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Abstract

Two languages are separable by a piecewise testable language if and only if there exists no infinite tower between them.
An infinite tower is an infinite sequence of strings alternating between the two languages such that every string is a
subsequence (scattered substring) of all the strings that follow. For regular languages represented by nondeterministic
finite automata, the existence of an infinite tower is decidable in polynomial time. In this paper, we investigate the
complexity of a particular method to compute a piecewise testable separator. We show that it is closely related to
the height of maximal finite towers, and provide the upper andlower bounds with respect to the size of the given
nondeterministic automata. Specifically, we show that the upper bound is polynomial with respect to the number
of states with the cardinality of the alphabet in the exponent. Concerning the lower bound, we show that towers
of exponential height with respect to the cardinality of thealphabet exist. Since these towers mostly turn out to be
sequences of prefixes, we also provide a comparison with towers of prefixes.
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1. Introduction

The separation problem appears in many disciplines of mathematics and computer science, such as algebra [3,
4, 22], logic [24, 25], formal languages [7, 23], learning theory [16], and recently also in databases and query an-
swering [8]. The latter topic is our original motivation we have investigated since the work of [8]. In that work, the
motivation comes from two practical problems. The first is tomake XML Schema human-readable. XML Schema
is a schema language for XML that is widely accepted and supported, but is rather machine-readable than human-
readable. Of course, it increases the expressiveness of Document Type Definition [5], but this increase goes hand
in hand with loss of simplicity. Recently, the BonXai schemalanguage has been proposed in [19] as an attempt to
design a human-readable schema language. The BonXai schemais a set of rulesLi → Ri , whereLi andRi are regular
expressions. An XML document (unranked tree) belongs to thelanguage of the schema if for every node the labels of
its children form a string belonging toRk and its ancestors form a string belonging toLk, see [19] for more details. The
problem we faced when translating (the finite automaton embedded in) an XML Schema Definition into an equivalent
BonXai schema was that the automatically generated regularexpressionsLi were not human-readable. Therefore, we
restricted the considered regular expressions to some “simple” variants, e.g., piecewise testable languages [8].

The second motivation comes from the observation that regular expressions are used to match paths between nodes
in a graph, hence their efficient evaluation is relevant in database and knowledge-base systems. However, the graph
(database, knowledge base) can be so huge that the exact evaluation is not feasible in a reasonable time [18, 21]. As a
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solution, the expression could be rewritten to (an)other expression(s) that can be evaluated efficiently. For instance, it
could be rewritten to two expressionsr+ andr− defining the languages that should and should not be matched in the
answer. The question is then whether there exists such a “simple” query, and how to obtain it.

It is not hard to see that the previous problems reduce to the language separation problem. Given two languagesK
andL and a family of languagesF , the problem asks whether there exists a languageS in F such thatS includes one
of the languagesK andL, and is disjoint with the other. Recently, it has been independently shown in [8] and [23] that
the separation problem for two regular languages represented by NFAs and the family of piecewise testable languages
is decidable in polynomial time with respect to both the number of states and the size of the alphabet. It should be
noted that an algorithm polynomial with respect to the number of states and exponential with respect to the size of
the alphabet has been known in the literature [1, 4]. In [8], the separation problem has been shown to be equivalent
to the non-existence of an infinite tower between the languages. Namely, the languages have been shown separable
by a piecewise testable language if and only if there does notexist an infinite tower between them. In [23], another
technique has been used to prove the polynomial time bound for the decision procedure, and a doubly exponential
upper bound on the index of the separating piecewise testable language. This information can be further used to
construct a separating piecewise testable language with the complexity, in general, exponential with respect to the
index.

However, there exists a simple method (in the meaning of description) to decide the separation problem and to
compute a separating piecewise testable language, whose running time corresponds to the height of the highest finite
tower. This method is the original work of [9] and is recalledin Section 4. The relationship between the complexity
and the height of towers has motivated the study of this paperto investigate the upper and lower bounds on the height
of finite towers in the presence of no infinite towers. So far, to the best of our knowledge, the only published result
in this direction is a paper by Stern [31], who provided an exponential upper bound 2|Σ|

2N on the height of alternating
towers between a piecewise testable language and its complement, whereN denotes the number of states of the
minimal deterministic finite automaton.

Our contribution in this paper, which is a major revision andextension of [13], are the upper and lower bounds on
the height of maximal finite towers between two regular languages represented by nondeterministic finite automata.
Since the existence of towers of arbitrary height implies the existence of an infinite tower [8], we restrict our attention
only to the case where no infinite tower exists between the languages. We prove that the upper bound is polynomial
with respect to the number of states, but exponential with respect to the size of the alphabet (Theorem 6). Concerning
the lower bound, we first improve the previous result showingthat the bound is tight for binary regular languages up
to a linear factor (Theorem 7). The main result then shows that we can achieve an exponential lower bound for NFAs
with respect to the size of the alphabet (Theorems 8 and 9). The lower bound for DFAs is discussed in Theorems 10
and 11. Since our towers for NFAs are in fact sequences of prefixes, we investigate the towers of prefixes in Section 7.
We prove tight upper bounds on the height of towers of prefixesin Theorem 13 and Corollary 14, provide a pattern that
characterizes the existence of an infinite tower of prefixes (Theorem 16), and show that the problem is NL-complete
for both NFAs and DFAs (Theorem 17 and Corollary 18). Finally, Section 3 provides an overview of related results.
To complete it, we prove that the piecewise-testability problem is PSPACE-complete for NFAs (Theorem 4) and
that separability of regular languages (represented by NFAs or DFAs) by piecewise testable languages is P-complete
(Theorem 5).

2. Preliminaries

We assume that the reader is familiar with automata and formal language theory [17, 26, 30]. The cardinality of
a setA is denoted by|A| and the power set ofA by 2A. An alphabetΣ is a finite nonempty set. The elements of an
alphabet are called letters. The free monoid generated byΣ is denoted byΣ∗. A string overΣ is any element ofΣ∗.
The empty string is denoted byε. For a stringw ∈ Σ∗, alph(w) ⊆ Σ denotes the set of all letters occurring inw, and
|w|a denotes the number of occurrences of lettera in w.

Automata. A nondeterministic finite automaton(NFA) is a quintupleM = (Q,Σ, δ,Q0, F), whereQ is the finite
nonempty set of states,Σ is the input alphabet,Q0 ⊆ Q is the set of initial states,F ⊆ Q is the set of accepting states,
andδ : Q× Σ → 2Q is the transition function. The transition function is extended to the domain 2Q × Σ∗ in the usual
way. The languageacceptedby M is the setL(M) = {w ∈ Σ∗ | δ(Q0,w) ∩ F , ∅}. A pathπ from a stateq0 to a state
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qn under a stringa1a2 · · ·an, for somen ≥ 0, is a sequence of states and input lettersq0, a1, q1, a2, . . . , qn−1, an, qn such
thatqi+1 ∈ δ(qi, ai+1), for all i = 0, 1, . . . , n− 1. The pathπ is acceptingif q0 ∈ Q0 andqn ∈ F, and it issimpleif the
statesq0, q1, . . . , qn are pairwise distinct. The number of states on the longest simple path inM is called thedepthof

the automatonM. We use the notationq0
a1a2···an−−−−−−→ qn to denote that there exists a path fromq0 to qn under the string

a1a2 · · ·an. The NFA M has acycle over an alphabetΓ ⊆ Σ if there exists a stateq and a stringw overΣ such that

alph(w) = Γ andq
w−→ q.

The NFA M is deterministic(DFA) if |Q0| = 1 and|δ(q, a)| = 1 for everyq in Q anda in Σ. We identify singleton
sets with their elements and writeq instead of{q}. The transition functionδ is then a map fromQ × Σ to Q that is
extended to the domainQ×Σ∗ in the usual way. Two states of a DFA aredistinguishableif there exists a stringw that
is accepted from one of them and rejected from the other, otherwise they areequivalent. A DFA is minimal if all its
states are reachable and pairwise distinguishable.

In this paper, we assume that all automata under consideration have no useless states, that is, every state appears
on an accepting path.

Embedding.For two stringsv = a1a2 · · ·an andw ∈ Σ∗a1Σ
∗a2Σ

∗ · · ·Σ∗anΣ
∗, we say thatv is asubsequenceof w or

thatv can beembeddedinto w, denoted byv 4 w. For two languagesK andL, we say that thelanguage K can be
embedded into the language L, denoted byK 4 L, if for every stringw in K, there exists a stringw′ in L such that
w4 w′. We say that astring w can be embedded into the language L, denoted byw4 L, if {w} 4 L.

Towers. We define(alternating subsequence) towersas a generalization of Stern’s alternating towers, cf. [31]. For
two languagesK andL and the subsequence relation4, we say that a sequence (wi)r

i=1 of strings is an(alternating
subsequence) tower between K and Lif w1 ∈ K ∪ L and, for alli = 1, . . . , r − 1,

• wi 4 wi+1,

• wi ∈ K implieswi+1 ∈ L, and

• wi ∈ L implieswi+1 ∈ K.

We say thatr is theheightof the tower. In the same way, we define an infinite sequence of strings to be aninfinite
(alternating subsequence) tower between K and L. If the languages are clear from the context, we usually omitthem.
Notice that the languages are not required to be disjoint, however, if there exists aw ∈ K ∩ L, then there exists an
infinite tower, namelyw,w,w, . . ..

