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Abstract We propose a new integration of rule reasoners with one or
more RDF stores, using selective SPARQL queries to fetch relevant data.
In contrast to previous implementations that merely import results of
fixed SPARQL queries, our approach relies on pure logic programs over
RDF triple data. Transparent to the user, optimised SPARQL queries
then are constructed and evaluated during reasoning. To ensure good
performance, we develop optimisation methods that adopt ideas from
logic program optimisation, including semi-naive evaluation, magic sets,
and static filtering. Based on the integration of our methods into the
open source rule engine Nemo, we empirically evaluate our approach
with complex rule sets over large knowledge graphs.

1 Introduction

Rule languages have a long history in relation to the Semantic Web, know-
ledge graphs, and ontologies [12,13,15,11,24,5,2,6,30]. Indeed, rules embody an
attractive combination of declarative knowledge modelling and efficient practical
evaluation that scales to large data sets. Example uses include ontological reas-
oning [13,19], query answering [29,5], graph transformation [27,8], and general
data analysis [25]. Datalog has emerged as a robust and extensible rule language
that can support many of these applications [21], and several modern Datalog
systems natively support RDF [24,28,14].

Nevertheless, the use of rules over modern knowledge graphs remains challen-
ging due to their increasing scale and dynamicity. The RDF export of Wikidata
[9], e.g., currently consists of over 17 billion triples1 with update rates reaching
over 100 triples per second.2 Rule reasoners with their highly recursive compu-
tations and analytic query patterns are often designed as in-memory systems,3
which would require main memory in the range of terabytes to load such data.

As a possible way forward, some rule systems support the use of RDF data-
base backends for managing large knowledge graphs, and access data by means of
SPARQL queries [14,6].4 This is a meaningful setting, since Datalog has many
1 Source: grafana.wikimedia.org, triples of main + scholarly graph, 04 Dec 2025
2 Source: grafana.wikimedia.org, WDQS streaming updater, 04 Dec 2025
3 DBMS-based rule engines exist, but tend to be significantly slower [3].
4 RDFox also added this feature recently; see docs.oxfordsemantic.tech
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benefits that even an efficient SPARQL implementation cannot offer. For ex-
ample, reasoning for lightweight ontology languages like OWL EL and OWL RL
is possible in Datalog [19,20], but not in SPARQL. This is typical for PTime-
hard problems, since SPARQL can only solve problems in NL (data complex-
ity), widely conjectured to be strictly smaller than PTime.5 Even tasks in NL
often require Datalog. For example, SPARQL can check for recursive reachab-
ility (via path patterns), but not if additional conditions are required of each
element along the path. In Wikidata, e.g., statements are represented by own
graph nodes that can be marked as deprecated : checking reachability via non-
deprecated statements is easy in Datalog but impossible in SPARQL. Finally,
even in cases where SPARQL could suffice in principle, more advanced analyses
quickly lead to excessively large and complex queries that are hard to maintain
and slow to execute. For example, SPARQL has been shown to support OWL QL
reasoning, but the resulting queries are too large to be feasible in practice [4].

It is therefore well-motivated to use Datalog on top of SPARQL databases to
combine expressive power with scalable data management. However, in current
systems, this requires users to be proficient in both SPARQL and Datalog, and
to decide how to split the work between both technologies. We therefore propose
a new approach where RDF data is still fetched from a (possibly remote) RDF
database, but the required SPARQL queries are automatically computed and
optimised by the system. From a user perspective, rules refer to RDF data as if
it were locally loaded, and no knowledge of SPARQL is required.

To make this work, we develop static (compile-time) and dynamic (inference-
time) optimisations to reduce the amount of data that needs to be transferred.
We thereby take inspiration from several optimisation methods from logic pro-
gramming, notably semi-naive evaluation [1], magic sets [1], and static filtering
[10]. Since we support the use of data from several RDF databases, our work also
can be seen as a framework for federated RDF query answering with a rule-based
query language. Indeed, our basic SPARQL compilation resembles an optimised
version of exclusive groups [26]. One way in which our optimisations improve
upon these known methods is by avoiding Cartesian products.

We have integrated our approach into Nemo [14], which forms the basis for an
empirical evaluation. Comparing our implementation to other Datalog engines
that support SPARQL data imports, we observe advantages in terms of runtime
and transferred data. A subsequent ablation study indicates that each of our
optimisation steps individually contributes to these overall performance gains.

Regarding RDF and SPARQL, some general familiarity is sufficient to follow
our paper; regarding Datalog, we provide a self-contained introduction. Evalu-
ation resources are available online; additional proof details for our theoretical
results are in the appendix.

5 For RL and EL, Krötzsch’s analyses of minimal Datalog predicate arity also exclude
SPARQL without relying on complexity-theoretical conjectures [19,20].
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2 Datalog over RDF

We consider a minimal rule language that includes only the features relevant to
our approach: plain Datalog with input negation, extended with special RDF
input predicates to access triples from one or more RDF datasets. Our approach
is compatible with many further Datalog features, such as built-in filter expres-
sions, stratified negation, or aggregation operators [21], but they are not needed
to present our contributions.

Terms We consider a set C of constants that includes, in particular, all IRIs
and RDF literals [7], and a set V of variables disjoint from C. The set of (Data-
log) terms is T = C ∪V. We generally disallow RDF blank nodes (bnodes) in
data, rules, and queries. On the one hand, SPARQL cannot be used to retrieve
information on specific bnodes in data: query results may use arbitrary (local)
bnode ids, and bnodes in queries are semantically equivalent to unselected vari-
ables, which may represent any RDF term. On the other hand, bnodes in rules
and queries can always be replaced by suitably quantified variables.6

Rules and Facts An atom has the form p(t1, . . . , tk) where p is a predicate
symbol of arity ar(p) = k, and each ti for 1 ≤ i ≤ k is a term. We write P for
the set of all predicate symbols, and denote lists of terms ⟨t1, . . . , tk⟩ as t, where
|t| = k (and similarly for lists of constants c and lists of variables x). A literal is
an expression that is an atom A or a negated atom ¬A.7 A rule ρ has the form

H ← B1 ∧ · · · ∧Bn ∧ ¬Bn+1 ∧ · · · ∧ ¬Bℓ (1)

where H and Bi (1 ≤ i ≤ ℓ) are atoms, called head and body, respectively.
We use notation head(ρ) = H, body+(ρ) = {B1, . . . , Bn}, and body−(ρ) =
{Bn+1, . . . , Bℓ}. We require that each variable in ρ also occurs in at least one
atom in body+(ρ) (safety). We allow ℓ = 0 and omit ← in this case: then H
contains no variables (by safety) and is called a fact.

