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Abstract

The chase is a sound, complete, but possibly non-terminating
algorithm for reasoning with existential rules (aka. tuple-
generating dependencies), a highly expressive knowledge
representation language. Although the procedure appears
simple, research on theoretical properties and optimization
for practical implementations has grown to a point where
verifying correctness and reproducing proofs becomes chal-
lenging and intuition can sometimes be misleading. Lean
is a purely functional programming language and interac-
tive theorem prover whose community actively develops for-
mal libraries for mathematics (Mathlib) and computer science
(CSLib). In this work, we present our own endeavor of craft-
ing a Lean framework around existential rules and the chase.
We discuss design decisions concerning the nuances of chase
definitions commonly found in the literature and show how
these translate into Lean. To illustrate the framework’s capa-
bilities using known results, we show that the result of a chase
is a universal model and outline the formalization for proving
that without so-called “alternative matches” it is even a core.
Beyond existing literature, we unify sufficient chase termina-
tion conditions in the likeness of Model-Faithful Acyclicity
(MFA) into a common framework while also adding support
for constants in rules.

1 Introduction

The chase (Beeri and Vardi 1984) is a common reasoning
algorithm in knowledge representation and reasoning. It
computes a bottom-up materialization for a given knowl-
edge base consisting of a set of existential rules (Baget et
al. 2011) and a database. After an introductory example, we
discuss properties of the chase that we pick as candidates
for a machine-verifiable formalization, motivate the need for
formal verification in this setting, and give an overview of
our specific contributions made in building a Lean library.

Example 1. Consider the database D = {P(a,b)} and the
singleton rule set R:

P(z,y) — S(y) vV 3z.P(y,z) A P(z,y)

A chase of (R, D) is a possibly infinite tree of fact sets that
starts on the root D and tries to “apply” a rule to each node
to obtain its children, one for each disjunct. Depending on
the variant of chase algorithm, there are different conditions
for when a node receives children. For example, in the re-
stricted (aka. standard) chase, if all rules are already satis-
fied in a node n, then n has no children.

In this example, the root is { P(a, b) } and has two children
[P(a,b), S(b)} and {P(a,b), P(b, {1 (b)), P(F11(b), b)}.
Note that both of these children satisfy the single rule in R,
and therefore they are the leaves of the tree.

We use Skolem terms (f1'!(b)) as a naming convention
for “fresh” terms introduced for existential variables (Mar-
nette 2009). The function symbol f}'! uniquely identifies
the rule id (1), the (zero-based) disjunct index (1) and the
variable (z). The arguments are the terms for the variables
that occur on both sides of the implication (i.e. y —> b).

1.1 Interesting Properties of the Chase

The result of the chase, i.e. the set of all fact sets that can
be built by taking the union of all fact sets along a branch of
the chase tree, is a universal model set (Bourhis et al. 2016).
In the absence of disjunctions, the result is a single fact set,
which is a universal model (Deutsch, Nash, and Remmel
2008). Universal model sets are of interest for conjunctive
query answering (Abiteboul, Hull, and Vianu 1995).
Beyond universality, it is desirable to create the small-
est possible models, called “cores”. While the core chase
(Deutsch, Nash, and Remmel 2008) is able to achieve this
in theory, it does so by finding homomorphisms that al-
low collapsing fact sets into substructures, which is infea-
sible in practice. Fairly recent work coins the term “alter-
native match” for redundancies introduced during the chase.
Avoiding alternative matches directly yields a core without
the need for any additional computations (Krétzsch 2020).
With these nice properties, there is a catch: chase termi-
nation. For example, for the rule R(x,y) — 3z.R(y,z2)
and the database {R(a,b)}, the chase will produce an in-
finite branch. In the general case, we cannot decide if
the chase terminates for a given set of rules (Gogacz and
Marcinkowski 2014; Grahne and Onet 2018). There is a
whole line of research defining classes of rule sets with guar-
anteed chase termination (Fagin et al. 2005; Krotzsch and
Rudolph 2011; Baget et al. 2014; Karimi, Zhang, and You
2021; Hanisch and Krétzsch 2024). We will take a closer
look at Model-Faithful Acyclicity (MFA) (Cuenca Grau et
al. 2013), which also gives rise to more specialized no-
tions like Disjunctive MFA (DMFA) (Gerlach and Carral
2023b) and Restricted MFA (RMFA) (Carral, Dragoste, and
Krotzsch 2017). These are some of the most general but also
most technical sufficient conditions for chase termination.



1.2 The Need for Formal Verification

Especially for chase termination, intuitions often seem sim-
ple but start to dissolve when taking a closer look. Let us
consider two interesting examples with subtle but crucial
mistakes. (A) Claim: A particular variant of chase termina-
tion is X.0-complete (aka. RE-complete) (Grahne and Onet
2018). This problem was shown to be I13-hard later (Car-
ral et al. 2022, Proposition 42) and recently proven to be
I3 -complete (Carral et al. 2025). As discussed by the au-
thors, there seems to be an intuitive semi-decision proce-
dure. Only taking a closer look reveals that this does not
work because of the “fairness” requirement of the chase.
(B) Claim: Restricted Model-Faithful Cyclicity (RMFC)
guarantees chase non-termination (Carral, Dragoste, and
Krotzsch 2017). There is a counterexample for the origi-
nal proof idea. This was discovered and fixed later when
Restricted Prefix Cyclicity (RPC) was introduced as a more
refined notion (Gerlach and Carral 2023a). Similar to MFA-
like conditions, RMFC and RPC have suprisingly simple
intuitions but extremely technical definitions, which makes
catching (subtle) mistakes very difficult.

Besides theoretical research, practical reasoning systems
for existential rules and other Datalog-like languages have
become complex pieces of software with many additional
features and performance optimizations that go far beyond
the theoretical description of the chase (Nenov et al. 2015;
Urbani, Jacobs, and Krotzsch 2016; Jordan, Scholz, and
Subotic 2016; Ivliev et al. 2024). One of the main selling
points of these systems is that they are inherently trustwor-
thy because of the conceptual simplicity of rule-based rea-
soning. But with more complex optimizations, more parts
need to be trusted. Formal verification can ensure a high
degree of trust but fully verifying state of the art systems
is extremely challenging. However, at least for (stratified)
Datalog, fully verified systems have been implemented in
the Rocq theorem prover (Benzaken, Contejean, and Dumb-
rava 2017; Dumbrava 2016; Bonifati, Dumbrava, and Arias
2018). Other works also describe Datalog semantics in vari-
ous theorem provers to formalize security logics (Whitehead
2007) (Rocq), verify specific Datalog programs used in pro-
gram analysis (Schlichtkrull, Rydhof Hansen, and Nielson
2024) (Isabelle/HOL), or check certificates provided by a
Datalog engine to validate individual reasoning results (Tan-
tow et al. 2025) (Lean). To the best of our knowledge, none
of these or other works consider existential rules though.