If we talk about atower between two automata, we mean the tower between their languages.

Piecewise testable languages.A regular language ispiecewise testableif it is a finite boolean combination of lan-
guages of the formΣ∗a1Σ

∗a2Σ
∗ · · ·Σ∗akΣ

∗, wherek ≥ 0 andai ∈ Σ, see [28, 29] for more details.

Separability. Let K andL be two languages. A languageS separates K from Lif S containsK and does not intersect
L. LanguagesK andL areseparable by a family of languagesF if there exists a languageS in F that separatesK
from L or L from K.

Prefixes and towers of prefixes.We say that a stringv ∈ Σ∗ is a prefix of a stringw ∈ Σ∗, denoted byv ≤ w, if
w = vu, for some stringu ∈ Σ∗. A sequence (wi)r

i=1 of strings is atower of prefixes between two languages K and Lif
w1 ∈ K ∪ L and, for alli = 1, 2, . . . , r − 1, wi ≤ wi+1, wi ∈ K implieswi+1 ∈ L, andwi ∈ L implieswi+1 ∈ K.

3. Relevant results

In this section, we first briefly summarize the results concerning piecewise testable languages and separability that
are relevant to the topic of this paper.

Piecewise testable languages were studied by Simon in his PhD thesis [28], see also [29]. He proved that piece-
wise testable languages are exactly those regular languages whose syntactic monoid isJ-trivial. He also provided
various characterizations of piecewise testable languages in terms of monoids, automata, etc. These languages found
applications in algebra [3, 4], logic [24, 25], formal languages [8, 23] and learning theory [16], to mention a few.
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The fundamental question was how to efficiently recognize whether a given regular language is piecewise testable.
The solution to this problem was provided by Stern in 1985 andimproved by Trahtman in 2001. Stern showed that
piecewise testability of a regular language represented bya deterministic finite automaton is decidable in polynomial
time [32]. He provided anO(n5) algorithm, wheren is the number of states. Trahtman [33] improved Stern’s result
and obtained a quadratic-time algorithm to decide piecewise testability for deterministic finite automata. In 1991, Cho
and Huynh [6] proved that piecewise testability is NL-complete for deterministic finite automata. To the best of our
knowledge, the precise complexity of the problem for languages represented by nondeterministic finite automata has
not yet been discussed in the literature. It is not hard to seethat the problem is in PSPACE. We show below that it is
also PSPACE-hard.

Piecewise testable languages find a growing interest in separability, namely as the separating languages. In 1997,
Almeida and Zeitoun [4] developed an algorithm based on the computation ofJ-closures to decide separability
of regular languages represented by deterministic finite automata by piecewise testable languages. Their algorithm
is polynomial with respect to the number of states, but exponential with respect to the cardinality of the alphabet.
Although the algorithm is formulated for deterministic finite automata, it can be modified for nondeterministic au-
tomata. In 2013, Czerwiński, Martens, Masopust [8] and, independently, Place, Van Rooijen, Zeitoun [23] provided
polynomial-time algorithms (with respect to both the size of the state space and the cardinality of the alphabet) to
decide separability of regular languages represented by nondeterministic finite automata by piecewise testable lan-
guages. In this section, we show that separability of regular languages represented by NFAs or DFAs by piecewise
testable languages is P-complete.

It should be mentioned that separability has also been studied for other languages. For instance, separability of
context-free languages by regular languages was shown undecidable a long time ago, cf. [14]. In particular, it is shown
in [14] that even separability of simple context-free languages (so-called s-languages) by definite languages (a strict
subfamily of regular languages) is undecidable.

3.1. The piecewise-testability problem for NFAs is PSPACE-complete

Thepiecewise-testability problemasks whether, given a nondeterministic finite automatonA over an alphabetΣ,
the languageL(A) is piecewise testable. Although the containment to PSPACEfollows basically from the result by
Cho and Huynh [6], we prefer to provide the proof here for two reasons. First, we would like to provide an unfamiliar
reader with a method to recognize whether a regular languageis piecewise testable. Second, Cho and Huynh assume
that the input is the minimal DFA, hence it is necessary to extend their algorithm with a non-equivalence check.

Proposition 1 (Cho and Huynh [6]). A regular language L is not piecewise testable if and only if the minimal DFA M
for L either (1) contains a nontrivial (non-self-loop) cycle or (2) there are three distinct states p, q, q′ such that there
are paths from p to q and from p to q′ in the graph G(M,Σ(q)∩ Σ(q′)), where G(M, Γ) denotes the transition diagram

of the DFA M restricted to edges labeled by letters fromΓ, andΣ(q) = {a ∈ Σ | q a−→ q}.

Lemma 2. The piecewise-testability problem for NFAs is in PSPACE.

Proof. Let A = (Q,Σ, δ,Q0, F) be an NFA. Since the automaton is nondeterministic, we cannot directly use the
algorithm by Cho and Huynh [6]. However, we can consider the DFA A′ obtained fromA by the standard subset
construction. The states ofA′ are subsets of states ofA. Now we only need to modify Cho and Huynh’s algorithm to
check whether the guessed states are distinguishable.

The entire algorithm is presented as Algorithm 1. In line 1 itguesses two states,X andY, of A′ that are verified to
be reachable and in a cycle in lines 2-4. If so, it is verified inlines 12-17 that the statesX andY are not equivalent in
A′. If there is no cycle inA′, property (2) of the proposition is verified in lines 5-11, and the guessed statesX andY
are verified to be non-equivalent in lines 12-17.

The algorithm is in NPSPACE=PSPACE [27] and returns a positive answer if and only ifA does not accept a
piecewise testable language. Since PSPACE is closed under complement, piecewise testability is in PSPACE.

Lemma 3. The piecewise-testability problem for NFAs is PSPACE-hard.

Proof. We prove PSPACE-hardness by reduction from the universality problem, which is PSPACE-complete [10].
Theuniversality problemasks whether, given an NFAA overΣ, the languageL(A) = Σ∗.
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Algorithm 1 Non-piecewise testability (symbol stands for reachability)

1: Guess statesX,Y ⊆ Q of A′; ⊲ Verify property (1)
2: if Q0 X Y X then
3: go to line 12;
4: end if
5: Guess statesP,X,Y ⊆ Q of A′; ⊲ Verify property (2)
6: CheckQ0 P, Q0 X, andQ0 Y;
7: s1 := P; s2 := P;
8: repeatguessa, b ∈ Σ(X) ∩ Σ(Y);
9: s1 := δ(s1, a);

10: s2 := δ(s2, b);
11: until s1 = X ands2 = Y;
12: Guess statesX′,Y′ ⊆ Q of A′ such thatX′ ∩ F , ∅ andY′ ∩ F = ∅; ⊲ Check thatX andY are not equivalent
13: s1 := X; s2 := Y;
14: repeatguessa ∈ Σ;
15: s1 := δ(s1, a);
16: s2 := δ(s2, a);
17: until s1 = X′ ands2 = Y′;
18: return ’yes’;

Let A be an NFA with a single initial stateq0 (this is not a restriction). Check whetherL(A) = ∅ (in linear time).
If so, return the minimal DFAA′ for the non-piecewise testable language (aa)∗. If L(A) , ∅, let x be a new letter, and
let d be a new state. We “complete” the automatonA in the sense that if noa-transition is defined in a stateq, for a in
Σ, we add ana-transition fromq to d. Stated contains self-loops under all letters ofΣ, but not underx. Now, we add
anx-transition from each state, includingd, to the initial stateq0. Let A′ denote the resulting automaton.

If L(A) = Σ∗, we show that the languageL(A′) is piecewise testable by showing thatL(A′) = (Σ ∪ {x})∗. Indeed,
L(A) ⊆ L(A′), so it remains to show that every string containingx is accepted byA′. However, letw = w1xw2, where
w1 ∈ (Σ ∪ {x})∗ andw2 ∈ Σ∗. By the construction,w1x leads the automaton back to the initial state, andw2 leads the
automaton to an accepting state, becausew2 ∈ L(A) = Σ∗. Thus,w ∈ L(A′).

Assume thatL(A) , Σ∗. If L(A) = ∅, thenL(A′) = (aa)∗, which is not piecewise testable. IfL(A) , ∅, consider
the minimal DFAA′′ computed fromA′ by the standard subset construction and minimization. The DFA has at least
two states, otherwise its language is either universal or empty. Every state ofA′′ is a nonempty subset of states ofA′

(actually it is an equivalence class of such subsets, but we pick one as a representative). The empty set is not reachable
becauseA′ is complete. LetX , {q0} be a state ofA′′. ThenX is reachable from the initial state{q0}, and goes back
to {q0} underx, which means that there is a cycle in the minimal DFA. By (1) ofProposition 1, the language is not
piecewise testable.

We have proved the following result.

Theorem 4. The piecewise-testability problem for NFAs is PSPACE-complete.

3.2. The separation problem is P-complete

The separation problem of two regular languages by a piecewise testable language is known to be equivalent to
the non-existence of an infinite tower [8] and is decidable inpolynomial time [8, 23]. In this section, we show that the
problem is P-complete. We reduce the P-complete monotone circuit value problem [11].