Programs and Datasets A (Datalog) program is a triple ⟨Π,Pin,Pout⟩ where
Π is a set of rules and Pin and Pout are finite sets of input and output predicates,
respectively, such that (a) input predicates only occur in rule bodies, and (b)
negated atoms only use input predicates. A dataset for ⟨Π,Pin,Pout⟩ is a finite
set D of facts that use only predicates from Pin. We often omit Pin and Pout
when clear from the context.

RDF Graphs as Inputs An RDF graph G is a finite set of triples ⟨s, p, o⟩
with s and p an IRI, and o an IRI or RDF literal.8 Given a dataset D, the input
predicate p ∈ Pin is an RDF import for G if ar(p) = 3 and p(s, p, o) ∈ D if and
only if ⟨s, p, o⟩ ∈ G.

6 Datalog has been generalised to existential rules to add the capacity for value in-
vention [23,3], which corresponds to the use of bnodes in inferred facts.

7 We always use literal in this sense and write RDF literal to refer to the RDF term.
8 As before, we exclude bnodes. The other conditions reflect syntactic restrictions of

the RDF standard; in Datalog, we generally allow arbitrary constants in all positions.
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Example 1. The following Datalog program uses RDF import predicate triple
and output predicate label to find all labels given for any subproperty of rdfs:label
(we use common namespace abbreviations for readability):

labelProp(rdfs:label) (2)
labelProp(x)← triple(x, rdfs:subPropertyOf, y) ∧ labelProp(y) (3)

label(x, y)← labelProp(z) ∧ triple(x, z, y) (4)

Semantics A substitution σ is a mapping from finitely many variables to
constants. For a term, rule, atom, or set of such expressions φ, we write φσ for
the result of replacing each variable x in φ for which σ is defined by σ(x). For a
program Π and a set of facts I, we define

Π(I) := {head(ρ)σ | there is ρ ∈ Π and a substitution σ such that

body+(ρ)σ ⊆ I and body−(ρ)σ ∩ I = ∅}
(5)

Given a dataset D for Π, let D0 := D, let Di+1 := Di ∪ Π(Di) for all i ≥ 0,
and let D∞ :=

⋃
i≥0Di. The output out(Π,D) of Π over D is the set of all facts

p(t) ∈ D∞ with p ∈ Pout.
Since there are only finitely many possible facts over the constants and pre-

dicates in D and Π, the monotonically increasing sequence D0 ⊆ D1 ⊆ . . .
reaches a fixed point Dj = Dj+1 after finitely many steps j, and D∞ = Dj .

Example 2. For the program Π of Example 1 and imported RDF graph

{⟨schema:name, rdfs:subPropertyOf, rdfs:label⟩,
⟨a, rdfs:label, "Alice"⟩, ⟨b, schema:name, "Bob"⟩, },

the output is {label(a, "Alice"), label(b, "Bob")}. With D the imported dataset,
we get D1 = D ∪ {labelProp(rdfs:label)}, D2 = D1 ∪ {labelProp(schema:name),
label(a, "Alice")}, and D3 = D2 ∪ {label(b, "Bob")} = D4 = D∞.

3 Incremental Data Imports via SPARQL

RDF imports through triple predicates are the simplest, most direct interface
of rules and RDF data. Datalog systems that use similar triple predicates for
presenting RDF data include Nemo [14], RDFox [24], and VLog [6]. When data
is stored in a suitable RDF database management system, triple data can also
be obtained by the SPARQL query SELECT ?s ?p ?o WHERE { ?s ?p ?o }.

However, running this query on a database with billions of triples is not
practical, and more selective queries that only retrieve relevant triples would be
desirable. For example, the triple atom in rule (3) only requires us to retrieve
subjects of triples with predicate rdfs:subPropertyOf and some object o for which
labelProp(o) holds true. We therefore introduce SPARQL-based import rules that
incorporate data bindings from the Datalog program evaluation.

The next definition (like our earlier definitions) specifies an abstract syntactic
structure, without considering concrete aspects of practical encoding. We assume
that the variables used in SPARQL queries are in our variable set V.



SPARQLing Datalog 5

Definition 1. A SPARQL import rule for a program ⟨Π,Pin,Pout⟩ has the form

p(x)← Q@ep ∧B1 ∧ . . . ∧Bn (6)

where p ∈ Pin is an input predicate, Q is a SPARQL query with result variables
x, ep is the URL of a SPARQL service endpoint, and B1, . . . , Bn are atoms,
called binding atoms, that only contain variables from x or constants.

Example 3. Let Q[s, p, o] be the above SPARQL query for all triples, with vari-
ables s, p, and o. To replace the triple predicate in rule (3) of Example 1, we can
define a SPARQL import rule

spoTriple(s, p, o)← Q@ep ∧ p=rdfs:subPropertyOf ∧ labelProp(o) (7)

for a new input predicate spoTriple and a suitable endpoint ep. We use a predicate
=rdfs:subPropertyOf of arity 1, which could be defined by a single program fact.
In Section 4, we just incorporate constants into queries. Note that bindings may
use recursively defined predicates, such as labelProp.

Definition 2. Consider a SPARQL import rule ρ of the form (6), and let Qep

be the set of all tuples that only contain IRIs or RDF literals.9 For a set of facts
I we define

ρ(I) := {p(x)σ | xσ ∈ Qep and B1σ, . . . , Bnσ ∈ I} (8)

For a Datalog program Π, a set Σ of SPARQL import rules, and a dataset
D, we define D0 := D, Di+1 := Di ∪ Π(Di) ∪

⋃
ρ∈Σ ρ(Di) for all i ≥ 0, and

D∞ :=
⋃

i≥0Di. We write out(Π,Σ,D) for the set of all output facts in D∞.