1.3 Our Contribution — A Lean Library

In this work, we present a formal library of theoretical
results around existential rules and the chase, written in
Lean (de Moura and Ullrich 2021). We are inspired and
motivated by existing libraries on mathematics' (Baanen et
al. 2026) and (other) computer science topics® (Barrett et al.
2026) that are actively developed by the Lean community.
Our primary goal is to start a similar effort for theoretical
research on existential rules and the chase, with the clear
benefit of having machine-verifiable and extensible results.

Uhttps://github.com/leanprover-community/mathlib4
*https://github.com/leanprover/cslib

As a fortunate side effect, the mathematical description of
the chase on existential rules also lays the foundation for the
verification of specific implementations and real-world sys-
tems. For example, a (verified) reference implementation
can be built on top of our project, directly in Lean.

Lean is based on dependant type theory and is a purely
functional programming language where propositions are
types. Proofs are in turn elements of such types. That means,
the Lean kernel verifies our proofs by type checking. To
prove proposition () from proposition P, we write a func-
tion that takes an element of P and transforms it into an
element of (). The use of “tactics” allows us to write proofs
in a more human readable format. Still, the proofs are meant
to be explored in an interactive fashion, where a widget in
the code editor shows the current hypotheses and the proof
goal for the current line. In this way, one can “step” through
the proof line by line. For a comprehensive view on Lean,
we refer the interested reader to the official resources?.

In the upcoming sections, we present our key ideas behind
crafting a Lean library for existential rules and the chase
and demonstrate its capabilities by proving known proper-
ties mentioned above. We also generalize and extend some
of them. Since the code is already thorougly documented,
we focus less on the specific implementation but rather on
conceptual decisions and insights that do not only apply to
Lean. We phrase main takeaways in remark environments.
In the early sections we cover the following questions:

* How do we introduce “fresh” terms? (Section 2)
e When is a rule applicable? (Section 3)

e How can we view the chase as an infinite structure but still
easily induce over its elements? (Section 4)

We then show the following results, again using remarks to
highlight how earlier design decisions come into play.

¢ The chase result is a universal model set (Section 5).

* A chase without alternative matches yields a universal
model that is a strong core, generalizing the original the-
orem, which uses weak cores (Section 6).

* We generalize the idea behind (D/R)MFA into a common
framework with support for constants in rules and prove
that chase termination is guaranteed (Section 7).

This paper is best read while exploring the formalization in a
code editor with a Lean extension installed. This is probably
easiest to setup in VSCode. Also, throughout the code, doc
comments provide additional detail on individual results and
sometimes larger parts of the formalization. Auto-generated
documentation is available online at https://monsterkrampe.
github.io/Existential-Rules-in-Lean/. All of the code (about
19000 lines in total) is available on GitHub where many
symbols in this PDF directly link to.

* github.com/monsterkrampe/Basic-Lean-Datastructures
* github.com/monsterkrampe/Possibly-Infinite-Trees

* github.com/monsterkrampe/Existential-Rules-in-Lean

*https://lean-lang.org/learn/


https://github.com/leanprover-community/mathlib4
https://github.com/leanprover/cslib
https://monsterkrampe.github.io/Existential-Rules-in-Lean/
https://monsterkrampe.github.io/Existential-Rules-in-Lean/
https://github.com/monsterkrampe/Basic-Lean-Datastructures/tree/v0.1.0
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0
https://lean-lang.org/learn/

2 Terms, Atoms, and Rules

Towards the end of this section, we want to be able to for-
malize (disjunctive) (existential) rules. Here, we also discuss
our first important design decision of using Skolem terms in-
stead of (labelled) nulls (Remark 1). Traditionally, a rule is
an expression of the form

n
Vi, §.BIE,§) — \/ 3%.Hi[ij;, ]
i=1

where ¥, 7, 21, . .., Z, are pairwise-disjoint lists of vari-
ables, 1, ..., Y, are (not necessarily disjoint) lists of vari-
ables such that ¥ = | J;__, ¥;, and B (body) and H, ..., H,
(head) are function-free conjunctions of atoms.

In Lean, we simplify this into the following structure for
Rules. Existential variables are identified implicitly: we
treat variables as existentially quantified if they occur some-
where in head but not in body.

structure Rule where
id : Nat
body : FunctionFreeConjunction sig
head : List (FunctionFreeConjunction sig)
—— the List represents a disjunction

To formalize the basic building blocks, we start with pred-
icate symbols, variables, and constants. In Lean, we capture
these ina Signature, usually called sig. The signature is
a structure of three arbitrary types C, v, P and an arity func-
tion P -> Nat. As we saw in Example 1, we also need to
be able to introduce fresh terms.

Remark 1. Picking fresh elements from a (countably infi-
nite) set of (labelled) nulls is a popular option. When “ap-
plying” a rule, the nulls picked for the existential variables
must not occur anywhere else. The problem is that pick-
ing is a magical procedure. We know that it is safe to do
since we have a countably infinite set of nulls at our dis-
posal. But implementing a specific procedure or even only
formally stating that a fresh null does not occur “before”
would require us to keep some global state. Therefore, we
use Skolem terms as a naming convention for nulls, which
convey only local information and are “fresh by design”.