Themonotone circuit value problem(MCVP) is composed of a set of boolean variables (usually called “gates”)
g1, g2, . . . , gn, whose values are defined recursively by equalities of the forms gi = 0 (thengi is called a0-gate),
gi = 1 (1-gate),gi = g j ∧ gk (∧-gate), orgi = g j ∨ gk (∨-gate), wherej, k < i. Here0 and1 are symbols representing
the boolean values. The aim is to compute the value ofgn. Let f (i) be the element of{∧,∨, 0, 1} such thatgi is an
f (i)-gate. For every∧-gate and∨-gate, we setℓ(i) andr(i) to be the indices such thatgi = gℓ(i) f (i)gr(i) is the defining
equality ofgi . For a0-gategi , we setf (i) = ℓ(i) = r(i) = 0, and we setf (i) = ℓ(i) = r(i) = 1 if gi is a1-gate.
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Figure 1: AutomataA′ andB for the circuitg1 = 0, g2 = 1, g3 = g1 ∧ g2, g4 = g3 ∨ g3.

Theorem 5. The separation problem of two regular languages represented by NFAs by piecewise testable languages
is P-complete. It is P-complete even for regular languages represented by minimal DFAs.

Proof. The problem was shown to be in P in [8, 23]. Thus, it remains to prove P-hardness.
Given an instanceg1, g2, . . . , gn of MCVP, we construct two minimal deterministic finite automataA andB using

a log-space reduction and prove that there exists an infinitetower between their languages if and only if the circuit
evaluates gategn to 1. The theorem then follows from the fact that non-separability of two regular languages by a
piecewise testable language is equivalent to the existenceof an infinite tower [8].

We first construct an automatonA′. Let QA′ = {s, 0, 1, 1, 2, . . . , n} andFA′ = {0, 1}. The initial state ofA′ is s
and the transition functionδA′ is defined byδA′ (i, ai) = ℓ(i) andδA′(i, bi) = r(i). In addition, there are two special
transitionsδA′ (s, x) = n andδA′(1, y) = s. To construct the automatonB, let QB = {q, t} ∪ {i | f (i) = ∧} andFB = {q},
whereq is also the initial state ofB. If f (i) = ∨ or f (i) = 1, thenδB(t, ai) = δB(t, bi) = t. If f (i) = ∧, thenδB(t, ai) = i
andδB(i, bi) = t. Finally, we defineδB(q, x) = t andδB(t, y) = q. (As usual, all undefined transitions go to the unique
sink states of the respective automata.) An example of this construction for the circuitg1 = 0, g2 = 1, g3 = g1 ∧ g2,
g4 = g3 ∨ g3 is shown in Figure 1.

The languagesL(A′) andL(B) are disjoint, the automataA′ andB are deterministic, andB is minimal. However,
the automatonA′ need not be minimal, since the circuit may contain gates thatdo not contribute to the definition of
the value ofgn. We therefore define a minimal deterministic automatonA by adding transitions intoA′, each under a
fresh letter, froms to each of 1, 2, . . . , n− 1, from each of 1, 2, . . . , n to state0, and from0 to 1. No new transition is
defined inB.

By construction, there exists an infinite tower between the languagesL(A) andL(B) if and only if there exists an
infinite tower betweenL(A′) andL(B). It is therefore sufficient to prove that the circuit evaluates gategn to 1 if and
only if there is an infinite tower between the languagesL(A′) andL(B).

(Only if) Assume thatgn is evaluated to1. Let {x, y} ⊆ Σ ⊆ {ai , bi | i = 1, 2, . . . , n} ∪ {x, y} be the alphabet defined
as follows. The letterai is an element ofΣ if and only if gi is evaluated to1, i is accessible fromn, and eitherℓ(i) = 1
or gℓ(i) is evaluated to1. Similarly, we havebi ∈ Σ if and only if i is accessible fromn andgi is evaluated to1, and
eitherr(i) = 1 or gr(i) is evaluated to1. It is not hard to observe that each transition labeled by a letter ai or bi from
Σ is part of a path inA′ from n to 1. Moreover, the definition of∧ implies thatai ∈ Σ if and only if bi ∈ Σ for each
i = 1, 2, . . . , n such thatf (i) = ∧. Notice thatB has a cycle fromq to q labeled byxaibiy for eachi = 1, 2, . . . , n such
that f (i) = ∧, and also a cycle fromq to q labeled byxciy for eachc ∈ {a, b} and eachi = 1, 2, . . . , n such thatf (i) = ∨
or f (i) = 1. Therefore, both automataA′ andB have a cycle over the alphabetΣ containing the initial and accepting
states. The existence of an infinite tower follows.

(If) Assume that there exists an infinite tower (wi)∞i=1 betweenA′ andB, and, for the sake of contradiction, assume
thatgn is evaluated to0. Note that any path fromi to 1, wheregi is evaluated to0, must contain a state corresponding
to an∧-gate that is evaluated to0. In particular, this applies to any path inA′ accepting somewi of length at leastn+2,
since such a path contains a subpath fromn to 1. Thus, letj be the smallest positive integer such thatf ( j) = ∧, gateg j

is evaluated to0, anda j or b j is in∪∞i=1 alph(wi). The construction ofB implies that botha j andb j are in∪∞i=1 alph(wi).
Sinceg j is evaluated to0, there existsc ∈ {a, b} such that the transition fromj underc j leads to a stateσ, where either
σ = 0 or σ < j andgσ is evaluated to0. Consider a stringwi ∈ L(A′) containingc j . If wi is accepted in1, then the
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Figure 2: The sequence of languages; an arrow stands for the embedding relation4.

accepting path contains a subpath fromσ to 1, which yields a contradiction with the minimality ofj. Therefore,wi is
accepted in0. However, no letter of a transition to state0 appears in a string accepted byB, a contradiction again.

4. Computing a piecewise testable separator

We now recall the simple method [9] to decide the separation problem and to compute a separating piecewise
testable language, and show that its running time corresponds to the height of the highest finite tower.

Let L0 andR0 be two disjoint regular languages represented by NFAs. The method first constructs a decreasing
sequence of languages· · · 4 R2 4 L2 4 R1 4 L1 4 R0 such that there exists a piecewise testable separator if and
only if from some point on all the languages are empty. Then, the nonempty languages of the sequence are used to
construct a piecewise testable separator.

For k ≥ 1, let Lk = {w ∈ Lk−1 | w 4 Rk−1} be the set of all strings ofLk−1 that can be embedded intoRk−1, and let
Rk = {w ∈ Rk−1 | w 4 Lk}, see Figure 2. LetK be a language accepted by an NFAA = (Q,Σ, δ,Q0, F). Let down(K)
denote the language of all subsequences of the languageK. It is accepted by the NFAAdown= (Q,Σ, δ′,Q0, F), where
δ′(q, a) = δ(q, a) andδ′(q, ε) =

⋃

a∈Σ δ(q, a). ThenLk = Lk−1 ∩ down(Rk−1) = L0 ∩ down(Rk−1), and analogously for
Rk, thus the constructed languages are regular.

We now show that there exists a constantB ≥ 1 such thatLB = LB+1 = . . ., which also impliesRB = RB+1 = . . ..
Assume that no such constant exists. Then there are infinitely many stringsvℓ ∈ Lℓ \ Lℓ+1, for all ℓ ≥ 1, as depicted
in Figure 2. By Higman’s lemma [12], there existi < j such thatvi 4 v j , hencevi 4 Rj−1, which is a contradiction
becausevi 64 Ri andRj−1 ⊆ Ri .

By construction, languagesLB andRB are mutually embeddable into each other,LB 4 RB 4 LB, which describes
a way how to construct an infinite tower. Thus, if there is no infinite tower, languagesLB andRB must be empty.

The constantB depends on the height of the highest finite tower. Let (wi)r
i=1 be a maximal finite tower betweenL0

andR0 and assume thatwr belongs toL0. In the first step, the method eliminates all strings that cannot be embedded
into R0, hencewr does not belong toL1, but (wi)r−1

i=1 is a tower betweenL1 andR0. Thus, in each step of the algorithm,
all maximal strings of all finite towers (belonging to the language under consideration) are eliminated, while the rests
of towers still form towers between the resulting languages. Therefore, as long as there is a maximal finite tower, the
algorithm can make another step.

Assume that there is no infinite tower (that is,LB = RB = ∅). We use the languages computed above to construct
a piecewise testable separator. For a stringw = a1a2 · · ·aℓ, we defineLw = Σ

∗a1Σ
∗a2Σ

∗ · · ·Σ∗aℓΣ∗, which is piecewise
testable by definition. Letup(L) =

⋃

w∈L Lw denote the language of all supersequences. The languageup(L) is regular
and its NFA is constructed from an NFA forL by adding self-loops under all letters to all states, cf. [15] for more
details. By Higman’s Lemma [12],up(L) can be written as a finite union of languages of the formLw, for somew ∈ L,
hence it is piecewise testable. Fork = 1, 2, . . . , B, we define the piecewise testable languages

Sk = up(R0 \ Rk) \ up(L0 \ Lk)

and show thatS =
⋃B

k=1 Sk is a piecewise testable separator ofL0 andR0.
More specifically, we show thatL0 ∩Sk = ∅ and thatR0 ⊆ S. To prove the former, letw ∈ L0. If w ∈ L0 \ Lk, then

w ∈ up(L0 \ Lk), hencew < Sk. If w ∈ Lk andw ∈ up(R0 \Rk), then there existsv ∈ R0 \Rk such thatv4 w. However,
Rk = {u ∈ R0 | u 4 Lk}, hencev ∈ Rk, which is a contradiction proving thatL0 ∩ Sk = ∅. To prove the later, we show
thatRk−1 \Rk ⊆ Sk. Then alsoR0 =

⋃B
k=1(Rk−1 \Rk) ⊆ S. To show this, notice thatRk−1 \Rk ⊆ R0 \Rk ⊆ up(R0 \Rk).
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If w ∈ Rk−1 andw ∈ up(L0 \ Lk), then there existsv ∈ L0 \ Lk such thatv 4 w. However,Lk = {u ∈ L0 | u 4 Rk−1},
hencev ∈ Lk, a contradiction. Thus, we have shown thatL0 ∩ S = ∅ andR0 ⊆ S. Moreover,S is piecewise testable
because it is a finite boolean combination of piecewise testable languages.

