting wrt assignment (T, F{y})
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X + vy {Tx,F{y}, F{not z}}
X <4 notg {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z} }, the signed literal

— T{not z} is unit-resulting wrt assignment (T, F{y})
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

T {Tx, F{y}, F{not }}
© e notz {{Fx, T3}, (Fx. T{nor 31} }

For nogood {Tx, F{y}, F{not z}}, the signed literal

— T{not z} is unit-resulting wrt assignment (T, F{y})
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Nogoods from logic programs
atom-oriented nogoods

® For an atom a where body(a) = {Bi, ..., By}, we get
{Ta,FBl,...,FBk} and {{Fa,TBl},...,{Fa,TBk}}

® Example Given Atom x with body(x) = {{y}, {not z}}, we obtain

X o« {Tx, F{y}, F{not z}}
X 4 notz {{Fx,T{y}}, {Fx,T{not z}} }

For nogood {Tx, F{y}, F{not z}}, the signed literal

— T{not z} is unit-resulting wrt assignment (T, F{y})
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Nogoods from logic programs
body-oriented nogoods

® Forabody B = {ai,...,am,not amyi,...,not a,}, we get

{FB,Tay,...,Tan,Fany1,...,Fa,}
{{TB,Fa\},...,{TB,Fa,},{TB,Tay1\},...,{TB,Ta,}}
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Nogoods from logic programs
body-oriented nogoods

® Forabody B = {ai,...,am,not amyi,...,not a,}, we get

{FB, Tah v 7Tam7Fam+17 cee 7Fan}
{{TB,Fa,},... ,{TB,Fay},{TB,Tay+.},...,{TB,Ta,} }

® Example Given Body {x, not y}, we obtain

e nnoty {F{x,not y}, Tx,Fy}
. xnoty {{T{x,not y},Fx},{T{x,not y}, Ty} }
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Nogoods from logic programs
body-oriented nogoods

® Forabody B = {ai,...,am,not amyi,...,not a,}, we get

{FB,Tay,...,Tan,Fayyi,...,Fa,}
{{TB,Fa,},... ,{TB,Fay},{TB,Ta,+.},...,{TB,Ta,} }

® Example Given Body {x, not y}, we obtain

e nnoty {F{x,not y}, Tx,Fy}
. xnoty {{T{x,not y},Fx},{T{x,not y}, Ty} }

For nogood & ({x, not y}) = {F{x, not y}, Tx, Fy}, the signed literal

— T{x,not y} is unit-resulting wrt assignment (7x, Fy) and
— Ty is unit-resulting wrt assignment (F{x, not y}, Tx)
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Characterization of stable models
for tight logic programs, ie. free of positive recursion

Let P be a logic program and

Ap = {d(a)|a € atom(P)} U{é € A(a) | a € atom(P)}
U {6(B) | B € body(P)}U{d € A(B) | B € body(P)}
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Characterization of stable models
for tight logic programs, ie. free of positive recursion

Let P be a logic program and

Ap = {d(a)|a € atom(P)} U{é € A(a) | a € atom(P)}
U  {6(B) | B € body(P)} U{5 € A(B) | B € body(P)}

Let P be a tight logic program. Then,
X C atom(P) is a stable model of P iff
X = AT N atom(P) for a (unique) solution A for Ap
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Summary

Partial assignments

Unfounded sets

Unit resulting literals

Unit propagation

Nogoods via program completion

Characterization of stable models of tight programs in terms of nogoods.
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® See also: http://potassco.sourceforge.net
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