We identify Skolem function symbols (SkolemFS) by a
rule, a disjunctIndex, i.e. the index of the head disjunct
in the rule, the (existential) variable that gets Skolemized,
and the arity of the function symbol. The function symbols
then receive the frontier of the rule as the arguments to con-
struct a Skolem term. The frontier is the list of variables
that occur in both head and body of the rule. This makes
the Skolem terms unique. This way of Skolemizing with the
frontier is also called semi-oblivious opposed to oblivious
Skolemization where all body variables would be used. The
semi-oblivious idea is that values used for non-frontier body
variables are irrelevant to the result of the rule application.

structure SkolemFS (sig
ruleId : Nat
disjunctIndex : Nat
var : sig.Vv
arity : Nat

Signature) where

We define a variety of inductive types to represent differ-
ent kinds of terms such as VarOrConst, SkolemTerm,
and GroundTerm*. Instead of having a common term
type, this more fine-grained approach limits the number of
cases that we need to consider in proofs. Different kinds
of atoms can now be introduced as variants of the follow-
ing GeneralizedAtom where T represents an abitrary
term type. Atoms, FunctionFreeAtoms, Facts, and
FunctionFreeFacts are all GeneralizedAtoms us-
ing SkolemTerms, VarOrConsts, GroundTerms, and
sig.C as their term type, respectively.

structure GeneralizedAtom

(sig : Signature) (T Type u) where
predicate : sig.P
terms : List T
arity_ok terms.length =

sig.arity predicate

A FunctionFreeConjunction is consequently a
list of FunctionFreeAtoms, which gives us the essen-
tial ingredient for the Rule definition above. To define a
KnowledgeBase, which is going to be the input of the
chase, we still require Fact Sets, Databases (finite sets
of function free facts), and RuleSets. These are readily
defined with the following basic Set definition: def Set

(v : Type u) := a —> Prop That is, a set is a func-
tion that takes a potential element and returns whether it is
a member. A Set is finite if there exists a list with the
same elements.’ For RuleSets we make the technical de-
mand that rules within the set are uniquely identified by their
id, formally: if two rule ids are equal, then so are the rules.

3 Triggers and Obsolescence

As a precursor to the chase, we need to model what it for-
mally means to “apply” a rule. The goal of an application
is to satisfy the rule in the most general way. A major ques-
tion to ask here is: when should a rule be applied? This will
dictate which variant of the chase algorithm we model. That
is, we could also ask: Do we want to model the Skolem or
restricted (aka. standard) chase? (Remark 2) Before we an-
swer this question, we cover the basic definitions of triggers
captured in a structure called PreTrigger.

structure PreTrigger (sig
rule : Rule sig
subs : GroundSubstitution sig

Signature) where

GroundSubstitutions are (total) functions from
sig.V to GroundTerms. A PreTrigger trg derives
new facts in its result, i.e. trg.mapped_-head, by instanti-
ating the Skolemized variant of t rg. rule with trg. subs.
Thereby, it produces a list of Facts for each head disjunct.

In the context of any chase variant, a PreTrigger
needs to be loaded for a given FactSet F. That is,
trg.mapped_body, which results from applying t rg. subs
to trg.rule.body, needs to be contained in F. De-
pending on the chase variant, a trigger can be obsolete

*The definition for GroundTerms is a bit more technical but
abstracted away to look like an inductive type from the outside.
SList is inductively defined and therefore each list is finite.
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in different ways. The two variants we want to con-
sider here are SkolemObsolescence (from the Skolem
chase) and RestrictedObsolescence (from the re-
stricted chase). SkolemObsolescence marks a trig-
ger trg as obsolete for a FactSet F, if the re-
sult for one head disjunct is already contained in F'.
RestrictedObsolescence additionally checks if such
a containment can be achieved by allowing a different map-
ping of the existential variables in trg.rule.head.

Example 2. Reconsidering Example 1, we observe that the
root node with fact P(a,b) yields two fact sets through the
result of the PreTrigger trg with the single Rule in
R and a GroundSubstitution that maps x to a and y
to b. The trigger trg is loaded for {P(a,b)} since the
instantiated body of trg.rule is P(a,b). Additionally,
trqg is obsolete for neither SkolemObsolescence nor
RestrictedObsolescence since trg.rule.head is
not satisfied by the single fact P(a,b). On the
other hand, the PreTrigger trg’ mapping T to
b and y to fLHY(b) is loaded but obsolete with re-
spect to RestrictedObsolescence for the fact set
{P(a,b), P(b, f11(b)), P(f11(b),b)} since its head is sat-
isfied by the facts P(f}(b),b) and P(b, f1-1(b)). For
SkolemObsolescence, trg’ is not obsolete for this
fact set but the trigger mapping x to a and y to b would
be obsolete for the fact set { P(a,b), S(b)}.

Despite the obvious differences of the specific conditions,
their behavior has certain commonalities that we may extract
into a more general class of conditions.

Remark 2. Instead of focusing only on Skolem or restricted
obsolescence (and therefore the respective chase), we in-
troduce a generalizing ObsolescenceCondition that
only demands four essential properties. (1) Subset mono-
tonicity: if a trigger is obsolete for a fact set, then it is ob-
solete on all supersets. (2) If a trigger is obsolete, it is sat-
isfied (under first-order logic semantics). (3) If the trigger
result already occurs in the given fact set, then it is obsolete
for the generic condition. (4) If two triggers are equivalent
(equiv), then one is obsolete if and only if the other is obso-
lete. Note that the most liberal condition that still fulfills (3)
is SkolemObsolescence and the most restrictive condi-
tion that still fulfills (2) is RestrictedObsolescence.

Now, a Trigger is a PreTrigger with a fixed
ObsolescenceCondition. We say that a Trigger
is active (for a fact set) if it is loaded and not obso-
lete with respect to its obsolescence condition. Finally, an
RTrigger is subtype of Trigger enforcing that the trig-
ger’s rule stems from a given rule set. For example, in a
chase for a given knowledge base K, it only makes sense
to consider triggers that feature rules from K and it is con-
venient for us to capture this property directly in the trigger
type instead of demanding it explicitely in all places.

Let us briefly mention two other popular chase vari-
ants that we do not yet capture by generalizing obsoles-
cence: the oblivious chase and the core chase. Both dif-
fer in ways other than obsolescence. To model the obliv-
ious chase, the Skolem terms would need to take all body
variables as arguments (not only trg.rule.frontier).

SkolemObsolescence then gives the oblivious behav-
ior. The core chase uses restricted obsolescence but on top
of computing trigger results, the resulting fact sets need to
be condensed to their “core” during the chase. In the future,
we plan to introduce additional generalizations to be able to
capture all four chase variants in a common framework.

4 The Chase as a Coinductive Structure

As briefly outlined in Example 1, the intuitive idea behind
the chase is to satisfy all rules in a given KnowledgeBase
by iteratively and exhaustively adding the results of active
triggers to the previously produced Fact Sets based on the
initial Database. This procedure yields a possibly infi-
nite tree of finite degree. In the special case of deterministic
rules, where each rule has exactly one disjunct, this tree only
consists of a single branch. An important design decision
will be to take a coinductive view on the chase (Remark 3).