As before, the sequence D0 ⊆ D1 ⊆ . . . reaches the fixed point D∞ in finitely
many steps. SPARQL import rules ρ can be evaluated incrementally during this
computation by syntactically restricting the SPARQL query to ensure that all
results agree with a combination of facts for the binding atoms. The VALUES
operator of SPARQL 1.1 can be used for that purpose:

Definition 3. Consider a SPARQL import rule ρ of the form (6). For a bind-
ing atom Bi = q(y1, . . . , ym) of ρ and a set of facts Iq = {q(c11, . . . , c1m), . . . ,
q(cℓ1, . . . , c

ℓ
m)}, let values(Bi, Iq) be the following SPARQL expression:

VALUES(y1 · · · ym){(c11 · · · c1m) . . . (cℓ1 · · · cℓm)} (9)

Given fact sets I1, . . . , In for each binding atom in ρ, Q[I1, . . . , In] is the SPARQL
query obtained from Q by adding the expressions values(Bi, Ii) for all 1 ≤ i ≤ n
to the outermost group graph pattern in Q.

9 As mentioned before, we assume that no bnodes occur anywhere. We also filter
unbound values here: they will never occur in the queries we use later on.
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In practice, encoding possible values like this can lead to large queries, but
we observed that current public SPARQL services can successfully handle in the
order of 104–105 tuples in a single query. For even larger numbers of bindings,
our evaluation prototype used in Section 6 partitions I1 × · · · × In over several
requests and combines the results. Our use of several binding atoms Bi and cor-
responding VALUES clauses already contributes greatly to the reduction in query
size in cases where binding atoms do not share variables, and would therefore
lead to a Cartesian product when incorporated into a single binding relation.
We take this into account when extracting SPARQL import rules in Section 4.

A naive reasoning approach that uses all current binding facts in each itera-
tion would still be impractical, since it would include all bindings from previous
steps, leading to redundant results and increasingly large SPARQL queries. We
prevent this by adopting the so-called semi-naive Datalog evaluation strategy [1]
to SPARQL import rules, which allows iterative queries to focus on the subset
of newly derived facts ∆ ⊆ I:

Definition 4. For a set of facts I and predicate q, let I|q be the set of all
q-facts in I. Consider a SPARQL import rule ρ as in (6), where qi is the pre-
dicate of binding atom Bi. For a set of facts I, a subset ∆ ⊆ I, and a number
1 ≤ j ≤ n, the semi-naive rewriting Q[I, ∆, j] of Q is the SPARQL query
Q[J−

1 , . . . ,J−
j−1,J∆

j ,J +
j+1, . . . ,J +

n ] as given in Definition 3 for the sets of facts
J−
i := (I \∆)|qi , J∆

i := ∆|qi , and J +
i := I|qi , for each 1 ≤ i ≤ n. Evaluating

all semi-naive rewritings for I and ∆ over the given endpoint ep, we obtain:

ρ(I, ∆) :=

n⋃
j=1

{p(c) | c ∈ Q[I, ∆, j]ep} (10)

For a Datalog program Π, a set Σ of SPARQL import rules, and a dataset
D, we define D0 := D and ∆0 := D, Di+1 := Di ∪Π(Di) ∪

⋃
ρ∈Σ ρ(Di, ∆i) and

∆i+1 = Di+1 \ Di for all i ≥ 0, and D∞ :=
⋃

i≥0Di.

The evaluation result defined in (10) can equivalently be defined by adding
to (6) the requirement that there is some j such that Bjσ ∈ ∆. Indeed, a tuple
c = ⟨c1, . . . , ck⟩ is in Q[I, ∆, j]ep if and only if c ∈ ρ(I) and j is the smallest
number in {1, . . . , n} for which qj(c) ∈ ∆. In particular, ρ(Di+1, ∆i+1) therefore
includes all tuples of ρ(Di+1) that were not already in ρ(Di). We therefore obtain
the following correctness result:

Theorem 1. For every Datalog program Π with input rules Σ and input dataset
D, the semi-naive incremental SPARQL import of Definition 4 yields the same
result D∞ as the import of all query results as per Definition 2.

Standard semi-naive evaluation can of course also be used for optimising the
evaluation of Datalog rules, but this is not our concern here. Our new imple-
mentation ensures that suitable bindings are passed on to SPARQL imports,
while relying on an existing (semi-naive) rule engine for standard Datalog rules.
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4 From Triple Predicates to SPARQL Imports

To apply the efficient SPARQL import strategy of Section 3 to Datalog over
RDF as introduced in Section 2, we rewrite triple atoms into more specialised
SPARQL queries, and define suitable binding atoms. Therefore, we assume that
some RDF import predicates t ∈ Pin are associated with a SPARQL service URL
(“endpoint”) orig(t) that is the origin of the imported triples; for all other “local”
predicates p, we set orig(p) = loc. As before, we require that the imported triple
facts p(s, p, o) in input datasets D agree with the RDF triples ⟨s, p, o⟩ accessible
at the endpoint orig(p). This is a purely conceptual view to ease our presentation;
we will not materialise D in practice.

We extend orig to negated or non-negated atoms (literals) L by setting
orig(L) = orig(p) for the predicate p of L. Moreover, if a set L contains only
literals with the same origin, we may denote the latter by orig(L). For E a lo-
gical expression or set of such expressions, we write var(E) for the set of all
variables in E.

Conjunctions of same-origin RDF import literals can be rewritten to SPARQL:

Definition 5. For a set of literals L with uniform orig(L) = u ̸= loc, and
a set of variables V ⊆ var(L), we write sparql(L, V ) for the SPARQL query
SELECT V WHERE G, where G is the group graph pattern that contains (1) for
every t(s, p, o) ∈ L, the triple pattern s p o . and (2) for every ¬t(s, p, o) ∈ L,
the expression FILTER NOT EXISTS{ s p o . }.

Combining triple patterns that refer to the same endpoint is a known method
in SPARQL federation, where such combined patterns are known as exclusive
groups [26]. However, blindly merging such groups may lead to inefficient queries
if the resulting join patterns contain a Cartesian product.10 We therefore group
(body) literals into components based on origin and variable structure:

Definition 6. For a set of atoms A, let ∼ be the smallest transitive relation
∼ ⊆ A×A such that A ∼ B holds if var(A)∩ var(B) ̸= ∅ and orig(A) = orig(B).
The set Cmp(A) of components of A is the set of all ∼ equivalence classes.

For a set of literals L, let L+ be the set of all non-negated atoms in L, and
let L− be the set of all negated atoms in L. For a subset M ⊆ L, we define the
set LOCL(M) of locally overlapping components as

LOCL(M) = {D ∈ Cmp(L+) | orig(D) = loc, var(M) ∩ var(D) ̸= ∅}.