Recall that we have shown above that the complexity of this method is closely related to the height of the highest
finite tower. Therefore, in the rest of this paper, we focus onthis problem. However, we would like to point out several
directions of the future investigation here.

Consider the sequence of languagesR0, L1,R1, . . . , LB,RB constructed by the method. The size of the representa-
tion of the separatorS depends not only on the number of languages in the sequence, but also on their representation.
Let Zk denote thekth language in the sequence. If the languages are represented by NFAs, the method gives the bound
O(nk) on the size of the NFA for the languageZk, wheren is the number of states of the NFAs forL0 andR0. An-
other option would be to use alternating finite automata (AFAs) for obvious reasons in their complexities for boolean
operations. However, the problem now comes from the operationdown(Zk). Although we are able to obtain a bound
Ω(ck · n) on the size of the AFA representation of the languageZk, for some constantc, the question is whetherc = 1
can be obtained. The constantc comes from the transformation of an AFA forZk to an AFA fordown(Zk), since the
resulting AFA hasc-times more states than the input AFA.

Finally, even though our study in the rest of the paper shows that these representations can be doubly exponential
with respect to the size of the input NFAs, practical experiments show that at some point the size of the automata does
not grow anymore, but actually decreases. Indeed, the languagesLB = RB are empty, hence a representation of size
Ω(n2B) is not needed for them.

5. The upper bound on the height of towers

It was shown in [8] that there exists either an infinite tower or a constant bound on the height of any tower. We now
establish an upper bound on that constant in terms of the number of states,n, and the cardinality of the alphabet,m.
The bound given by Stern for minimal DFAs is 2m2n. Our new bound isO(nm) = O(2mlogn) and holds for NFAs. Thus,
our bound is polynomial with respect to the number of states if the alphabet is fixed, but exponential if the alphabet
grows. Form< n/ logn, the bound is less than 2n, but we show later that ifm= O(n), the height of towers may grow
exponentially with respect to the number of states.

Before we state the theorem, we recall that the depth of an automaton is the number of states on the longest simple
path, thus it is bounded by the number of states of the automaton.

Theorem 6. Let A0 and A1 be NFAs over an alphabetΣ of cardinality m with depth at most n. Assume that there is
no infinite tower between the languages L(A0) and L(A1). Let (wi)r

i=1 be a tower between L(A0) and L(A1) such that

wi ∈ L(Ai mod 2). Then r≤ nm+1−1
n−1 .

Proof. First, we define some new concepts. We say thatw = v1v2 · · · vk is acyclic factorizationof w with respect to a
pair of states (q, q′) in an automatonA, if there is a sequence of statesq0, . . . , qk−1, qk such thatq0 = q, qk = q′, and

qi−1
vi−→ qi , for eachi = 1, 2, . . .k, and eithervi is a letter, or the pathqi−1

vi−→ qi contains a cycle over alph(vi). We
call vi a letter factor if it is a letter andqi−1 , qi , and acycle factorotherwise. The factorization istrivial if k = 1.
Note that this factorization is closely related to the one given in [1], see also [2, Theorem 8.1.11].

We first show that ifq′ ∈ δ(q,w) in some automatonA with depthn, thenw has a cyclic factorizationv1v2 · · · vk

with respect to (q, q′) that contains at mostn cycle factors and at mostn − 1 letter factors. Moreover, ifw does not
admit the trivial factorization with respect to (q, q′), then alph(vi) is a strict subset of alph(w) for each cycle factorvi ,
i = 1, 2, . . . , k.

Consider a pathπ of the automatonA from q to q′ labeled by a stringw. Let q0 = q and define the factorization
w = v1v2 · · ·vk inductively by the following greedy strategy. Assume that we have defined the factorsv1, v2 . . . , vi−1

such thatw = v1 · · ·vi−1w′ andq0
v1v2···vi−1−−−−−−−→ qi−1. The factorvi is defined as the label of the longest possible initial

segmentπi of the pathqi−1
w′−→ q′ such that eitherπi contains a cycle over alph(vi) or πi = qi−1, a, qi, wherevi = a,

thusvi is a letter. Such a factorization is well defined, and it is a cyclic factorization ofw.

Let pi , for i = 1, 2, . . . , k, be a state such that the pathqi−1
vi−→ qi contains a cyclepi → pi over the alphabet

alph(vi) if vi is a cycle factor, andpi = qi−1 if vi is a letter factor. Ifpi = p j with i < j such thatvi andv j are cycle
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Figure 3: AutomataA0 (left) andA1 (right); n = 6.

factors, then we have a contradiction with the maximality ofvi sinceqi−1
vivi+1···v j−−−−−−→ q j contains a cyclepi → pi from pi

to pi over the alphabet alph(vivi+1 · · ·v j). Therefore, the factorization contains at mostn cycle factors.
Note thatvi is a letter factor only if the statepi , which is equal toqi−1 in such a case, has no reappearance in

the pathqi−1
vi ···vk−−−−→ q′. This implies that there are at mostn − 1 letter factors. Finally, if alph(vi) = alph(w), then

vi = v1 = w follows from the maximality ofv1.
We now define inductively cyclic factorizations ofwi , such that the factorization ofwi−1 is a refinement of the

factorization ofwi . Let wr = vr,1vr,2 · · ·vr,kr be a cyclic factorization ofwr defined, as described above, by some
accepting path in the automatonAr mod 2. Factorizationswi−1 = vi−1,1vi−1,2 · · · vi−1,ki−1 are defined as follows. Let
wi−1 = v′i,1v

′
i,2 · · · v′i,ki

, wherev′i, j 4 vi, j, for each j = 1, 2, . . . , ki. Note that such a factorization exists, since we
have thatwi−1 4 wi . Thenvi−1,1vi−1,2 · · ·vi−1,ki−1 is defined as a concatenation of cyclic factorizations ofv′i, j, for
j = 1, 2, . . . , ki , corresponding to an accepting path ofwi−1 in Ai−1 mod 2. The cyclic factorization of the empty string
is defined as empty. Note also that a letter factor ofwi either disappears inwi−1, or it is “factored” into a letter factor.

In order to measure the height of a tower, we introduce a weight function f of factors in a factorizationv1v2 · · ·vk.
First, let g(x) = nnx−1

n−1 . Note thatg satisfiesg(x + 1) = n · g(x) + (n − 1) + 1. Now, let f (vi) = 1 if vi is a letter
factor, and letf (vi) = g(| alph(vi)|) if vi is a cycle factor. Note that, by definition,f (ε) = 0. The weight of the
factorizationv1v2 · · · vk is then defined byW(v1v2 · · · vk) =

∑k
i=1 f (vi). Let Wi = W(vi,1vi,2 · · · vi,ki ). We claim that

Wi−1 < Wi for eachi = 2, 3, . . . , r. Let v1v2 · · · vk be the fragment of the cyclic factorization ofwi−1 that emerged as
the cyclic factorization ofv′i, j 4 vi, j . If the factorization is not trivial, then, by the above analysis,W(v1v2 · · · vk) ≤
n− 1+ n · g(| alph(vi, j)| − 1) < g(| alph(vi, j)|) = f (vi, j). Similarly, we havef (v′i, j) < f (vi, j) if | alph(v′i, j)| < | alph(vi, j)|.
Altogether, we haveWi−1 < Wi as claimed, unlesski−1 = ki , the factorvi−1, j is a letter factor if and only ifvi, j is a
letter factor, and alph(vi−1, j) = alph(vi, j) for all j = 1, 2, . . . , ki . Assume that such a situation takes place. We show
that it leads to an infinite tower. LetL be the language of stringsz1z2 · · · zki such thatzj = vi, j if vi, j is a letter factor,
andzj ∈ (alph(vi, j))∗ if vi, j is a cycle factor. Sincewi ∈ L(Ai mod 2) andwi−1 ∈ L(Ai−1 mod 2), the definition of a cycle
factor implies that, for eachz ∈ L, there existz′ ∈ L(A0)∩ L such thatz4 z′ andz′′ ∈ L(A1)∩ L such thatz4 z′′. The
existence of an infinite tower follows. We have therefore proved thatWi−1 <Wi .

The proof is completed, sinceWr ≤ f (wr ) ≤ g(m), W1 ≥ 0, and the bound in the claim is equal tog(m) + 1.

6. The lower bound on the height of towers

It was shown in [13] that the upper bound is tight for binary regular languages up to a linear factor. Namely, it
was shown that for every odd positive integern, there exist two binary NFAs withn− 1 andn states having a tower of
heightn2 − 4n+ 5 and no infinite tower. The following theorem improves this result.

Theorem 7. For every even positive integer n, there exists a binary NFA with n states and a binary DFA with n states
having a tower of height n2 − n+ 1 and no infinite tower.