4.1 Chase Derivations and Branches

Works that are not concerned with disjunctions usually
model the chase as an infinite sequence of fact sets. Even
in the disjunctive setting, we can characterize individual
branches of a chase tree independently of the tree structure.
For simplicity, we will mainly discuss this view. Lifting the
ideas to a whole tree structure is not much harder. Let us de-
fine such a chase branch on paper first, similar to definitions
one would usually find in the literature.

Definition 1. For a knowledge base (R, D), a chase branch
is a sequence of fact sets Fy = D, Fy, ... such that

e for eachi > 0, F; 1 results from F; by adding the result
of a disjunct of a trigger that is active for F;, and

e for each trigger ), there is some F; such that, for each
J =14, Ais not active for I;.

Let us reflect on what an infinite sequence really is and,
more importantly, what it is not. An infinite sequence is
not an inductive type. Elements of inductive types (like
lists) are always finite. Think of the natural numbers: a
number is either zero or the successor of a number. While
there are infinitely many natural numbers, each natural num-
ber is finite. The elements of an inductive type are the el-
ements of the least fixed point of everything that can be
built from the constructors. What we want instead is the
greatest fixed point, i.e. coinductively defined lists. To
model this, we build a small framework around what we call
PossiblyInfiniteList.® This includes basic access
functions such as head and tail, a suffix relation (<:+)
and a recursion/induction principle to show properties for
elements of the list (mem_rec).

Based on this insight, we also want to treat the chase
branch as a coinductive data structure. But this does not
work with Definition 1. We currently force chase branches
to start on a database, which means that (most) subbranches
are no proper chase branches, since their first fact set may
already contain Skolem terms. Therefore, we define a chase
derivation where we lift this restriction. The other properties
are the same as in Definition 1.

SMathlib provides very similar machinery in Stream’.Seq.
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structure ChaseDerivation (obs
branch

ObsolescenceCondition sig) (rules
PossiblyInfiniteList (ChaseNode obs rules)

RuleSet sig) where

—-— The derivation needs to contain an initial fact set.

isSome_head branch.head.isSome

—-— Each fact set is produced by a trigger.

triggers_exist : V n
let after := (branch.drop n).tail.head

(exists_trigger_opt_-fs obs rules before after)

—— The used triggers are active.

Nat, V before € (branch.drop n) .head,

triggers_active : V n : Nat, V before € (branch.drop n).head,

V after € (branch.drop n).tail.head,

J orig € after.origin, orig.fst.val.active before.facts

—-— Every trigger 1is eventually inactive.
fairness V trg

(RTrigger obs rules), d i

Nat,

(3 node € (branch.drop i) .head, - trg.val.active node.facts)
A (V¥ j : Nat, V node2 € (branch.drop 1i).tail.get? Jj, — trg.val.active node2.facts)

Listing 1: Definition of a ChaseDerivation based on PossiblyInfiniteList and four conditions.

Remark 3. We treat a ChaseDerivation as a coinduc-
tive data structure. From our point of view, this resonates
well with proofs about the chase usually carried out on pa-
per only that the formal basics are rarely explicitely dis-
cussed. For example, when showing properties of fact sets in
the chase via induction, it might not always be clear what we
induce over. We could use the index within the chase but it
is more convenient to consider only the following two cases:
the fact set is the initial one or it results from a trigger appli-
cation. This induction principle is something we can define
using our coinductive framework (see mem_rec).

Our framework around ChaseDerivations offers
many convenience features inspired by, but also going be-
yond, the underlying PossiblyInfiniteList.

¢ Accessor functions such as head, next, and tail.

¢ A suffix relation on chase derivations (I sSuf fix, where
cd2 <:+ cdreads as: ’cd2 is a subderivation of c¢d”).

* A recursion/induction principle to show properties over
all members of the chase derivation (mem_rec).

¢ A total order on derivation members (predecessor,
where node = node2 reads as: “node occurs in the
chase before node2”). A strict version (<) also exists.
Listing 1 shows the full ChaseDerivation defini-
tion’. Note the similarities to Definition 1. The asso-
ciated conditions are still expressed in the vocabulary of
the underlying PossiblyInfiniteList, which leaves
them quite convoluted. With the new vocabulary, we show
theorems that express the conditions in a more accessible
way. For example, we restate fairness in fairness’
and fairness_prec in terms of suffixes and the pre-
decessor relation, respectively. One can see from the
definition that the ChaseDerivation is generic over
an ObsolescenceCondition, which was introduced
in the last section. Furthermore, maybe unexpectedly,

"In reality, the ChaseDerivation extends an even more
general ChaseDerivationSkeleton. Listing 1 shows the
combined structure.

the derivation is not based on a possibly infinite list of
FactSets but ChaseNodes instead. A ChaseNode
stores a FactSet and an optional RTrigger. So each
chase step remembers not only what was derived but
also how. A ChaseBranch as in Definition 1 is a
ChaseDerivation for a KnowledgeBase where the
first fact set is forced to be the Database.

Let us now discuss some important properties about
ChaseDerivations and ChaseBranches. We already
mentioned that we define a total order on the ChaseNodes
of the derivation. But so far it might not be obvious that this
is possible. Could the same ChaseNode not occur multiple
times in the same derivation? Fortunately, no! The essential
theorem for this shows that the head can never also be a
member of the tail. Assuming for a contradition that this
was the case, the copy of head was introduced by a trigger,
but then the trigger cannot be active anymore since all the
derived facts already occur in the original head. We rely on
property (3) from Remark 2 here.

Furthermore, we mentioned in Remark 1 that Skolem
terms are “fresh by design”. We now want to prove this
along a chase branch. What we show is slightly different
but entails the desired property: if a Skolem term for a trig-
ger A occurs in a ChaseNode, then the whole result of
A is already in this chase node. This means if a Skolem
term is already present, then every trigger that would intro-
duce it (again) is already obsolete, which ensures freshness.
Note that this is not quite the case for derivations instead of
branches, since the term in question could occur in the first
fact set instead of resulting from a trigger.