For a component C ∈ Cmp(L+) the extended component ecL(C) is the set

C ∪ {¬B ∈ L− | orig(¬B) = orig(C), var(¬B) ⊆ var(C ∪
⋃

LOCL(C))}.

The set of extended components of L is denoted EC(L). Finally, nocmp(L) is the
set L \

⋃
EC(L) of literals that are not in any extended component.

10 This is mostly ignored in SPARQL federation, possibly since typical SPARQL queries
do not reach a size and complexity where products are likely.
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Algorithm 1: Function sparqlImport(L, q[V ],B, Π,Σ)

Input: literal set L with orig(L) ̸= loc, import atom q[V ], rule body B,
program Π, SPARQL import rules Σ

Output: extended program Π and SPARQL import rules Σ
1 Bimport := sparql(L, V )@orig(L)
2 for D ∈ LOCB(L) do
3 W := var(D) ∩ var(L)
4 Bimport := Bimport ∧ b[W ] for a fresh predicate b of arity |W |
5 Π := Π ∪ {b[W ]← ecB(D)}
6 return ⟨Π,Σ ∪ {q[V ]← Bimport}⟩

Intuitively, the components of Definition 6 are connected components of the
“shares-some-variable” graph over a subset of atoms of the same origin. That
∼ is an equivalence relation is immediate from its definition. Locally binding
components of M are components with origin loc that share some variable with
M. If C ∈ Cmp(L+) with orig(C) = loc, then this is simply LOCL(C) = {C}.
The extended component then adds all negated literals of the same origin that
have all of their variables covered by the union of the binding components.
Negative literals that do not satisfy this condition are collected in nocmp(L).
Note that every positive literal is in some (extended) component by definition,
so nocmp(L) ⊆ L−.

Example 4. Consider the set L of the following literals:

p(x, y) g(v, w) t(y, p1, z) t(z, p2, v) s(v, p4, w)

¬r(x, v) ¬a(w) ¬t(x, p3, y) ¬s(x, p5, w)

where orig(p) = orig(g) = orig(r) = orig(a) = loc, orig(t) = e, and orig(s) = f ;
x, y, z, v, w ∈ V; and p1, . . . , p5 ∈ C. The components Cmp(L+) are: C1 =
{p(x, y)}, C2 = {g(v, w)}, C3 = {t(y, p1, z), t(z, p2, v)}, and C4 = {s(v, p4, w)}.
We find that LOCL(C3) = {C1,C2}, and therefore ecL(C3) = C3∪{¬t(x, p3, y)}.
In contrast, LOCL(C4) = {C2}, so ¬s(x, p5, w) /∈ ecL(C4) (since x is not
covered) and ¬a(w) /∈ ecL(C4) (since orig(a) ̸= f). However, ¬a(w) ∈ ecL(C2)
and we obtain nocmp(L) = {¬s(x, p5, w),¬r(x, v)}.

Algorithm 2 presents our procedure for extracting SPARQL import rules
and bindings from a Datalog program with RDF imports, using some further
notation as explained next. First, we often treat conjunctions of literals as sets
of literals (e.g., in Line 10). Second, for a finite set V ⊆ V of variables and
predicate p ∈ P, we write p[V ] for the atom p(v) where v = ⟨v1, . . . , vn⟩ is an
arbitrary but fixed total order of V . The function sparqlImport of Algorithm 1
constructs the actual SPARQL import and the auxiliary rules needed to compute
its bindings. Algorithm 2 transforms each rule of Π (L9) and eventually inserts
a rewritten rule (L19). We explain the steps of rewriting one rule in an example.
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Algorithm 2: SPARQL Import Extraction extractSparql(Π)

Input: program Π
Output: rewritten program Π ′ with SPARQL import rules Σ

7 Π ′ := ∅
8 Σ := ∅
9 for H ← B ∈ Π do

10 Bnew :=
∧
{L ∈ B | orig(L) = loc}

11 for E ∈ EC(B) and orig(E) ̸= loc do
12 V := var(E) ∩ var({H} ∪B \E)
13 Bnew := Bnew ∧ q[V ] for a fresh predicate q of arity |V |
14 ⟨Π ′, Σ⟩ := sparqlImport(E, q[V ],B, Π ′, Σ)

15 for ¬A ∈ nocmp(B) and orig(A) ̸= loc do
16 V := var(¬A)
17 Bnew := Bnew ∧ ¬q[V ] for a fresh predicate q of arity |V |
18 ⟨Π ′, Σ⟩ := sparqlImport({A}, q[V ],B, Π ′, Σ)

19 Π ′ := Π ′ ∪ {H ← Bnew}
20 return ⟨Π ′, Σ⟩

Example 5. Consider the set of literals L of Example 4, and a rule ρ = h(x,w)←∧
L that uses this body. Processing this rule in the loop L9, we first initialise

Bnew = p(x, y)∧g(v, w)∧¬r(x, v)∧¬a(w) (L10). Next, in L11, we consider each
non-local extended component ecL(C3) and ecL(C4) (as given in Example 4).

For ecL(C3), we get V = {x, y, v} (L12) and extend Bnew by q1(x, y, v) (L13).
Function sparqlImport initialises Bimport = Q1@e (L1) for the query Q1:

SELECT ?x ?y ?v
WHERE { ?y <p1> ?z . ?z <p2> ?v . FILTER NOT EXISTS{ ?x <p3> ?y } }

where we use notation of Definition 5. We now iterate over LOCL(C3) = {C1,C2}
(L2). Lines L3–L5 then produce rules b1(x, y) ← p(x, y) and b2(v) ← g(v, w) ∧
¬a(w), and the SPARQL import rule q1(x, y, v)← Q1@e∧ b1(x, y)∧ b2(v) (L6).

Continuing with the loop L11 for ecL(C4), we similarly obtain a query Q2 =
SELECT ?v ?w WHERE { ?v <p4> ?w . }, binding rule b3(v, w)← g(v, w) ∧ ¬a(w),
and import rule q2(v, w) ← Q2@f ∧ b3(v, w). At this point, Bnew = p(x, y) ∧
g(v, w) ∧ ¬r(x, v) ∧ ¬a(w) ∧ q1(x, y, v) ∧ q2(v, w).

We continue with the loop L15 over the one literal ¬A = ¬s(x, p5, w), which
we represent by fresh atom ¬q3(x,w) in Bnew (L17). Algorithm 1 produces query
Q3 = SELECT ?x ?w WHERE { ?x <p5> ?w . }, binding rules b4(x) ← p(x, y) and
b5(w)← g(v, w) ∧ ¬a(w), and import rule q3(x,w)← Q3@f ∧ b4(x) ∧ b5(w).