Proof. Let n be an even number and define the automataA0 andA1 with n states as depicted in Figure 3. The NFA
A0 = ({1, 2, . . . , n}, {a, b}, δ0, {1, 2, . . . , n− 1}, {n− 1}) consists of ana-path through states 1, 2, . . . , n− 1, of self-loops
underb in all states 1, 2, . . . , n− 2, and of ab-cycle fromn− 1 to n and back ton− 1.

The DFA A1 = ({1, 2, . . . , n}, {a, b}, δ1, 1, {2, 4, . . . , n}) consists of ab-path through states 1, 2, . . . , n and of an
a-transition from staten to state 1. All even states are accepting.
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Figure 4: AutomataA1, A2 andA3.

Consider the stringw = (bn−1a)n−2bn. Note thatA0 accepts all prefixes ofw ending with an even number ofbs,
including those ending witha. In particular,w ∈ L(A0). On the other hand, the automatonA1 accepts all prefixes
of w ending with an odd number ofbs. Hence the maximum height of a tower betweenL(A0) andL(A1) is at least
n(n− 2)+ n+ 1 = n2 − n+ 1.

To see that there is no infinite tower between the languages, notice that any string inL(A0) contains at mostn− 2
occurrences of lettera. As the languages are disjoint (they require a different parity of theb-tail), any infinite tower
has to contain a string fromL(A1) of length more thann · (n− 1). But any such string ofL(A1) contains at leastn− 1
occurrences of lettera, hence it cannot be embedded into any string ofL(A0). This means that there cannot be an
infinite tower.

Assuming that the alphabet is fixed, it was shown in [13] that for everyn ≥ 1, there exist two NFAs with at most
n states over a four-letter alphabet having a tower of heightΩ(n3) and no infinite tower. However, since our original
motivation comes from the XML databases, we are more interested in the case where the alphabet grows with the size
of the automata.

Theorem 8. For every m≥ 0, there exist an NFA with m+ 1 states and a DFA with two states over an alphabet of
cardinality m+ 1 having a tower of height2m+1 and no infinite tower.

Proof. Let mbe a non-negative integer. We define a pair of NFAsAm andBm over the alphabetΣm = {b, a1, a2, . . . , am}
with a tower of height 2m+1 betweenL(Am) andL(Bm), and with no infinite tower.

The transition functionγm of the NFAAm = ({0, 1, 2, . . . ,m},Σm, γm, {0, 1, 2, . . . ,m}, {0}) consists of the self-loop
underb for all states but 0, self-loops underai for all statesj > i, andai-transitions from statei to all statesj < i.
Formally,γm(i, b) = {b} if i = 1, 2, . . . ,m, γm(i, a j) = {i} if m≥ i > j ≥ 1, andγm(i, ai) = {0, 1, . . . , i − 1} if m≥ i ≥ 1.
The NFAsA1, A2 andA3 are shown in Figure 4. Note thatAm is an extension ofAm−1, in particular,L(Am−1) ⊆ L(Am).

We setL(Bm) = Σ∗mb. The two-state NFABm = ({1, 2},Σm, δm, {1}, {2}) consists of self-loops under all letters in
state 1 and ab-transition from state 1 to the accepting state 2. The minimal DFA obtained fromBm has two states,
which fulfills the statement of the theorem.

Define the stringum inductively byu0 = ε anduk = uk−1bakuk−1, for 0 < k ≤ m. Note that|ukb| = 2k+1 − 1. It
is not hard to see that every prefix ofumb of odd length ends withb, therefore it is an element ofL(Bm). We now
show, by induction onm, that every prefix ofumb of even length is accepted byAm. Indeed, the empty string is
accepted byA0 = ({0}, {b}, γ0, {0}, {0}), an automaton with no transitions. Consider a prefixv of umb of even length.
If |v| ≤ 2m − 1, thenv is a prefix ofum−1b, hence, by the induction hypothesis,v ∈ L(Am−1) ⊆ L(Am). If |v| > 2m − 1,
thenv = um−1bamv′, whereum−1b andv′ are overΣm−1. By the induction hypothesis,v′ is accepted inAm from a state
ℓ ∈ {0, 1, . . . ,m− 1}. The definition ofAm yields that there is a path

m
um−1b−−−−→ m

am−−→ ℓ v′−−→ 0 .

Thus, we have proved that the prefixes ofumb form a tower betweenL(Am) andL(Bm) of height 2m+1.
It remains to show that there is no infinite tower. Again, we can use the techniques of [8, 23]. However, to give

a brief idea, notice that there is no infinite tower betweenL(A0) andL(B0). Consider a tower betweenL(Am+1) and
L(Bm+1). If every string of the tower belonging toL(Am+1) is accepted from an initial state different fromm+ 1, it is
a tower betweenL(Am) andL(Bm), hence it is finite by the induction hypothesis. Thus, if there is an infinite tower,
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Figure 5: The NFAsA′1 (left) andB′1 (right).

there is also an infinite tower where all the strings ofL(Am+1) are accepted from statem+ 1. Every such string is of
the formΣ∗mam+1v, wherev is accepted from an initial state different fromm+ 1. Cutting off the prefixes fromΣ∗mam+1

results in an infinite tower betweenL(Am) andL(Bm), which is a contradiction.

It is worth mentioning that the languagesL(Am) are piecewise testable, hence they are the separators. Theeasiest
way to see this is to transformAm to its minimal DFA and to use Trahtman’s algorithm [33].

In the construction of the tower in the proof of Theorem 8, thesimplicity of the automatonBm is conspicuous.
Introducing the structure present in the automatonAm also intoBm can further quadratically increase the height of the
tower. However, the nature of the exponential bound impliesthat the blow-up is only a constant in the exponent.

Theorem 9. For every m≥ 1, there exist two NFAs with m+ 1 states over an alphabet of cardinality2m having a
tower of heightΩ(22m) and no infinite tower.

Proof. For every non-negative integerm≥ 1, we define a pair of NFAsA′m andB′m with m+ 1 states over the alphabet
Σ′m = Σm ∪ {c1, c2, . . . , cm−1}, whereΣm = {b, a1, a2, . . . , am} as in Theorem 8, with a tower of height 2m(2m − 1)+ 2
betweenL(A′m) andL(B′m), and such that there is no infinite tower. LetQm = {0, 1, . . . ,m}.

The automatonA′m = (Qm,Σ
′
m, γ

′
m,Qm, {0}) is obtained from the automatonAm of the proof of Theorem 8 by adding

transitions from state 0 to each state ofQm \ {0} under the lettersc1, c2, . . . , cm−1.
The automatonB′m = (Qm,Σ

′
m, δ

′
m,Qm \ {0}, {0}) contains self-loops in each statek ∈ {1, 2, . . . ,m} under the

alphabetΣm∪ {c1, c2, . . . , ck−2}, transitions underck−1 from statek to statei for eachk = 2, 3, . . . ,mand 1≤ i < k, and
ab-transition from state 1 to state 0.

The automataA′1 andB′1 are shown in Figure 5 and the automataA′3 andB′3 in Figure 6.
We now define a stringωm using the stringsui from the proof of Theorem 8 as follows. Fork = 1, 2, . . . ,m− 1, let

ωm,0 = um, ωm,k = ωm,k−1 ckωm,k−1, andωm = ωm,m−1 b. The stringωm consists of 2m−1 occurrences of the stringum

separated by some lettersci . We prove by induction onk = 0, 1, . . . ,m− 1 that every prefixv of ωm,k ending withb is
accepted byB′m from an initial stateℓv ≤ k+ 1, and every prefix ofωm,k ending with someai is accepted byA′m. This
is true forωm,0 by Theorem 9, sinceA′m, restricted to the alphabetΣm, yieldsAm, andB′m accepts all strings overΣm

ending withb from state 1. Letk ≥ 1 and consider the stringωm,k. The claim holds for prefixes ofωm,k−1 by induction.
Consider a prefixv = ωm,k−1ckv′ ending withai . By the induction hypothesis,A′m accepts the stringωm,k−1 from

some statei1, and it acceptsv′ from some initial statei2 , 0, sincev′ does not begin with aci . Therefore,A′m accepts

v by the pathi1
ωm,k−1−−−−→ 0

ck−→ i2
v′−→ 0.

0123

c1, c2

c1, c2

c1, c2

a1

bb,a1b,a1,a2

a2

a2

a3

a3

a3 0123 bc1

b
a1, a2,a3

b
a1, a2,a3

b
a1, a2,a3

c1

c2

c2

Figure 6: AutomataA′3 andB′3, respectively.
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Figure 7: The DFAA3 (left) and the two-state DFABn (right), n ≥ 0.

Let nowv = ωm,k−1ckv′ end withb. By the induction hypothesis,v′ is accepted byB′m from a stateℓv′ ≤ k, since
v′ is a prefix ofωm,k−1. Moreover,ωm,k−1 contains no letterci , for i > k− 1. Thus, the automatonB′m acceptsv by the

pathk+ 1
ωm,k−1−−−−−→ k+ 1

ck−−→ ℓv′
v′−−→ 0. This proves the claim.

SinceA′m acceptsε andB′m acceptsωm, we have a tower of height 2m−1(2m+1− 2)+ 2, where 2m+1− 2 is the length
of um.

To prove that there is no infinite tower, we can use a similar argument as in the proof of Theorem 8, whereB′m
plays the role ofAm andci the role ofai, and the fact that there is no infinite tower betweenAm and Bm over the
alphabetΣm.

