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Motivation

Reminder

The Next-Closure algorithm successively computes all closed sets of a closure
operator ¢ on a finite set M.
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The Next-Closure algorithm successively computes all closed sets of a closure
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v

Definition (Closure Operators on Sets)

Let M be a set. Then c: P(M) — B (M) is called a closure operator on M if
and only if

@ cisextensive,i.e. Ac c(A) forall Ac M
@ cis monotone, i.e. A < B < M implies c¢(A) < ¢(B)
@ cis idempotent,i.e.c(c(A)) = Aforall A< M.
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Goal

Problem
How to enumerate things that are not closure operators on sets?
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Goal

Problem
How to enumerate things that are not closure operators on sets?

@ closure operators in a fuzzy setting?
@ closure operators on ordered sets?

Goal
Generalize Next-Closure to arbitrary closure operators once and for all.
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Next-Closure

Definition (Lectic Order)
Let < be a strict linear orderon M,ie Mand A,B < M.
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N
Next-Closure

Definition (Lectic Order)

Let < be a strict linear orderon M, i e Mand A,B < M. Then A <; B if and
only if

i = ming (A\BuU B\A) and i € B.

Furthermore, A < Bif and only if A <; B for some i € M.

Definition
Leti € M, A < M such that c(A) = A. Then define

A@i:=c({jeAlj<i}tu{i}).
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Next-Closure

Theorem (Next-Closure)
Let A # M be such that c(A) = A. Define

At :=min_.{BSM|c(B)=B,A<B}.
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N
Next-Closure

Theorem (Next-Closure)
Let A # M be such that c(A) = A. Define

At :=min_.{BSM|c(B)=B,A<B}.

Then
AT =A®i

where i is maximal with A <; A@ .
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-
Generalizing Next-Closure

Now consider the expression A @i in more detail:

Adi=c({jeAlj<i}ui{i})
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-
Generalizing Next-Closure

Now consider the expression A @i in more detail:

A@i=c({jeAlj<i}u{i})
=c(c({jeAlj<i})uc({i}))
—c({jeAlj<i})ve({i})

—~
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-
Generalizing Next-Closure

Now consider the expression A @i in more detail:

A®I=c({jeAlj<itu{i})
— c(c{jeAlj<i})ue{i}))
—ic({jeAlj<i}) vel{i})
= \/ i velli})

Jj<i
c({j})c=A
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Generalizing Next-Closure

Now consider the expression A @i in more detail:

A®I=c({jeAlj<itu{i})
— c(c{jeAlj<i})ue{i}))
—ic({jeAlj<i}) vel{i})
= \/ i velli})

Jj<i
c({i})cA
Observation
We can solely work in the semilattice (im(c), v ) of all closed sets of c! J
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-
Generalizing Next-Closure

Now consider the expression A @i in more detail:

A(—B/—c(jeA|j<i}u{i})
=clc({jeAlj<i})uc({i}))
=c({jeAlj<i})ve({i})

= \/ ci}) vei})

Jj<i
c({i})cA
Observation
We can solely work in the semilattice (im(c), v ) of all closed sets of c! J

Goal
Generalize Next-Closure to work on arbitrary, abstractly given semilattices. J
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-
Generalizing Next-Closure

Plan
Things we have to generalize:
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Plan

Things we have to generalize:
@ prerequisites (setting)
@ lectic orders
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-
Generalizing Next-Closure — The Setting

Let (L, <;) be a finite semilattice, i. .
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Let (L, <.) be a finite semilattice, i.e.
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-
Generalizing Next-Closure — The Setting

Let (L, <.) be a finite semilattice, i.e.
@ (L, <) is afinite ordered set and
o for all x, y € L exists a least upper bound x v y of x and y.

Let {x1,...,Xn } S L be a generating set of (L, <,),i.e.foreachy € Litis
true that
y = \/ Xj.
XisLy
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Generalizing Next-Closure — Lectic Orders

Recall

A<;B < i=min.(A\BuB\A)and {i} < B.
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-
Generalizing Next-Closure — Lectic Orders

Recall
A<;B < i=minc.(A\BUuB\A)and {i} < B. )
Definition
Let1 </ji<nanda,bel. Then define
a<ib:= i=minAypandx; <, b,
where
Aap:={i| (xi<paandx; £ b)or (x; <, aandx; <. b) }. )
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Recall

ADi = \/ c({j}) vel{i}).
o((j})cA
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-
Generalizing Next-Closure — A @i

Recall
Aoi= \/ c({j}) ve({i})
Jj<i
o({j})=A )
Definition

Letae L and 1 < i < n. Define

agi:= \/ Xj Vv X;.

j<ixj<a
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-
Generalizing Next-Closure

Theorem

Let a € L. Define
at :=mino{bel|a<b}.
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Generalizing Next-Closure

Theorem
Let a € L. Define
at :=mino{bel|a<b}.
Then, if this minimum exists,
at =a®i

with i being maximal with a <; a® /.
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-
Instances of the Generalized Algorithm

Consider the case of computing intents of a formal context K = (G, M, /).

Daniel Borchmann Enumerating Semilattice Elements Mélaga, 14. October 2012 12/13



-
Instances of the Generalized Algorithm

Consider the case of computing intents of a formal context K = (G, M, /).

@ Original Next-Closure is Generalized Next-Closure for the semilattice
(Int(K), v) where A v B := (A U B)” and generating set

{m" ImeM}u{d"}.

Daniel Borchmann Enumerating Semilattice Elements Mélaga, 14. October 2012 12/13



-
Instances of the Generalized Algorithm

Consider the case of computing intents of a formal context K = (G, M, /).

@ Original Next-Closure is Generalized Next-Closure for the semilattice
(Int(K), v) where A v B := (A U B)” and generating set

{m" ImeM}u{d"}.
@ One can also consider the semilattice (Int(IK), n) with generating set

{d'lgeG}u{M}.

Daniel Borchmann Enumerating Semilattice Elements Mélaga, 14. October 2012 12/13



-
Instances of the Generalized Algorithm

Consider the case of computing intents of a formal context K = (G, M, /).

@ Original Next-Closure is Generalized Next-Closure for the semilattice
(Int(K), v) where A v B := (A U B)” and generating set

{m" ImeM}u{d"}.
@ One can also consider the semilattice (Int(IK), n) with generating set

{d'lgeG}u{M}.

Yields an algorithm with a lot of similarities to Close-by-One!
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Thank You for Your Attention!

Questions Welcome!
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