The final rewritten rule added in L19 then is h(x,w) ← p(x, y) ∧ g(v, w) ∧
¬r(x, v) ∧ ¬a(w) ∧ q1(x, y, v) ∧ q2(v, w) ∧ ¬q3(x,w).

The following correctness result relies on the observation that our algorithms
essentially implement a special variant of the folding transformation in logic
programming. More details are found in the appendix.
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Theorem 2. For every Datalog program Π and input dataset D, and rewriting
⟨Π ′, Σ⟩ = extractSparql(Π) as per Algorithm 2, out(Π,D) = out(Π ′, Σ,D).

Example 6. The separation of bindings into components in Algorithm 1 offers
significant performance benefits if patterns in rule bodies are only connected by
RDF import predicates, as in the following rule:

h(x, y)← p(x) ∧ triple(x, prop, y) ∧ q(y) (11)

Now suppose that we can infer 1000 facts each for p and q. Then Algorithm 2
produces a SPARQL import rule with two binding atoms, corresponding to p(x)
and q(y), and the SPARQL query issued according to Definition 4 contains 2000
bindings in two VALUES clauses, which works well in modern RDF databases.

In contrast, a classical magic sets transformation [1] would proceed from left
to right, and only pass bindings of p(x) to the query, which would be at risk of
greatly reducing selectivity (as it might happen for rule (3)). Reordering body
atoms to have p and q before triple in turn would result in a single binary binding
with 106 facts. A SPARQL query of corresponding size would need to be split
into around 100 individual queries to be answered in practice.

5 Pushing Constants and Projections

The SPARQL queries created in Section 4 can be much more selective than im-
ported triple facts, so that fewer results need to be transferred. However, they
can also reduce the number of terms transferred in individual results, since gener-
ated SPARQL queries only return values for variables shared with other parts of
the rule (Algorithm 2 L12 and L16). In this section, we introduce optimisations
that strengthen these positive effects when applied before Algorithm 2.

Example 7. Among many other topics, Wikidata also holds data about series of
sports events, and its RDF view contains, e.g., the following three triples:

⟨wd:Q535746︸ ︷︷ ︸
1903 Copa del Rey

,

in series (statement)︷ ︸︸ ︷
p:P3450, a⟩ ⟨a, ps:P3450︸ ︷︷ ︸

in series (value)

,

Copa del Rey︷ ︸︸ ︷
wd:Q483794⟩ ⟨a, pq:P156︸ ︷︷ ︸

followed by

,

1904 Copa del Rey︷ ︸︸ ︷
wd:Q1130640⟩

which use Wikidata IRIs [9] and an auxiliary statement node a (a long IRI that
we omit here) to encode that the 1903 Copa del Rey was part of the series Copa
del Rey, where it was followed by the 1904 edition. It is natural to import such
meaningful structures into predicates, including the auxiliary node (which might
have further properties), where we use wt for imported Wikidata triples:

event(e, s, n, a)← wt(e, p:P3450, a) ∧ wt(a, ps:P3450, s) ∧ wt(a, pq:P156, n) (12)

A program that recursively retrieves all events that followed (directly or indir-
ectly) after the 1903 event within that series might then be as follows:

evAfter(e, f)← event(e, wd:Q483794, f, a) (13)
evAfter(e, g)← evAfter(e, f) ∧ event(f, wd:Q483794, g, a) (14)

out(e)← evAfter(wd:Q535746, e) (15)
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Algorithm 3: Pushing constant selections in program Π

21 for p ∈ P \Pin and i ∈ {1, . . . , ar(p)} do
22 if p ∈ Pout then flt(p, i) := C else flt(p, i) := ∅
23 repeat
24 for all active ρ ∈ Π, b(s) ∈ body+(ρ) with b /∈ Pin, and 1 ≤ i ≤ ar(b) do
25 flt(b, i) := flt(b, i) ⊎ hflt(si, head(ρ))

26 until all values of flt remain unchanged
27 Π := {ρ ∈ Π | ρ active under flt}
28 for all ρ ∈ Π and x ∈ var(head(ρ)) such that hflt(x, head(ρ)) = {c} do
29 replace all occurrences of x in ρ by c

30 for all ρ ∈ Π, b(s) ∈ body+(ρ) with b /∈ Pin, and 1 ≤ i ≤ ar(b) do
31 if flt(b, i) = {si} then replace si in b(s) by a fresh variable z

Algorithm 2 turns (12) into an unselective SPARQL query without binding pre-
dicates, with a result of more than 250K RDF terms and 14MB (TSV format;
Nov 2025).

To do better, we incorporate static filtering, a 40-year-old logic program
optimisation that was mostly forgotten in recent decades [16,17,18], but that
has recently been rediscovered and generalised [10]. The approach uses goal-
oriented procedures to “push” selections and projections to earlier phases of
the recursive computation. Selections and projections are handled in separate
algorithms. In both cases, we store information about single predicate positions,
which we denote as pairs ⟨p, i⟩ for p ∈ P and 1 ≤ i ≤ ar(p).

For selection pushing, we focus on equality with constants, which can be
beneficially incorporated into SPARQL. We consider the set of possible selection
values S = {∅,C} ∪ {{c} | c ∈ C}, and a function flt from predicate positions
to S. Intuitively, flt(p, i) indicates the set of values that might be relevant at
this position, where we overapproximate sets of more than one value by C since
only single values are relevant for us. For elements s1, s2 ∈ S, let s1 ⊎ s2 be
the smallest set s ∈ S such that s1 ∪ s2 ⊆ s, in particular {c} ⊎ ∅ = {c}
and {c} ⊎ {d} = C for c ̸= d. For atom h(t), variable x, and constant c, let
hflt(x, h(t)) =

⋂
1≤i≤ar(h);ti=x flt(h, i) (which defaults to C if there is no ti = x)

and let hflt(c, h(t)) = {c}. For example, if flt(h, 1) = {c}, flt(h, 2) = C, and
flt(h, 3) = {d} (c ̸= d), then hflt(x, h(x, x, y)) = {c} and hflt(x, h(x, y, x)) = ∅. A
rule h(t)← B is active under flt if flt(h, j)∩hflt(tj , h(t)) ̸= ∅ for all 1 ≤ j ≤ ar(h).