6.1. The lower bound for DFAs

The exponential lower bounds presented above are based on NFAs. It is, however, an interesting question whether
they can also be achieved for DFAs. We discuss this problem below.

Theorem 10. For every n≥ 0, there exist two DFAs with at most n+1 states over an alphabet of cardinalityn(n+1)
2 +1

having a tower of height2n and no infinite tower.

Proof. The main idea of the construction is to “determinize” the automata of the proof of Theorem 8. Thus, for every
non-negative integern, we define a pair of deterministic automataAn andBn with n+ 1 and two states, respectively,
over the alphabetΣn = {b} ∪ {ai, j | i = 1, 2, . . . , n; j = 0, 1, . . . , i − 1} with a tower of height 2n betweenL(An) and
L(Bn), and with no infinite tower. The two-state DFABn = ({1, 2},Σn, γn, 1, {2}) accepts all strings overΣn ending
with b and is shown in Figure 7 (right).

The “determinization” idea of the construction of the DFAAn = ({0, 1, . . . , n},Σn, δn, n, {0}) is to use the automaton
An from the proof of Theorem 8, and to eliminate nondeterminismby relabeling every transitioni

ai−→ j with a new

unique letteri
ai, j−−→ j. Then the tower of Theorem 8 is modified by relabeling the corresponding letters. However, to

01234 a1,0

b
a2,0,a3,0, a4,0

b
a3,1,a4,1,

a1,0,a3,0, a4,0

b
a4,2

a2,1,a4,1,

a1,0,a2,0, a4,0

b
a3,2

a2,1,a3,1,

a1,0,a2,0, a3,0

a2,0

a2,1a3,2

a3,1

a3,0

a4,3

a4,2

a4,1

a4,0

Figure 8: AutomatonA4.
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w3(0) = a3,0

w3(1) = a3,0 b

w3(2) = a3,1a3,0 b a1,0

w3(3) = a3,1a3,0 b a1,0 b

w3(4) = a3,2a3,1a3,0 b a1,0 b a2,0

w3(5) = a3,2a3,1a3,0 b a1,0 b a2,0 b

w3(6) = a3,2a3,1a3,0 b a1,0 b a2,1a2,0 b a1,0

w3(7) = a3,2a3,1a3,0 b a1,0 b a2,1a2,0 b a1,0 b

Figure 9: The tower betweenL(A3) andL(B3). We underline transitions between different states inA3.

preserve embeddability of the new letters, several self-loops must be added. Specifically, the transition functionδn
is defined as follows. For everyai, j ∈ Σn, define the transitionδn(i, ai, j) = j. For everyk = 1, 2, . . . , n andai, j ∈ Σn

such thati , k and j < k, define the self-loopδn(k, ai, j) = k. Finally, add the self-loopsδn(k, b) = k to every state
k = 1, 2, . . . , n, see Figures 7 and 8 for illustration (as usual for DFAs, all undefined transitions go to a new sink state
that is not depicted for simplicity).

For every 1≤ k ≤ n and 0≤ j < k, let αk, j = ak, jak, j−1 · · ·ak,0, and let the stringsuk be defined byu0 = ε and
uk = uk−1bαk,k−1 uk−1. Note thatukb contains 2k lettersb. The tower of height 2n between the languagesL(An) and
L(Bn) is the sequencewn(0),wn(1), . . . ,wn(2n − 1), where the longest string is defined by

wn = wn(2n − 1) = αn,n−1 un−1b ∈ L(Bn) .

Every stringwn(2i) is obtained from the stringwn(2i + 1) by removing the last letter, which isb, and every string
wn(2i − 1) is obtained from the stringwn(2i) by replacing someαk, j with its suffix, that is, withαk, j′ , where j′ ≤ j, or
with the empty string, see Figure 9 for the casen = 3.

More explicitly, the tower is defined recursively using the towers forAk andBk, where 1≤ k < n. For anyk ≥ 1,
we definewk(0) = αk,0 = ak,0 andwk(1) = ak,0 b. For i ≥ 2, let

wk(i) = αk,⌊log i⌋ u⌊log i⌋−1 b w⌊log i⌋
(

i − 2⌊log i⌋) . (1)

By induction, we verify that this definition fits the above definition of wn. Since
⌊

log (2n − 1)
⌋

= n − 1, we obtain
thatwn(2n − 1) = αn,n−1 un−2 b wn−1(2n−1 − 1) = αn,n−1 un−2 bαn−1,n−2 un−2 b = αn,n−1 un−1 b. By (1), the relationship
betweenwn(i) andwn(i + 1) is in most cases directly induced by the relationship betweenw⌊log i⌋(i − 2⌊log i⌋) and

w⌊log i⌋(i−2⌊log i⌋+1). A special case is wheni is of the form 2ℓ−1 for someℓ > 1. Thenℓ−1 =
⌊

log i
⌋

,
⌊

log(i + 1)
⌋

= ℓ

and we have

wn

(

2ℓ − 1
)

= αn,ℓ−1 uℓ−2 b wℓ−1

(

2ℓ−1 − 1
)

= αn,ℓ−1 uℓ−2 bαℓ−1,ℓ−2 uℓ−2 b = αn,ℓ−1 uℓ−1 b,

wn

(

2ℓ
)

= αn,ℓ uℓ−1 b wℓ(0) ,
(2)

that is,wn(i + 1) = an,ℓwn(i) aℓ,0.
We now prove that the sequence is the required tower. Ifn = 1, the tower isa1,0, a1,0 b. Let n > 1. The definition

implies thatwn(i) is in L(Bn) (that is, it ends withb) if and only if i is odd. Considerwn(i) with eveni ≥ 2. The path
in An defined bywn(i) can be by (1) decomposed as

n
an,⌊log i⌋−−−−−−→ ⌊log i

⌋

αn,⌊log i⌋−1 u⌊log i⌋−1 b
−−−−−−−−−−−−−−→ ⌊log i

⌋

w⌊log i⌋
(

i−2⌊log i⌋)

−−−−−−−−−−−−→ 0 .
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For the second part, note that both the alphabet ofαn,⌊log i⌋−1 and the alphabet{b} ∪ {am,m′ | m ≤
⌊

log i
⌋ − 1,m′ < m}

of u⌊log i⌋−1 b are contained in the alphabet of self-loops of state
⌊

log i
⌋

. The last part of the path follows by induction,

since
⌊

log i
⌋

< n, i − 2⌊log i⌋ ≤ 2⌊log i⌋ − 1, andi − 2⌊log i⌋ is even.
Finally, we observe thatwk(i) 4 wk(i+1). This follows by induction from (1) if

⌊

log(i + 1)
⌋

=
⌊

log i
⌋

, and from (2)
if i = 2ℓ − 1.

We now prove that the “determinization” idea of the previoustheorem can be generalized. However, compared to
the proof of Theorem 10, the general procedure suffers from the increase of states. The reason why we do not need
to increase the number of states in the proof of Theorem 10 is that there is an order in which the transitions/states are
used/visited, and that the nondeterministic transitions are acyclic.

Theorem 11. For every two NFAs A and B with at most n states and m input letters, there exist two DFAs A′ and B′

with O(n2) states and O(m+ n) input letters such that there is a tower of height r between A and B if and only if there
is a tower of height r between A′ and B′. In particular, there is an infinite tower between A and B if and only if there
is an infinite tower between A′ and B′.

Proof. Let A andB be two NFAs with at mostn states over an alphabetΣ of cardinalitym. Without loss of generality,
we may assume that the automata each have a single initial state. LetQA andQB denote their respective sets of states.
We modify the automataA andB to obtain the DFAsA′ andB′ as follows. LetQA′ = QA ∪ {σs,t | s, t ∈ QA} and
QB′ = QB ∪ {σs,t | s, t ∈ QB}, whereσs,t are new states. We introduce a new letteryt for every statet ∈ QA ∪ QB.
It results inO(n2) states andO(m+ n) letters. The transition function is defined as follows. In both automata, each

transitions
a−→ t is replaced with two transitionss

yt−→ σs,t andσs,t
a−→ t. Moreover, self-loops in all new states are

added over all new letters. Note that all transitions are deterministic inA′ andB′.
We now prove that if there is a tower of heightr betweenA andB, then there is a tower of heightr betweenA′ and

B′. Let (wi)r
i=1 be a tower betweenA andB. Let

wi = xi,1xi,2 · · · xi,n ,

wheren = |wr | and xi, j is either a letter or the empty string such thatxi, j 4 xi+1, j, for eachi = 1, 2, . . . , r − 1 and
j = 1, 2, . . . , n. For everywi , we fix an accepting pathπi in the corresponding automaton. Letpi, j be the letteryt where
s−→ t is the transition corresponding toxi, j in πi if xi, j is a letter, and letpi, j be empty ifxi, j is empty. We define

w′i = αi,1αi,2 · · ·αi,n ,

whereαi, j = pi, j pi−1, j · · · p1, ja if xi, j = a, and empty otherwise. It is straightforward to verify that (w′i )
r
i=1 is a tower of

heightr betweenA′ andB′.
Let now

(

w′i
)r

i=1
be a tower betweenA′ andB′. We show that

(

p(w′i )
)r

i=1
is a tower betweenA andB, wherep is a

projection erasing all new letters. Obviously, we havep(w′i ) 4 p(w′i+1). We now show that if a stringw′ is accepted
by A′, thenp(w′) is accepted byA. Let π′ be the path acceptingw′, and letτ′1, τ′2, . . . , τ′k denote the sequence of all

transitions ofπ′ labeled with letters fromΣ in the order they appear inπ′. By construction,τ′i is of the formσs,t
a−→ t.