The most important property of a chase branch is
that its result, defined as the union of all fact sets, is
a model (result_models_kb). Without disjunctions,
one obtains a stronger result showing that the result
of a chase branch on deterministic rules is a universal
model, meaning that it is one of the most general ones
(detCBResultUniversallyModelsKb). Our proof
for this depends on a corresponding result on chase trees,
which we discuss at length in Section 5.
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Example 3. Reconsidering Example 1 and our in-
sights from Example 2, we can construct a finite
ChaseBranch for RestrictedObsolescence that
contains exactly P(a,b), P(f11(b),b), P(b, fL1(b)) in its
result. We can also construct an infinite ChaseBranch for
SkolemObsolescence that derives an infinite “chain”
of P relations including their inverses except for P(b,a).
Note that both of these results are models of the input knowl-
edge base. Furthermore, there is a ChaseBranch pro-
ducing only P(a,b), S(b) for both obsolescence conditions,
which also models the knowledge base.

4.2 Tree Derivations and Chase Trees

TreeDerivations and ChaseDerivations are simi-
lar. We mainly exchange the PossiblyInfinitelList
for a FiniteDegreeTree. We provide a similar coin-
ductive framework to access the root, the (immediate) child
nodes and child trees, as well as a subtree relation and a
recursion/induction principle for members. The only draw-
back we have is the predecessor relation. Instead of defin-
ing the relation directly on the ChaseNodes, we now need
to take their addresses in the tree into account to obtain a
proper order. This is because the same node can now occur
multiple times in the tree, just not along the same branch.
The address is an easy way to tell the different occurrences
apart. The predecessor relation is then merely the prefix re-
lation of the addresses. Just like the ChaseDerivation,
the TreeDerivation does not enforce starting on a
Database. In a similar way that ChaseBranches
are defined for ChaseDerivation, we also define
ChaseTrees based on TreeDerivations.

Each branch in tree of the TreeDerivation is
shown to be a proper ChaseDerivation and the set
of branches for the TreeDerivation consists of all
ChaseDerivation that correspond to a branch in the
tree of the TreeDerivation. We can now define the
TreeDerivation result as follows.

def result (td TreeDerivation obs rules)
Set (FactSet sig) :=
td.branches.map ChaseDerivation.result

For the special case of a ChaseTree, it is easy to
show that every fact set in the result is a model of
the underlying knowledge base since we already know
that the result of each ChaseBranch is a model (see
result_models_kb).

Example 4. Based on Example 3, we can see that there is a
(single) ChaseTree for RestrictedObsolescence
and the respective knowledge base. This tree has a root node
with P(a,b) and two children adding S(b) or P(f}1(b),b),
P(b, f11(b)), respectively. The result therefore is the set
with the two FactSets: {P(a,b),S(b)} and {P(a,b),
P(fL1(b),b), P(b, f11(b))}. We already realized earlier
that both are models of the knowledge base.

The next section focuses entirely on showing a universal-
ity property for the ChaseTree result.

5 Chase Trees yield Universal Model Sets

The universality property of a ChaseTree is as follows. A
set of models U/ is a universal model set if for each model M,
there is a model U € U such that there is a homomorphism
from U to M. So we aim to show that the ChaseTree
result is a universal model set.

theorem chaseTreeResultIsUniversal
(ct : ChaseTree obs kb)
¥V (m : FactSet sig), m.modelsKb kb ->
d (fs : FactSet sig)
(h : GroundTermMapping sig),
fs € ct.result A h.isHomomorphism fs m

Example 5. Recall the result from the ChaseTree dis-
cussed in Example 4, that is the set U with the two fact sets
{P(a,b), S(b)} and {P(a,b), P(f2}(b),b), P(b, £ (b))}.
We want to argue intuitively that U is universal. Every
model for the input knowledge base needs to contain P(a,b)
and satisfy the single rule from Example 1. But for this
to be true, it needs to contain S(b) or it needs to contain
P(b,n), P(n,b) for some term n. For any such model M,
we find a GroundTermMapping h, which is the identity
on all terms except that it maps f11(b) to n. Thereby, we
can pick either the first or second element from U (call this
U) and witness that h is a homomorphism from U to M.

A proof on paper might just say that for a given M, the
corresponding U and the homomorphism can be constructed
inductively along the chase. While this is an essential ingre-
dient, this does not conclude the proof. The final U only
results from taking the union of the constructed sets and the
homomorphisms also still need to be combined into a single
function. And even then, we still need to prove that the com-
bined U indeed occurs in the result of the chase tree, which
is to specify the infinite branch that the constructed fact sets
belong to. And of course, we also need to prove that the
combined homomorphism agrees with the inductively con-
structed ones on their corresponding fact sets. All of this
is not hard to believe and therefore likely omitted on paper.
Still the formal arguments are not trivial and yet again in-
volve some coinductive principles.

Remark 4. To be able to construct an infinite branch in
a tree from an inductive construction, we make use of
the generate_branch function, which is part of our
FiniteDegreeTree framework. This function is core-
cursive and accepts a “generator” function as input that
always creates a new tree element from a previous one.
Given that this generator adheres to certain properties, we
can directly conclude that the PossiblyInfiniteList
produced by the generate_branch function is indeed a
branch in the FiniteDegreeTree. We also lift this to
TreeDerivationsin generate_subderivation.

The generator function (hom_step) takes an
InductiveHomomorphismResult as input and
output, which consists of a node in the chase tree and
a GroundTermMapping that is a homomorphism
from the node into the target model M. We show
the type signatures in Listing 2. The application of
generate_subderivation can be found in the proof


https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseBranch.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/Triggers/Obsolescence.lean#L96
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseBranch.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/Triggers/Obsolescence.lean#L61
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseBranch.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseDerivation.lean#L44
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteList/PossiblyInfiniteList.lean#L30
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteTree/FiniteDegreeTree/Basic.lean#L35
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseNode.lean#L23
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseDerivation.lean#L44
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/Basic.lean#L681
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseBranch.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseDerivation.lean#L44
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseDerivation.lean#L44
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseDerivation.lean#L44
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L908
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Basic-Lean-Datastructures/tree/v0.1.0/BasicLeanDatastructures/Set/Basic.lean#L15
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/Basic.lean#L501
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L858
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseDerivation.lean#L44
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseBranch.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L93
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/Triggers/Obsolescence.lean#L96
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/Basic.lean#L501
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/Universality.lean#L272
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/Basic.lean#L501
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/Models/Basic.lean#L45
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/Basic.lean#L501
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/SubstitutionsAndHomomorphisms.lean#L233
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L908
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/SubstitutionsAndHomomorphisms.lean#L253
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/ChaseTree.lean#L27
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/SubstitutionsAndHomomorphisms.lean#L233
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteTree/FiniteDegreeTree/Basic.lean#L640
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteTree/FiniteDegreeTree/Basic.lean#L35
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteList/PossiblyInfiniteList.lean#L30
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteTree/FiniteDegreeTree/Basic.lean#L640
https://github.com/monsterkrampe/Possibly-Infinite-Trees/tree/v0.1.0/PossiblyInfiniteTrees/PossiblyInfiniteTree/FiniteDegreeTree/Basic.lean#L35
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L80
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L1136
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/Universality.lean#L209
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/Universality.lean#L37
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/AtomsAndFacts/SubstitutionsAndHomomorphisms.lean#L233
https://github.com/monsterkrampe/Existential-Rules-in-Lean/tree/v0.2.0/ExistentialRules/ChaseSequence/TreeDerivation.lean#L1136