Algorithm 3 shows our selection pushing procedure, which we next explain
with an example. Our approach and notation are direct adaptations of the gen-
eral case [10]. Note that we only push selections for non-input predicates, so we
can generally restrict to non-negated body atoms here.

Example 8. Consider the program of Example 7. Line 22 initialises flt(out, 1) =
C and flt(p, i) = ∅ for all positions ⟨p, i⟩ of event and evAfter. Therefore, only
rule (15) is active in the first iteration of L24. Looping over its body positions,
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we get flt(evAfter, 1) = {wd:Q535746} and flt(evAfter, 2) = C (L25). This makes
(13) and (14) active.

Repeating the process (L23), we first consider (13). Loop L24 now yields
flt(event, 1) = {wd:Q535746}, flt(event, 2) = {wd:Q483794}, and flt(event, 3) =
flt(event, 4) = C. Continuing with rule (14) yields flt(evAfter, 1) = {wd:Q535746}
and flt(evAfter, 2) = C, i.e., the same values as before. For event, we update
flt(event, 1) to C, since hflt(f, evAfter(e, g)) = C; values for all other positions of
event remain unchanged. Now rule (12) is active, but this will not affect flt since
its body contains only input predicates.

No further updates occur, so we continue in L27, which does not change Π
since all rules are active. In L28, we replace s in (12) by wd:Q483794 and e in
(13) and (14) by wd:Q535746. Finally, in L30, we replace wd:Q483794 in the bodies
of (13) and (14), as well as wd:Q535746 in the body of (15) by fresh variables,
which eliminates the equality check, since we know that those constants must
be derived at the respective positions. The final rules are:

event(e, wd:Q483794, n, a)← wt(e, p:P3450, a) ∧
wt(a, ps:P3450, wd:Q483794) ∧ wt(a, pq:P156, n)

(16)

evAfter(wd:Q535746, f)← event(wd:Q535746, z, f, a) (17)
evAfter(wd:Q535746, g)← evAfter(z, f) ∧ event(f, z′, g, a) (18)

out(e)← evAfter(z, e) (19)

Theorem 3. For any Π with input dataset D, and Π ′ the result of applying
Algorithm 3 to Π, out(Π,D) = out(Π ′,D).

Proof (sketch). Let M and M′ be the output of Π and Π ′, respectively, over
D. The proof in the appendix proceeds by showing that M′ is the subset of M
that consists of all facts p(t) for which ti ∈ flt(p, i), for all i ∈ {1, . . . , ar(p)}.
This shows the result, since output predicates are not filtered (L22). The proof
then works by induction over the derivation sequences for Π and Π ′, carefully
showing analoguous applicability of corresponding rules. ⊓⊔

Especially after pushing selections, programs often contain predicate para-
meters that are entirely unnecessary in the sense that their values are neither
part of the output nor relevant to the applicability of any rule. To make this
formal, we consider a set R of relevant positions. Initially, R is set to contain all
positions of all output predicates. Now for all ρ ∈ Π, all b(s) ∈ body+(ρ) with
b /∈ Pin, and all i ∈ {1, . . . , ar(b)}, we add ⟨b, i⟩ to R if: (R1) si is a constant,
or (R2) si is a variable that occurs more than once in body(ρ), or (R3) si is a
variable that occurs in head(ρ) at a position ⟨h, j⟩ ∈ R. We iterate this process
until R is stable. Thereafter, all terms at predicate positions that are not in R
are deleted from Π, and the arity of affected predicates is reduced accordingly.

Example 9. We continue from Example 8. Initially, R = {⟨out, 1⟩}. Iteratively,
we then add ⟨event, 1⟩ ((17)+(R1) or (18)+(R2)), ⟨evAfter, 2⟩ ((18)+(R2) or
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(19)+(R3)), and ⟨event, 3⟩ ((17)+(R3)). Removing all other positions, we get:

event(e, n)← wt(e, p:P3450, a) ∧
wt(a, ps:P3450, wd:Q483794) ∧ wt(a, pq:P156, n)

(20)

evAfter(f)← event(wd:Q535746, f) (21)
evAfter(g)← evAfter(f) ∧ event(f, g) (22)

out(e)← evAfter(e) (23)

It is easy to verify that this computes the same out-facts as Example 7, but with
significant simplifications. In particular, the SPARQL import rule for (20) omits
two result columns of (12): s is fixed to a constant wd:Q483794 and a is projected
away. The result of the new query contains 246 RDF terms and is 11KB in size,
i.e., three orders of magnitude smaller than before the optimisation.

Theorem 4. For any Π with input dataset D, and Π ′ the result of removing
irrelevant predicate positions from Π, out(Π,D) = out(Π ′,D).

The corresponding proof in the appendix is similar to the proof of Theorem 3,
showing a correspondence between respective derivation sequences.

6 Empirical Evaluation

For evaluation, we have implemented semi-naive SPARQL imports (Section 3)
and optimised SPARQL rule compilation (Section 4). These features have been
integrated into Nemo [14], and are available since version 0.10.0.11 Triple imports
are represented in Nemo by using the SPARQL import directive with the query
SELECT ?s ?p ?o WHERE { ?s ?p ?o }. To work with multi-lingual labels, we ex-
tend Definition 5 to include Nemo built-ins LANG(?label) = "en" into SPARQL
queries (similar extensions are conceivable for other SPARQL filters). All code
specific to our evaluation as well as the rule sets and individual runtimes are avail-
able in our repository.12 We compare overall performance with Nemo v0.8.0 (last
version with unoptimised SPARQL imports) and VLog v1.3.6 (via the Rulewerk
library [6]). At the time of writing, RDFox did not support querying remote en-
dpoints in Datalog reasoning, and was therefore not evaluated. We further study
the relative impact of individual optimisations in our implementation.