Let τi be s
a−→ t. We claim thatτ1, τ2, . . . , τk is an accepting path ofp(w′) in A. Indeed, the transitionsτi are valid

transitions inA by the construction ofA′. Let τ′i , i < k, end ins. Then the successive state inπ′ is σs,t, for some

t ∈ QA, and the transitionτ′i+1 must beσs,t
a−→ t, for somea ∈ Σ, since allΣ-transitions fromσs,t end in t, and all

other transitions are self-loops. This proves that the transitionsτ1, τ2, . . . , τk form a path inA, which is accepting,
sinceπ′ is accepting andA has the same initial state and accepting states asA′. Analogously forB′ andB. The proof
is completed by [8, Lemma 6], which shows that there is an infinite tower if and only if there is a tower of arbitrary
height.

A similar construction yields the following variant of the previous theorem.

Theorem 11’. For every two NFAs A and B with at most n states and m input letters, there exist two DFAs A′ and B′

with O(mn) states and O(mn) input letters such that there is a tower of height r between A and B if and only if there
is a tower of height r between A′ and B′. In particular, there is an infinite tower between A and B if and only if there
is an infinite tower between A′ and B′.
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Proof. Let QA′ = QA ∪ {σa,t | a ∈ Σ, t ∈ QA} andQB′ = QB ∪ {σa,t | a ∈ Σ, t ∈ QA}, whereσa,t are new states. New
letters areat for every statet ∈ QA ∪ QB and every lettera ∈ Σ. We haveO(mn) states and letters. Each transition

s
a−→ t, in both automata, is replaced with two transitionss

at−→ σa,t andσa,t
a−→ t. Self-loops in all new states are added

over all new letters.
The rest of the proof is analogous to the proof of Theorem 11. We just need to slightly modify the argument that

τ1, τ2, . . . ,τk is an accepting path ofp(w′) in A. Letσa,t
a−→ t andσb,q

b−→ q be two successive transitions with labels

from Σ in π′. Then the transitionσa,t
a−→ t is in π′ necessarily followed by a transitiont

bq−→ σb,q, which shows that

t
b−→ q is a valid transition inA starting in the final state of the previous transition. This was to be shown.

7. Towers of prefixes

The definition of towers can be generalized from the subsequence relation to any relation on strings. However, we
are particularly interested in towers of prefixes. The reason is that the lower bounds on the height of finite towers for
NFAs have been obtained by towers of prefixes, that is, every string wi of the tower is a prefix of the stringwi+1. Even
though we are not aware of any tower forn-state NFAs that would be higher then the bound on towers of prefixes forn-
state NFAs (see below), the analysis of this section indicates that such towers exist. On the other hand, if the automata
are deterministic, we show that the difference in the height between towers and towers of prefixes is exponential, cf.
Theorem 10 and the results below.

It is obvious that any tower of prefixes is also a tower (of subsequences). Hence, the non-existence of an infinite
tower implies the non-existence of an infinite tower of prefixes. However, the existence of an infinite tower does not
imply the existence of an infinite tower of prefixes. This can be easily seen by considering the languagesL1 = a(ba)∗

andL2 = b(ab)∗. Indeed, there is no infinite tower of prefixes, since every string of L1 begins witha and thus cannot
be a prefix of a string ofL2, and vice versa. But there is an infinite tower, namely,a, bab, ababa, . . ..

In [8], it was shown that if there exist towers of arbitrary height, then there exists an infinite tower. More precisely,
this property was shown to hold for any relation that is a wellquasi order (WQO), in particular for the subsequence
relation. Since the prefix relation is not a WQO, the propertydoes not hold for it in general. However, it still holds
for regular languages.

Lemma 12. Let K and L be regular languages. If there are towers of prefixes of arbitrary height between K and L,
then there is an infinite tower of prefixes between them.

Proof. Assume that the languages are given by minimal DFAsA = (QA,Σ, δA, qA, FA) andB = (QB,Σ, δB, qB, FB) and
that there is no infinite tower of prefixes betweenL(A) andL(B). In particular, the languages are disjoint. Consider
the product automatonA× B = (QA × QB,Σ, δ, (qA, qB), ∅). Let (wi)r

i=1 be a tower of prefixes betweenL(A) andL(B).
It defines a corresponding sequence of states (δ((qA, qB),wi))r

i=1. Assume thatr > |QA×QB|. Then there exists a state,
(p, q), that appears at least twice in the sequence. Letv1, v2 ∈ {w1,w2, . . . ,wr } be two different strings (of the same
languageL(A) or L(B)) such thatδ((qA, qB), v j) = (p, q), for j = 1, 2, andv1 ≤ v2. Becausev1 andv2 belong to the
same language, there must existv′1 ∈ {w1,w2, . . . ,wr } from the other language such thatv1 ≤ v′1 ≤ v2. Thus,v′1 = v1x
andv2 = v1xy, for some nonempty stringsx andy. We can now go through the cycle and define an infinite tower of
prefixesv1, v1x, v1xy, v1xyx, . . ., which is a contradiction. Thus, the bound onr is at most the number of states of the
product automaton of the minimal DFAs.

We now show that Lemma 12 does not hold for non-regular languages.

Example 1. Let K = {a, b}∗a andL = {am(ba∗)nb | m > n ≥ 0} be two languages. Note thatK is regular andL is
non-regular context-free. The languages are disjoint, since the strings ofK end witha and the strings ofL with b.

For anyk ≥ 1, the stringsw2i+1 = ak(ba)i ∈ K andw2(i+1) = ak(ba)ib ∈ L, for i = 0, 1, . . . , k − 1, form a tower of
prefixes betweenK andL of height 2k.

On the other hand, letw1,w2, . . . be a tower of prefixes between the languagesK andL. Without loss of generality,
we may assume thatw1 belongs toL. Thenakb is a prefix ofw1, for somek ≥ 1. It is not hard to see that|wi |b < |wi+2|b
holds for anywi ≤ wi+1 ≤ wi+2 with wi ,wi+2 in L andwi+1 in K. As any string ofL with a prefixakb can have at most
k occurrences of letterb, the tower cannot be infinite.
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7.1. The upper and lower bounds

We first investigate towers of prefixes for regular languagesrepresented by DFAs.

Theorem 13. Let A and B be two DFAs with m and n states that have no infinite tower of prefixes. Then the height of
a tower of prefixes between A and B is at mostmn

2 , and the bound is tight.

Proof. Let A = (QA,Σ, δA, qA, FA) andB = (QB,Σ, δB, qB, FB), and letX = FA × (QB \ FB) andY = (QA \ FA) × FB.
We first show that min(|X|, |Y|) ≤ mn

4 , where the equality holds only if|X| = |Y|. Let 0 ≤ α, β ≤ 1 be such that
|FA| = α|QA| and|FB| = β|QB|. Then|X| = α(1− β)mnand|Y| = β(1− α)mn. The well-known inequality between the
arithmetic and geometric mean yields1

4[α + (1− α) + β + (1− β)] = 1
2 ≥

4
√

α(1− α)β(1− β). This implies the claim.
If there is no infinite tower betweenA andB, any tower of prefixes (wi)r

i=1 has to alternate between the states ofX
andY in the product automatonA× B, as in the proof of Lemma 12. Ifr > mn

2 , then the claim above implies that at
least one state is repeated, and we obtain an infinite tower ofprefixes, which is a contradiction.

To show that the bound is tight, we consider the automataAm andBm from the proof of Theorem 8 with a tower
of prefixes of height 2m+1. The minimal DFA forL(Bm) has two states. We claim that the minimal DFA forL(Am)
has 2m+1 states. Indeed, consider the DFA obtained fromAm by the standard subset construction. LetZ andZ′ be two
different subsets of states, and leti ∈ Z \ Z′. Thenai is accepted fromZ, but not fromZ′. It remains to show that all
subsets are reachable from the initial stateI = {0, 1, . . . ,m}. Recall that theak-transition inAm leads fromk to j for all
j < k, that there is a self-loop inj underak if j > k, and that theak-transition is not defined inj if j < k. Therefore, if
k ∈ Z′, theak-transition leads fromZ′ to Z′′, where{0, 1, . . . , k − 1} ⊆ Z′′, k < Z′′, and, for j > k, j ∈ Z′′ if and only
j ∈ Z′. Let Z = I \ {i1, i2, . . . , ik}, wherei1 > i2 > · · · > ik. It is straightforward to verify that the stringai1ai2 · · ·aik
leads fromI to Z.

Compared to towers (of subsequences), Theorem 10 shows thatthere exist towers (of subsequences) of exponential
height with respect to the number of states of the input DFAs,while Theorem 13 gives a quadratic bound on the height
of towers of prefixes with respect to the number of states of the input DFAs. This shows an exponential difference
between the height of towers (of subsequences) and the height of towers of prefixes.

What is the situation for NFAs? An immediate consequence of the NFA-to-DFA transformation and Theorem 13
give the following tight bound.

Corollary 14. Given two NFAs with at most m and n states and with no infinite tower of prefixes. The height of a
tower of prefixes is at most2m+n−1. Moreover, the lower bound is at least2m+n−2 for infinitely many pairs(m, n).

Proof. The automataAm−1 and Bm−1 in Theorem 8 havem and 2 states, respectively, and the tower is a tower of
prefixes of height 2m.