abbrev InductiveHomomorphismResult (ct
{ pair

ChaseTree obs kb) (m
ct.NodeWithAddress X (GroundTermMapping sig) //

FactSet sig) :=

pair.snd.isHomomorphism pair.fst.node.facts m }

noncomputable def hom_step (m_is_model
(prev_res

m.modelsKb kb)
InductiveHomomorphismResult ct m)

Option (InductiveHomomorphismResult ct m)

Listing 2: Signature of Inductive Homomorphism Definition for the Universality Proof.

of chaseTreeResultIsUniversal. After setting
up an initial InductiveHomomorphismResult, we
essentially call generate_subderivation passing
(hom_step ct m m_is_model) as the generator to
obtain the full branch that yields U as its result. Using
generate_subderivation.mem_branches, we get
the proof that the generated branch indeed occurs in the
branches of the chase tree. We also define a combined
version of all homomorphisms (called global_h) and
show all necessary properties, which involves quite a few
lines of code, but this is conceptually less interesting.
Thus, we have now successfully shown in Lean that every
ChaseTree for any ObsolescenceCondition
indeed procudes a universal model set, which, as mentioned
earlier, also yields the special case: when restricting to
deterministic rules, the result of every chase branch for any
ObsolescenceCondition is a universal model.

6 Alternative Matches and Cores

In this section, we discuss that, going beyond universality,
if we can avoid alternative matches in a ChaseBranch on
deterministic rules, then the result is a core. In fact, we have
formalized all results from Section 3 in (Krotzsch 2020). We
even generalize the presented results as we again show the
results generically for any ObsolescenceCondition
but more importantly, since we consider two different no-
tions of cores. On infinite structures, different definitions
of cores are possible. For clarity, we refer to the definition
used in (Krotzsch 2020) as a “weak core”, which states that
aFactSet is a weak core if every endomorphism is an em-
bedding (strong and injective). A FactSet is a strong core
if every endomorphism is an automorphism (strong, injec-
tive, and surjective). On finite structures the notions of weak
and strong core coincide. The main goal of this section is
to describe the formalization of the following result (which
includes a corresponding result for weak cores).

theorem result_isStrongCore_of_noAltMatch
{cb : ChaseBranch obs kb}
(det : kb.isDeterministic)
= cb.has_altmatch —->
cb.result.isStrongCore

Since homomorphisms are GroundTermMappings
and therefore defined on all terms, our definitions of st rong
and injective_for_domain_set take an argument that
specifies the relevant part of the domain. For example, for
the definition of strong, one might intuitively state that
the mapping of every fact not in a given fact set £s should
again not be in £s. This demand is too strong. Often, we

have no information on how a homomorphism handles terms
that are outside of £s.terms and there might very well be
facts outside of £s that end up in £s under the homomor-
phism. As long as such a fact features at least one term out-
side of f£s.terms, this is unproblematic. The requirement
for strong homomorphisms shall only ensure that previously
existing but unconnected terms do not get connected via a
predicate by the homomorphism.

def strong (h GroundTermMapping sig)
(domain : Set (GroundTerm sig))
(A B : FactSet sig) Prop :=
V (e : Fact sig),
(V t, t € e.terms -> t € domain) ->
- e € A —> = (h.applyFact e) € B

The idea for alternative matches is to witness redundan-
cies in a ChaseBranch. Intuitively, a term ¢ that is newly
introduced by a trigger is redundant if we can find a homo-
morphism from the result of the trigger into another part of
the chase such that ¢ does not occur in the image. The ex-
istence of an alternative match for a trigger witnesses that
at least one newly introduced term is redundant in the con-
text of a given fact set. We present the formal definition in
Listing 3. We say that a ChaseBranch has an alternative
match if some trigger in the branch has an alternative match
in the context of the result of the branch. This definition
does not yet make the assumption of deterministic rules. We
only demand this on theorems where it is really necessary.

Example 6. Consider the database D = {P(a,b)} and the
singleton rule set R:

P(z,y) — 32.P(y,2) A P(y,x)

The rule applied to P(a,b) produces P(b, f1:1(b)), P(b,a)
and thereby a redundancy in itself (f11(b) — a). In-
deed, this mapping witnesses an alternative match. Still,
{P(a,b), P(b,a)} is a universal model and also a core.
Only we cannot obtain it with the restricted or Skolem chase.

For the main goal, we first prove that the chase re-
sult is a weak core in the absence of alternative matches
in result_isWeakCore_of_noAltMatch. We follow
along the original proof (Krétzsch 2020, Theorem 2). We
assume for a contradiction that some endomorphism on the
ChaseBranch result is not strong or not injective. How-
ever, since the branch does not have alternative matches, we
can inductively modify this endomorhpisms to be the iden-
tity on each step in ChaseBranch. At the same time, we
can show alongside the same induction that this construction
preserves that the endomorphism is not strong or not injec-
tive, respectively, which eventually leads to a contradiction.
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def isAlternativeMatch
(disj_index

(h_alt
Fin trg.mapped_-head.length)

GroundTermMapping sig)

(fs

(trg PreTrigger sig)
FactSet siqg) Prop :=

(h_alt.isHomomorphism trg.mapped_-head[disj_index.val].toSet fs) A

vV t,
3 t,
(—t €

t € trg.rule.frontier.map trg.subs -> h_alt t =
(t € trg.fresh_terms_for_head.disjunct disj_index.val ..
(trg.fresh_terms_for_head.disjunct disj_index.val ..

t) A
D IAN
.) .map h_alt))

Listing 3: Definition of Alternative Match.

