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Logic Programming

» Restriction of the resolution rule
> efficient implementation
» Strong connection between program clauses and procedures

> programming
> declarative semantics

» Computational adequateness

> every computable function can be expressed by a definite logic program
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Definite Program Clauses

» Recall clauses
[A1,...,An, =By, ..., Bm]

where A;,0 < i < n,and B;, 0 < j < m, are atoms
> Aj positive
> —B;j negative literals

» Definition

> A definite program clause is a clause
which contains precisely one positive literal

> A unit clause or fact is a definite program clause
which does not contain negative literals
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Notation

» We find

[A, =By, ..., Bm]

» We denote definite program clauses by

A<—B1/\

and facts by

A

assuming that A binds stronger than <

(AV[—|B1,...,—|Bm])
(AV —(By, ..., Bm))
(A<_ (B1,...,Bm>)

A Bm

» In the programming language Prolog program clauses are denoted as

A:—B1,..

A.
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Definite Programs

» Definition Let A < By A ... A Bn be a definite program clause
> Ais called head

> By A ... A Bnis called body of the program clause

» Definition A definite program is a first-order logic sentence V (Cy, . . ., Cp)
in clause form, where each C;, 1 < j < £, is a definite program clause

» Notation

> Quantifiers and angular brackets are omitted
> Program clauses are written one above the other
> In the sequel 7P denotes a definite program
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Example

Calls

Steffen Holldobler

append([], L, L)
append([K|R), L, [K|L1]) +- append(R, L, L1)

shuffle(L,[], L)
shuffle(L, [K|R], S) < append(Ly, L, L)

A shuffle(Ly, R, Sy)

A append(Ly, [K|S1], S)
+ append([1, 2], [3, 4, 5], Z)
«+append(X,[3,4,5],[1,2,3,4,5])
«—append(X,Y,[1,2,3,4,5])
<« append(X, Y, 2)

< shuffle([a, b, c], [1, 2, 3], X)
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Definite Goals

» Definition A definite goal is a clause containing only negative literals
Each of these negative literals is called subgoal

» Notation

> Because
[ﬁB1,...,—|Bm] ([]\/[—|B1,...,ﬁBm])
([] \% _|<B1,...,Bm>)

([] <~ <B1,...,Bm))

we write goals in the form
+<BiAN...\NBn
> In the sequel G denotes a definite goal

» The empty clause [] is a definite goal

» In Prolog definite goals are denoted by

7—B,...,Bm.
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Goals as Queries

» Let P =V (Cy,..., Cp) be adefinite program

» We find

PE=3(B,...

7Bm>

it P — 3(B,...,Bm)
it —~(P — 3(Bi,...,Bm))
iff —|(—|'P\/E|(B1,...,Bm))
iff ==P A—=3(Bq,...,Bm)
iff 'P/\—|E|<B1,...,Bm>
itt P AY=(Bi,...,Bm)
itf PAV(—BiA...ABmn)

iff V(Ci,..

.yCpy < By A... \Bm)

valid (Theorem 3.17)

unsatisfiable (Theorem 3.14)
unsatisfiable (Theorem 3.19)
unsatisfiable (Theorem 3.19)
unsatisfiable (Theorem 3.19)
unsatisfiable (Theorem 4.32)
unsatisfiable (Theorem 3.19)
unsatisfiable (Theorem 4.32)

» Goals are queries concerning the existence of objects which meet certain

conditions
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Horn Clauses

» Definition A Horn clause is a definite program clause or a definite goal

» We restrict ourselves to Horn clauses in this chapter
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Semantics

» Let P be a definite program over R, F, and V

> F must contain at least one constant symbol
> P is in Skolem normal form
> We can restrict interpretations to Herbrand interpretations (Theorem 4.60)

» The set T (F) of closed terms is called Herbrand universe

» The set A(R, F) of closed atoms is called Herbrand base

> Each Herbrand interpretation can be represented by some I C A(R, F)
and vice versa
> 2A(R.7) is the set of all Herbrand interpretations

> (2ARF) C) is a complete lattice
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Example

» LetR = {p/1, q/1} and F = {a/0,b/0}

> T(F) ={a, b}
> A(R,F) = {p(a), p(b), q(a), q(b)}
> There are 2* = 16 different Herbrand interpretations

» Let P be the program consisting of p(a)
a(X) + p(X)
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The Complete Lattice of Herbrand Interpretations