Evaluation data We consider six programs that all use RDF triple imports
from Wikidata and some further features, as shown in Table 1. Programs (anc),
(win) and (dsj) are adapted from the Nemo example collection,13 whereas (inv)
and (non) are direct implementations of checks for Wikidata quality constraints.
Finally, (oa) federates Wikidata with DBLP to find out which Open Access

11 https://github.com/knowsys/nemo/releases/tag/v0.10.0, March 2026
12 https://github.com/knowsys/nemo-examples/tree/main/evaluations/eswc2026
13 https://www.wikidata.org/wiki/User:Markus_Kr%C3%B6tzsch/Nemo_examples

https://github.com/knowsys/nemo/releases/tag/v0.10.0
https://github.com/knowsys/nemo-examples/tree/main/evaluations/eswc2026
https://www.wikidata.org/wiki/User:Markus_Kr%C3%B6tzsch/Nemo_examples
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Table 1. Evaluation test cases; all means all of Wikidata or DBLP would be imported

Test case Extra #rules #inferred #imported #imported
features facts triples results

anc Common Ancestors ¬ 7 1,946,133 all 1,964,815
win Winning Streaks ¬, count 11 660 > 93M 713
dsj Disjoint Classes ¬ 16 172,226 all 176,328
inv Inverse constraint ¬ (input) 2 6,021 all 6,021
non None-of constraint – 2 171,582 all 172,486
oa Open Access federation 5 26,786 all 54,107

journals researchers based in Oxford have published in. All programs already
include the optimisations presented Section 5 (so no additional transformation
is required). Table 1 also gives the number of Datalog inferences for user-defined
predicates, the number of triples that would need to be imported if we were to
load individual triple patterns, and the number of SPARQL query results that we
actually load in the optimised version. For the imported triples, all denotes that
all of Wikidata or DBLP would have been imported; at the time of writing, this
totals approximately 8.69 billion14 and 825 million triples, respectively. All data
is based on the official Wikidata SPARQL Query Service (WDQS) and QLever
DBLP service (only for (oa)).15 For VLog/Rulewerk, some programs were simpli-
fied to adjust for missing features (counting aggregations were dropped, inferring
only the facts that would have been aggregated; missing data-related filters were
manually pushed into SPARQL queries).

Experimental setup We ran the experiments on a dedicated server (2×quad-
core Intel Xeon E5-2637 v4@3.5 GHz, 768 GiB RAM, NixOS 25.05), but with
a memory limit of 16GiB. We report average times taken across ten runs; the
timeout was set to 10 min. To avoid server-side caching effects, our implementa-
tion was modified to include trivial syntactic modifications in each query. We did
not do this for Nemo v0.8.0, which always times out, nor for VLog/Rulewerk,
where no warm-up effects were observed (presumably since VLog uses POST
requests, which are not HTTP-cached).

Performance comparison Figure 1 shows the median runtimes of successful
runs of Nemo v0.8.0, VLog/Rulewerk, and our new implementation for Nemo
v0.10.0 on the rule sets from Table 1. The error bars indicate the minimum
and maximum runtime. Shaded bars mark experiments where all ten runs failed
(due to server timeout or server error). Nemo v0.8.0 has no successful run, since
its unfiltered triple import fails in all cases, which is unsurprising given the
huge numbers of triples that would need to be imported. VLog in turn seems
to use some restrictions on queries,16 and only fails for (oa). We observe that

14 For performance reasons, triples relating to scholarly articles have been split
into a separate SPARQL endpoint: https://wikidata.org/wiki/Wikidata:SPARQL_
query_service/WDQS_graph_split

15 https://query.wikidata.org and https://qlever.dev/dblp/
16 We couldn’t find this published, but Carral et al. mention “on-demand” imports [6].

https://wikidata.org/wiki/Wikidata:SPARQL_query_service/WDQS_graph_split
https://wikidata.org/wiki/Wikidata:SPARQL_query_service/WDQS_graph_split
https://query.wikidata.org
https://qlever.dev/dblp/
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anc win dsj inv non oa
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Figure 1. Performance of Nemo v0.8.0, VLog/Rulewerk, and our implementation
(Nemo v0.10.0)

our implementation is consistently faster than VLog/Rulewerk, with at least
one order of magnitude improvements in the median runtimes for (anc), (win),
and (non). We note that the variance in query times between runs is quite
high (individual runs can differ by a factor of up to 5.4). While variance is
expected when conducting experiments on a public production server, the effect
seems consistently more pronounced for VLog/Rulewerk than for Nemo. In spite
of the variation, we obtain rather clear results: the maximum runtime of our
implementation is always below the minimum runtime of VLog/Rulewerk, except
for the case of a single outlier in (dsj).

Ablation study Figure 2 shows a detailed comparison of our implementa-
tion with variants that disable some optimisations, using the following abbre-
viations: (SN) semi-naive SPARQL evaluation for any binding pattern; (EC)
multiple binding atoms based on extended components (Algorithm 1) vs. (no
EC) single binding pattern that joins all local conditions; (MT) triple patterns
merged into queries based on extended components vs. (no MT) triple patterns
used as individual queries. Therefore (SN-EC-MT) corresponds to our maximal
optimisation, and (none) is the case where we merely import triples as stated.
As before, shaded bars indicate that all runs failed. Here, we divide the total
runtime into the time taken for answering SPARQL queries (blue) and the time
taken for Datalog reasoning (orange). Further, we show each individual run as
a dot, to give a better picture of the variance in runtimes.

As we can see, each aspect of our optimisations can make a positive contri-
bution at least in some cases, whereas the overhead of enabling them is generally
not significant. Reasoning on the rule sets (dsj), (inv) and (non) times out when
(MT) is disabled, but completes successfully once it is enabled. For (win), dis-
abling (MT) does not lead to a timeout, but execution is significantly slower
without this optimisation. The execution time of those rule sets is not further
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Figure 2. Runtime with different feature combinations

improved by enabling (EC), since no Cartesian products of local conditions occur
in these cases. When evaluating (oa), we observe that both optimisations (EC)
and (MT) individually and in combination improve the runtime. In the case of
(anc), only (SN) had an impact.

7 Conclusions & Outlook

We have introduced a new approach to access large RDF-based knowledge graphs
during rule reasoning, in a transparent fashion that does not require users to
write SPARQL queries. Such self-optimising data access has advantages beyond
the performance of a single case: it allows users to design reusable rule sets and
program “modules” that are declarative and conceptually meaningful, rather
than manually optimising the overall collection of rules and SPARQL queries for
each specific scenario.

Many further research directions are possible along this path. The idea of
Datalog-based federation of SPARQL sources has not been our focus, and many
techniques from SPARQL federation could be explored in this context. Con-
versely, there are also further logic programming methods that could be bene-
ficial, such as folding/unfolding of non-recursive rules. Indeed, recent works on
static filtering discovered tractable methods for pushing much more general types
of filter expressions in logic programs [10], which appears to be very promising
in combination with our approach.
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A Proofs for Section 4

Theorem 2. For every Datalog program Π and input dataset D, and rewriting
⟨Π ′, Σ⟩ = extractSparql(Π) as per Algorithm 2, out(Π,D) = out(Π ′, Σ,D).