Remark 5. For a key lemma, we again utilize a corecur-
sive construction similar to Section 5 although a bit simpler.
Whenever there is a homomorphism h from a fact set F in
a ChaseBranch to its result, we need to be able to ex-
tend h into an endomorphism on the result that agrees with
the original homomorphisms on F. We formalize this in
hom_for_node_extendable_to_result with an in-
ductive construction of a homomorphism (without construct-
ing a tree branch now). We use the generate function
of PossiblyInfiniteLists to obtain an infinite list of
homomorphisms that we combine into one.

To prove result_isStrongCore_of_noAltMatch,
we still need to show that every endomorphism on the chase
result U is surjective. But this is close to the alternative
match definition. Suppose for a contradiction that some
endomorphism h on U is not surjective. Then, there is a
first term ¢ that is never mapped to itself by k¢ for any i > 1
(indicating that h is repeated ¢ times). The term ¢ originates
from some trigger A\. Each term s that was introduced
earlier is therefore mapped to itself by h’ for some j > 1.
By picking a large enough common multiple &£ of these
4, (1) the mapping h* is still an endomorphism on U and
therefore also a homomorphism from the result of A into U,
(2) all frontier terms (which occurred before \) are mapped
to themselves, and (3) ¢ does not occur in the image of the
fresh terms of the trigger after applying the h*. This shows
all three conditions from the alternative match definition
and therefore yields the desired contradiction.

7 A Framework for MFA-like Conditions

Model-Faithful Acyclicity (MFA) (Cuenca Grau et al.
2013), Disjunctive MFA (DMFA) (Gerlach and Carral
2023b), and Restricted MFA (RMFA) (Carral, Dragoste,
and Krotzsch 2017) are sufficient conditions for chase
termination (aka.  acyclicity notions). So if a rule
set fulfills the condition, then every chase on it termi-
nates. Termination formally means that the underly-
ing PossiblyInfiniteList is finite, in case of a
ChaseBranch, or that all branches are finite, in case of
a ChaseTree. A KnowledgeBase terminates if all of
its ChaseTrees terminate and a RuleSet terminates if
all KnowledgeBases featuring this rule set terminate. We
generalize MFA, DMFA, and RMFA into a common frame-
work for any ObsolescenceCondition and (as per our
usual definition) we allow rules to contain constants, which
is not considered in the original definitions of DMFA and
RMFA. For constants, not many changes are necessary but
the challenge is to make the right changes in the right places.

We highlight these in bold. Thanks to Lean, we can easily
spot how the changes affect our proofs. We should also men-
tion that the original definitions for DMFA and RMFA are
optimized to work only with chase trees that prioritize the
application of Datalog rules. We drop this optimization in
our formalization to support arbitrary chase trees.

The central idea of all 3 acyclicity notions is to compute a
chase-like procedure starting on a special database based on
a given rule set rs. We call the resulting fact set mfaSet
and show that rs.terminates if mfaSet is finite (see
terminates_of_mfaSet_finite). The idea for the
proof is that every trigger used in any ChaseBranch has a
corresponding trigger application in the mfaSet.

The mfasSet is based on the mfaKb, which can be ob-
tained solely from rs. The rule set in mfaKb is exactly
rs. The database of mfaKb (aka. criticalInstance)
contains facts for each predicate in rs and all possible com-
binations of constants from rs and a special constant *.

The parallelDeterminizedChase is a chase-like
procedure used to compute mfaSet from mfaKb. It treats
disjunctions as conjunctions and applies all active triggers at
once. It thereby yields an InfiniteList of FactSets.
Indeed, this list is always infinite, since when no triggers are
active anymore, then the last fact set is just repeated forever.
The goal is that mfaSet is a gross overestimation of all fact
sets that may occur in any ChaseBranch of mfaKb. At
the same time, mfaKb generalizes all KnowledgeBases
featuring rs. So the mfaSet really overapproximates
the result of any ChaseBranch of any such knowledge
base. The proof of terminates_of mfaSet_finite
comes down to showing that every ChaseBranch for ev-
ery KnowledgeBase featuring rs can be embedded into
mfaSet. This is done by mapping all constants to x except
the ones occurring in the rule set, which are just mapped
to themselves. We prove this via induction using mem_rec.

Remark 6. The realization of Remark 2, namely that we can
generalize Skolem and restricted obsolescence into a com-
mon ObsolescenceCondition, resonates well with
DMFA and RMFA and immediately allows us to generalize
these notions accordingly. Not only that but also MFA can
be expressed in a similar fashion.

The difference between MFA, DMFA, and RMFA
comes down to which triggers we consider to be active
in the parallelDeterminizedChase. We use an
MfaObsolescenceCondition (MOC) to express this,
which is an alias for LaxObsolescenceCondition.
These enforce fewer conditions than our usual
ObsolescenceCondition (OC). We then make
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our main result terminates_of_mfaSet_finite
generic over an MOC m and an OC o and de-
mand that m blocks_obs o. The idea behind
blocks_obs is that whenever a trigger A from the
parallelDeterminizedChase is obsolete according
to m, then all corresponding triggers A\’ from any real
ChaseBranch on any knowledge base are obsolete
according to o. Corresponding means that replacing all
constants in A\’ by x except the ones from the rule set
yields X\. Or in other words: )’ is simulated by A in the
parallelDeterminizedChase.

MFA uses DeterministicSkolemObsolescence
(DSO) for its MOC, which marks a trigger as ob-
solete if all of its results are already present.  For
DMFA and RMFA (and everything in between), we
use BlockingObsolescence (BO), which depends
on a given OC. For both DSO and BO, we need to
show that they have the necessary blocks_obs prop-
erty. DSO has the blocks_obs property for every OC
and BO has this property exactly for the OC that it re-
ceives as an argument. So DMFA and RMFA corre-
spond exactly to BO with SkolemObsolescence and
RestrictedObsolescence respectively, but any other
OC could be used just as well.