{p(a), p(b), q(a), q(b)}

e

{p(a), p(b), a(a)}  {p(a), p(b), q(b)} {p(a),q(a), q(b)}  {p(b),q(a), q(b)}
{p(a), p(b)} {p(a),a(a)} {p(a),qa(b)} {p(b),q(a)} {p(b),aq(b)} {q(a),q(b)}

{r(@} {p®)} {a9(@} {a(b)}

W

0
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Example Continued

» Let P be the program consisting of  p(a)
q(X) < p(X)
> h = AR, F) = {p(a), p(b), q(a), q(b)} is a model for P
> b = {p(a), q(a), q(b)} is a model for P

» Observation

> I4 N bk is a model for P

> This holds generally:
The intersection of two models for P is a model for P

Steffen Halldobler INTERNATIONAL CENTER
Foundations of Logic Programming FOR COMPUTATIONAL LOGIC



TECHNISCHE
@ UNIVERSITAT
DRESDEN

Least Models

» Proposition Let M be a non-empty set of Herbrand models for P
Then, ﬂ,EM I is also a Herbrand model for P

» Proof Let M be a non-empty set of Herbrand models for P

> J := ;e aq | is @ Herbrand interpretation for P
> Toshow JgEP
> Suppose J £ P
>

Then we find a ground instance A < B; A ... A By of a clause in P
with {By,...,Bn} CJand Ag J

> Then we find / € M with {By,...,Bn} Cland A& |
> Hence I [£ P contradiction
> Thus J = P

» Notation Mp denotes the least Herbrand model for P
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Model Theoretic Semantics

» Theorem Mp ={A|Ac A(R,F)and P = A}

» Proof
PEA iff EP—A (Theorem 3.17)
iff —(P — A) is unsatisfiable (Theorem 3.14)
iff  —(—P Vv A) is unsatisfiable (Theorem 3.19)
iff ——=P A —Ais unsatisfiable (Theorem 3.19)
iff P A —Ais unsatisfiable (Theorem 3.19)
iff P A —A has no Herbrand models (Theorem 4.60)

iff ~—Ais false under all Herbrand models of P
iff  Ais true under all Herbrand models of P
iff Ac Mp

Steffen Halldobler INTERNATIONAL CENTER [3
Foundations of Logic Programming FOR COMPUTATIONAL LOGIC



TECHNISCHE
UNIVERSITAT
DRESDEN
A Semantic Operator

» Remember
> (2AMRF) C) is a complete lattice
> Each montone mapping T over a complete lattice has a least fixed point

» ltis denoted by /fp(T)

» Definition Let I be a Herbrand interpretation
The mapping T : 2A(R:F) 5 2A(R.F) js defined by

Tp(l) = {A| A<+ By A... A Bnyis the ground instance of a clause in P
and {By,...,Bp} C I}

» Example LetPbe p(a)
r(f(f(X))) + p(X)
r(f(Y)) < r(Y)

{r(a)}
{p(a), r(f(f(a)))}
{p(a), r(f(f(a))), r(f(f(f(a))))}

Then Tp(0)
Tr({p(a)})
Tr({p(a), r(f(f(a)))})
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Fixed Point Semantics

» Proposition Tp is monotone and continuous
» Theorem Mp = Ifp (Tp)

» The least fixed point of T» can be computed as follows: Let

Tp 1 0 0
Tp 1t (n+1) Tp(Tp+ n) ifneN

Then Ifp (Tp) =Ilub({Tp *+ n| n e N})
where lub denotes the least upper bound

» Example LetPbe p(a)
r(f(f(X))) < p(X)
r(f(Y)) < r(Y)

Then Ifp (Tp) = {p(a)} U {r(fi(a)) | i > 2}
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Some Properties

» Theorem (Undecidability)
The question ’is P A G unsatisfiable’ is undecidable

» Theorem (Universality)
Each partially recursive function can be computed by a definite program
» Theorem (Monotonicity)

Let P and P’ be definite programs and F a sentence
fPE=FthenPAP EF
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Extensions

» We will allow negation in the body of clauses

a<+ bAn-c

» It is sometimes convenient to introduce the symbols T and L
denoting truth and falsehood, respectively, i.e.
I(T) =T and /(L) = _L for all interpretations /

» Then, facts can be written in the form

A—T

» We will allow assumptions of the form

A<+ L

» We will consider three-valued logics mapping formulas to {T, L, U}

» We will consider non-monotonic logics
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