Unlike the bounds on towers (of subsequences), which dependon both the number of states and the size of the
alphabet, the bounds on towers of prefixes depend only on the number of states. A natural question is whether there
are any requirements on the size of the alphabet in case of automata with exponentially high towers of prefixes. The
following corollary shows that the alphabet can be binary and the tower is still more than polynomial in the number
of states.

Corollary 15. There exist infinitely many pairs(n1, n2) of integers for which there are binary NFAs with n1 and n2

states with no infinite tower of prefixes and with a tower of prefixes of a superpolynomial height with respect to n1+n2.

Proof. The property of being a tower of prefixes is preserved if the alphabet is encoded in binary. The binary code
of each letter has length at most logm for an alphabet of cardinalitym. Therefore, every transition under an original
letter can be replaced by a path with at most logm new states.

Consider again the automataAm andBm from Theorem 8. Every automatonAm hasm+ 1 states andm(m+ 1)
transitions, and every automatonBm has two states andm+ 2 transitions. Encoding every letter in binary results
in automata withn1 = O(m2 logm) and n2 = O(mlogm) states, respectively, and a tower of prefixes of height

2m+1 = 2
Ω

( √
n1+n2

log(n1+n2)

)

.
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Figure 10: The pattern (S, σ, σ1, σ2, τ, τ1, τ2)

7.2. The complexity analysis

In the rest of the paper, we study the complexity of the problem whether there exists an infinite tower of prefixes
between two (nondeterministic) finite automata accepting disjoint languages.

Let A = (QA,Σ, δA, qA, FA) and B = (QB,Σ, δB, qB, FB) be two NFAs. We say that (S, σ, σ1, σ2, τ, τ1, τ2) is a
patternof the automataA andB if S is a nontrivial (it has at least one edge) strongly connectedcomponent of the
product automatonA× B, andσ, σ1, σ2, τ, τ1, τ2 are states of the product automaton such that

• σ1 ∈ FA × QB andτ1 ∈ QA × FB,

• σ, σ2, τ, τ2 belong toS,

• statesσ1 andσ2 are reachable from the stateσ under a common string,

• statesτ1 andτ2 are reachable from the stateτ under a common string, and

• the strongly connected componentS is reachable from the initial state.

The definition is illustrated in Figure 10.
The following theorem provides a characterization for the existence of an infinite tower of prefixes.

Theorem 16. Let A and B be two NFAs such that L(A) and L(B) are disjoint. Then there is a pattern of the automata
A and B if and only if there is an infinite tower of prefixes between A and B.

Proof. First, note that the states ofFA×FB are not reachable from the initial stateq0 = (qA, qB), because the languages
are disjoint. Assume that (S, σ, σ1, σ2, τ, τ1, τ2) is a pattern of the automataA andB. Let u denote the shortest string
under which stateσ is reachable from the initial state (qA, qB). Let x (y resp.) be a string under which bothσ1 and
σ2 (τ1 andτ2 resp.) are reachable fromσ (τ resp.). Letu1 denote the shortest string under whichτ is reachable from
σ2, andu2 denote the shortest string under whichσ is reachable fromτ2, see Figure 10. Together, we have an infinite
tower of prefixesu(xu1yu2)∗(x+ xu1y).

To prove the other direction, assume that there exists an infinite tower of prefixes (wi)∞i=1 between the languages
L(A) andL(B). Consider the automatondet(A× B), the determinization ofA× B by the standard subset construction.

A sufficiently long element of the tower defines a pathq0
u−→ X

zX−→ Y
zY−→ X in the automatondet(A× B), such thatY

contains a state (f1, q1) ∈ FA × (QB \ FB) andX contains a state (q2, f2) ∈ (QA \ FA) × FB.
SinceY = δA×B(X, zX) andX = δA×B(Y, zY), for every state ofX, there exists an incoming path from an element

of Y labeled byzY. Similarly, for every state ofY, there exists an incoming path from an element ofX labeled byzX.
Thus, there are infinitely many paths fromX to X labeled with (zXzY)+ ending in state (q2, f2). Therefore, there exists

a state (s1, t1) ∈ X and integersk1 andℓ1 such that (s1, t1)
(zXzY)k1

−−−−−→ (s1, t1)
(zXzY)ℓ1−−−−−→ (q2, f2). Similarly, there exists a state

(s2, t2) ∈ X and integersk2 andℓ2 such that (s2, t2)
(zXzY)k2

−−−−−→ (s2, t2)
(zXzY)ℓ2zX−−−−−−−→ ( f1, q1).

As q0
u−→ (s1, t1) andq0

u−→ (s2, t2), state (s2, t1) belongs toX. Moreover, (s2, t1)
(zXzY)k1k2

−−−−−−−→ (s2, t1) forms a cycle.
Thus, state (s2, t1) appears in a nontrivial strongly connected component of the automatonA× B. From the above we
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Figure 11: AutomataA andB.

also obtain (s2, t1)
(zXzY)ℓ1
−−−−−→ (s3, f2), for ans3 in QA, which exists becauses2

(zXzY)k2

−−−−−→ s2 is a cycle inA. Similarly, we

obtain (s2, t1)
(zXzY)ℓ2zX−−−−−−−→ ( f1, t3), for a t3 in QB. Notice that (f1, t3) ∈ FA × (QB \ FB) and (s3, f2) ∈ (QA \ FA) × FB.

Thus, we have a pattern withσ = τ = (s2, t1), σ1 = ( f1, t3), τ1 = (s3, f2), and withσ2 andτ2 being states of the

cycleσ
(zXzY)k1k2

−−−−−−−→ σ satisfyingσ
x−→ σ2

u1−→ τ
y
−→ τ2

u2−→ σ, wherex = (zXzY)ℓ2zX andy = (zXzY)ℓ1 have been obtained
above, andu1 andu2 can be chosen asu1 = zY(zXzY)ℓ2k1k2−ℓ2−1 andu2 = (zXzY)ℓ1k1k2−ℓ1.

We now use the previous result to study the complexity of the problem of the existence of an infinite tower of
prefixes. The problem asks whether, given two (nondeterministic) finite automata accepting disjoint languages, there
exists an infinite tower of prefixes between their languages.

Theorem 17. The problem of the existence of an infinite tower of prefixes isNL-complete.

Proof. The problem is in NL, since it is sufficient to guess the six statesσ, σ1, σ2, τ, τ1, τ2 of a pattern and then it
takes several reachability tests to verify the guess, see Algorithm 2. This can be done in nondeterministic logarithmic
space [30].

Algorithm 2 Checking the existence of a pattern of automataA andB (symbol stands for reachability)

1: Guess six statesσ, σ1, σ2, τ, τ1, τ2 such thatσ1 ∈ FA × QB andτ1 ∈ QA × FB;
2: Checkσ σ2 τ τ2 σ; ⊲ σ, σ2, τ, τ2 belong to the same SCC
3: Check reachability ofσ from the initial state ofA× B
4: k1 := σ; k2 := σ; ⊲ σ1 andσ2 are reachable fromσ under a common string
5: repeatguessa ∈ Σ;
6: k1 := δ(k1, a);
7: k2 := δ(k2, a);
8: until k1 = σ1 andk2 = σ2;
9: k1 := τ; k2 := τ; ⊲ τ1 andτ2 are reachable fromτ under a common string

10: repeatguessa ∈ Σ;
11: k1 := δ(k1, a);
12: k2 := δ(k2, a);
13: until k1 = τ1 andk2 = τ2;
14: return ’yes’;

To prove NL-hardness we reduce the reachability problem. The reachability problemasks, given a directed graph
G and verticessandt, whethert is reachable froms. The problem is NL-complete [20, Theorem 16.2].

Let G = (V,E, s, t) be an instance of the reachability problem. We construct the automatonA = (V,Σ, δA, q0, {q0}),
whereδA is defined as the relationE where every transition is given a unique label. In addition,there are two more
transitionsδA(q0, a) = s andδA(t, b) = q0, for some fresh lettersa andb. Thus,Σ = {a, b} ∪ {ℓi | 1 ≤ i ≤ |E|}. The
automatonB is depicted in Figure 11. It is not hard to see that there exists an infinite tower of prefixes if and only ift
is reachable froms.
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Corollary 18. The problem of the existence of an infinite tower of prefixes for minimal DFAs is NL-complete.

Proof. It remains to prove NL-hardness for DFAs. Consider the construction from the proof of Theorem 17. We add
a new accepting state,f , and new transitions under fresh letters fromq0 to every node ofG, and from every node ofG
to f . Transitions under these letters are undefined inB. ThenA andB are minimal DFAs and there exists an infinite
tower of prefixes if and only ift is reachable froms.

8. Conclusions

We have provided upper and lower bounds on the height of maximal finite towers between two regular languages
represented by nondeterministic finite automata in the casethere is no infinite tower. Both the upper and lower bound
is exponential with respect to the size of the alphabet, which means that the algorithm of Section 4 needs to handle
at least exponential number of regular languages. In addition, we have shown that the exponential lower bound can
be obtain not only for NFAs, but also for DFAs. And the observation that the lower bounds for NFAs are formed by
sequences of prefixes has motivated the investigation of towers of prefixes.

Finally, note that there is still a gap between the upper and lower bound on the height of towers. Moreover, the
question how to efficiently compute a piecewise testable separator is open, including the question whether an efficient
algorithm exists.
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