This result follows from several simple observations. The fundamental meth-
ods we use is the following folding operation.

Definition 7. Consider a Datalog program Π and rule ρ ∈ Π with body(ρ) =
A∧B∧C for arbitrary conjunctions of literals A, B, C, such that all variables
in negated atoms of B ∧C also occur in positive atoms of B ∧C.

The program Π[ρ,B,C] is obtained from Π by replacing ρ with new rules

f [V ]← B ∧C (24)
head(ρ)← A ∧B ∧ f [V ] (25)

where V = var(C)∩ var(A∪B∪ {head(ρ)}) and f a fresh predicate of arity |V |.

If B is empty, this is standard folding. Adding B to rule (24) makes this rule
more selective, but clearly without removing any inferences needed in (25).

Lemma 1. For every dataset D for Π, and every Π[ρ,B,C] as in Definition 7,
out(Π,D) = out(Π[ρ,B,C],D).

SPARQL import rules semantically correspond to normal rules if we replace
the special SPARQL query atom by an import atom that represents the query
result. With this view, we see that the replacement in Algorithm 2 L11–L14 cor-
responds to the transformation in Definition 7, with the extended components
ecB(D) in Algorithm 1 playing the role of B. The rules added in L3–L5 corres-
pond to another use of Definition 7. Theorem 2 then follows from Lemma 1.

Note that variables in FILTER NOT EXISTS in the generated SPARQL queries
are bound in positive query patterns if imports are evaluated as in Definition 4.

B Proofs for Section 5

Theorem 3. For any Π with input dataset D, and Π ′ the result of applying
Algorithm 3 to Π, out(Π,D) = out(Π ′,D).

Proof. Let flt be the mapping computed in Algorithm 3, and let M and M′

be the set of consequences of Π and Π ′, respectively, over D. For predicates
p ∈ Pin and i ∈ {1, . . . , ar(p)}, let flt(p, i) = C, and define flt(M) = {p(t) ∈
M | for all i ∈ {1, . . . , ar(p)} : ti ∈ flt(p, i)} as the restriction of M to facts
covered by flt. We claim thatM′ = flt(M). This shows the theorem, since facts
for predicates in Pout are the same inM and flt(M) by L22.

We show the claim by induction on the step-wise computation of D∞, where
we write Di and D′i for the respective sequences for Π and Π ′. Initially, D′0 =
flt(D0) = D, since inputs are not filtered. For the induction step, assume that



SPARQLing Datalog 21

D′i = flt(Di) for some i ≥ 0 (IH). To show M′ ⊇ flt(M), consider a rule
ρ ∈ Π and substitution σ such that body+(ρ)σ ⊆ Di, body−(ρ)σ ∩ Di = ∅,
and head(ρ)σ ∈ flt(M). Then ρ is active, and therefore (passing L27) has a
corresponding rewritten rule in ρ′ ∈ Π ′. We extend σ to σ′ that is defined
on fresh variables z in ρ′ as introduced in L31 for a position ⟨b, i⟩ by letting
σ′(z) = c for the c in flt(b, i) = {c}. We claim that σ′ lets us apply ρ′ to D′i to
derive head(ρ)σ.

– body+(ρ′)σ′ ⊆ D′i. Consider any b(s) ∈ body+(ρ), corresponding b(s′) ∈
body+(ρ′), and i ∈ {1, . . . , ar(b)}. If si ∈ C, then {c} ⊆ flt(b, i) by L25 and
our definition of hflt(c, head(ρ)). Hence s′iσ

′ = c ∈ flt(b, i) (if s′i is a variable
due to L31, this follows from how we defined σ′). If si ∈ V, then flt(b, i) ⊇
hflt(si, head(ρ)) (by L25 and since ρ is active). Since head(ρ)σ ∈ flt(M) and
by our definition of hflt, siσ ∈ flt(b, i), and therefore s′iσ

′ ∈ flt(b, i) (this
also holds true if s′i is a constant used to replace si in L29). Therefore,
b(s′)σ′ = b(s)σ ∈ flt(Di), where the latter is D′i (IH).

– body−(ρ′)σ′ ∩D′i = ∅. Using arguments as in the first case (and safety), we
find that body−(ρ′)σ′ = body−(ρ)σ. The claim follows from body−(ρ)σ∩Di =

∅ since D′i ⊆ Di by (IH).
– head(ρ′)σ′ = head(ρ)σ. This is a direct consequence of head(ρ)σ ∈ flt(M).

It remains to show M′ ⊆ flt(M). The only concern here is the relaxation at
positions ⟨b, i⟩ in L31. However, by (IH), all facts in D′i are covered by the filters,
and therefore must contain the constant si of L31 at position ⟨b, i⟩. Therefore,
in spite of the relaxation, rules only apply to cases that also satisfy the original
rule in Π. ⊓⊔

Theorem 4. For any Π with input dataset D, and Π ′ the result of removing
irrelevant predicate positions from Π, out(Π,D) = out(Π ′,D).

Proof. First note that rules in Π ′ are safe: if a variable in a positive body is
removed, then it does not occur in a negated atom (R2) nor in the head (R3).
Now let M and M′ be the set of consequences of Π and Π ′, respectively, over
D. We claim that M′ can be obtained from M by deleting irrelevant positions
from all non-input predicates. This shows the theorem, since predicates in Pout
only have relevant positions.

The claim can be shown by induction over the step-wise computation of D∞,
where we write Di and D′i for the respective sequences for Π and Π ′. Initially,
D0 = D′0 = D. For the induction step, assume that Di = D′i for some i ≥ 0
(IH). Using (IH), every rule application on Π as in (5) corresponds to a rule
application on Π ′ (using the same substitution), so D′i+1 does indeed contain
all projected facts of Di+1. For the converse, consider any rule ρ′ ∈ Π ′ and
substitution σ′ such that body+(ρ′)σ′ ⊆ D′i and body−(ρ′)σ′ ∩ D′i = ∅. It is
easy to extend σ′ to a matching substitution σ over all variables of the original
rule ρ: by the definition of R, each additional variable in ρ only occurs in one
position of one positive body atom B; the projected atom B′ satisfies B′σ′ ∈ D′i,
so by (IH) we find a corresponding Bσ ∈ Di. ⊓⊔
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