The definition of BlockingObsolescence is ex-
tremely involved and beyond what we can cover in this
writeup. To at least give an intuition, the idea for both
DMFA and RMFA is to limit the number of triggers in the
computation of the mfaSet by checking which triggers A
are necessarily obsolete as soon as they are loaded. The ba-
sis for this check is a backtracking of triggers that need to be
applied in order for A to become loaded. This roughly works
as follows. When \ is loaded, its instantiated body needs to
be present. But not only that. Each Skolem term stems from
a unique rule head disjunct. Consequently a suitable trigger
must have been applied before. In this way, one can back-
track a set of facts F' that are necessarily involved in the
target trigger A becoming loaded. If X is obsolete with re-
spect to this F', then we call A “blocked” since it can under
no circumstances be applied in a chase. This is exactly when
BlockingObsolescence marks A as obsolete.® Check-
ing whether A is obsolete with respect to F uses the OC that
BO received as an argument. The difference in the OC is
also precisely the what sets DMFA and RMFA apart.

While the backtracking idea is still intuitive, in truth
this whole procedure involves introducing fresh constants
for terms introduced in the backtracking and renaming
constants in triggers apart. Fresh constants are neces-
sary because our Skolem terms do not indicate the map-
ping of non-frontier body variables. Picking fresh con-
stants introduces a problem similar to Remark 1 and in
this case indeed involves passing around a list of con-
stants that have already been used. Renaming constants
in triggers apart is necessary since the BO check consid-
ers triggers from the parallelDeterminizedChase,
which would only feature x» and the rule set constants

8The Datalog optimization in the original definitions of DMFA
and RMFA computes the Datalog-closure on the backtracked facts.

in all positions, but the check still needs to generalize
all possible triggers that end up mapping to A\. Re-
naming again leads to the introduction of fresh constants.
Specifically the handling of fresh constants is what makes
the machinery around BlockingObsolescence in-
volved. Defining BlockingObsolescence and prov-
ing the blocks_obs property involves a couple of thou-
sand lines of code. For more explanations and examples
for some of the subtleties, we refer the interested reader
mainly to the original papers (Gerlach and Carral 2023b;
Carral, Dragoste, and Krétzsch 2017).

There is still one point that we have not discussed. How
do we know if mfaSet is finite? The acyclicity notions
should be decidable after all and not run into an infinite com-
putation. All notions handle this in the same way: the com-
putation of the parallelDeterminizedChase stops
as soon as we witness a cyclic term, e.g. f(g(f(c),d)) but
not g(f(c), f(d)). Since the function symbols are Skolem
functions, a cyclic term hints at a rule being applied on its
own result. This does not necessarily endanger termina-
tion but it could. In this case, we cannot tell if mfaSet
is finite. If the procedure terminates on its own with-
out seeing a cyclic term, then mfaSet is obviously fi-
nite. Since there are only finitely many non-cyclic terms,
the procedure always halts. This is how we define isMfa
(again generically over an MOC). The main correctness re-
sult is terminates_of_isMfa, which we also instanti-
ate specifically for DSO and BO afterwards. Convincingly
presenting this argument to the Lean kernel involves theo-
rems around finiteness of sets containing different syntac-
tic entities. For example, we require a result showing that
a FactSet must be finite if it only features finitely many
different predicates and only finitely many different terms.
Also, we show that a functional term of a large enough depth
is necessarily cyclic if there are only finitely many different
function symbols (see cyclic_of _depth_too_big).

Example 7. We realized in Example 3 that there is an
infinite ChaseBranch for SkolemObsolescence.
Consequently, the rule set should not be (D)MFA. In-
deed, the mfaSet is infinite and contains P(x,*),S(x),
P(f31(x), %), P(x, f11(x)), P(FA1(F11 (), £ (4)),

P(fLY (%), fEY(fE1(%))). Thus, we witness a cyclic term
FEY(f1Y (%)) and conclude that the rule set is not (D)MFA.

z

However, the rule set is still RMFA.

8 Concluding Remarks

We provide a formalization of disjunctive existential rules
and a generalized chase procedure in Lean also modelling
possibly infinite trees as a by-product. We demonstrate the
usability by proving and extending known results from exis-
tential rule research: (1) the chase result is a universal model
set, (2) a chase without alternative matches yields a universal
model that is a strong core, and (3) we prove correctness of
a novel framework built around MFA-like acyclicity notions
with full support for constants in rules.

The possibilities for extending this library are just as
broad as the realm of existential rule research. On our
roadmap, addressing issue (B) from the introduction is one
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of our main upcoming goals. The considerations around
DMFA and RMFA feel like a mere precursor to this as non-
termination conditions such as DMFC (Gerlach and Carral
2023b) and RPC (Gerlach and Carral 2023a) only get more
complicated. Futhermore, formalizing the core chase is al-
ready work in progress. Specifically, we aim to show that the
core chase terminates if and only if a finite universal model
exists (Deutsch, Nash, and Remmel 2008, Theorem 7). Re-
lated to cores, extending the formalization around alternative
matches to cover more parts of the introducing paper is also
well within our scope (Krétzsch 2020). Long term, we hope
to add the result related to issue (A) and decidability results
for chase termination on existential rule fragments (Leclere
et al. 2019; Gogacz, Marcinkowski, and Pieris 2023; Ger-
lach et al. 2025), which require more foundational work on
computability theory.

Beyond theoretical results, it would be interesting to have
a formally verified reference implementation of the chase or
the MFA-like conditions directly in Lean. Right now, we
only describe the chase structures mathematically without
specific procedures for how they can be computed. How-
ever, this would be possible with a significant but manage-
able amount of work. Lean is in principle able to compile
computable definitions directly into executable code. The
biggest issue here likely will be that the chase is not guar-
anteed to terminate. Lean usually expects recursion to be
well-founded. If this is not obvious, Lean also expects a
termination proof. There are ways to define possibly non-
terminating functions though, but they come at a cost. Def-
initions can be marked as partial, which still allows to
execute them but we essentially lose the ability to prove
properties about them. What seems more interesting is the
rather recent partial_fixpoint feature. It allows to mark
certain functions, e.g. tail-recursive ones, as possibly non-
terminating. Compared to the partial keyword, we retain
the possibility of proving properties about the function.

On a meta level, we hope our humble contribution to be a
spark that ignites interest within the community to formalize
more definitions and results from the field of knowledge re-
spresentation and reasoning. We believe that a formal library
of definitions and proofs not only ensures reproducibility but
also encourages development of novel, fully verified theo-
rems. And, as we demonstrate, inspires new generalizations.
We realized in our own formalization efforts that the process
can be tedious and time-consuming at times but pays off and
even becomes enjoyable in the long run.
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