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1 INTRODUCTION

The ability to quantify over substructures to express properties of a model is often instrumental
to perform modular and local reasoning. Two well-known examples are provided by separation
logics [32, 41, 48], dedicated to reasoning on pointer programs, and ambient (or more generally,
spatial) logics [11, 14, 16, 21], dedicated to reasoning on disjoint data structures. In the realm of
modal logics dedicated to knowledge representation, submodel reasoning remains a key ingredient
to express the dynamics of knowledge and belief, as done in the logics of public announcement [5,
37, 42], sabotage modal logics [4], refinement modal logics [13] and relation-changing logics [1-3].
Though the models may be of different nature (e.g. memory states for separation logics, epistemic
models for logics of public announcement or finite edge-labelled trees for ambient logics), all those
logics feature operators that enable to compose or decompose substructures in a very natural way.

From a technical point of view, reasoning about submodels requires a global analysis, unlike the
local approach for classical modal and temporal logics (typically based on automata techniques [55,
56]). This makes the comparison between those formalisms quite challenging and often limited to
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a superficial analysis on the different classes of models and composition operators. For instance,
the composition operator | in ambient logics decomposes a tree into two disjoint pieces such that
once a node has been assigned to one submodel, all its descendants belong to the same submodel.
Instead, the separating conjunction * from separation logic decomposes the memory states into two
disjoint memory states. Obviously, these and other well-known operators are closely related but no
uniform framework investigates exhaustively their relationships in terms of expressive power.
Most of these logics can be easily encoded in monadic second-order logic MSO (or in second-
order modal logics [27, 34]). Complexity-wise, if models are tree-like structures, we can then
infer decidability thanks to the celebrated Rabin’s theorem [46]. However, most likely, this does
not produce the best decision procedures when it comes to solving simple reasoning tasks (e.g.
the satisfiability problem of MSO is TowER-complete [49]). Thus, relying on MSO as a common
umbrella to understand the differences between those logical formalisms is often not satisfactory.

Our motivations. Our intention in this work is to provide an in-depth comparison between the
composition operator | from static ambient logic [14] and the separating conjunction * from
separation logics [48] by identifying common ground in terms of logical languages and models.
As a consequence, we are able to study the effects of having these operators as far as expressivity
and complexity are concerned. We aim at defining two logics whose only differences rest on their
use of | and = syntactically and semantically (by considering the adequate composition operation).
To do so, we pick as our common class of models, the Kripke-style finite trees (actually finite
forests, so that the class is closed under taking submodels), which provides a ubiquitous class of
structures, intensively studied in computer science. For the underlying logical language (i.e. apart
from| or ), we advocate the use of the standard modal logic K (i.e. to have Boolean connectives and
the modality <) so that the main operations on the models amount to quantifying over submodels
or to moving along the edges. The generality of this framework enables us to take advantage of
model theoretical tools from modal logics [6, 10, 22]. The benefits of settling common ground for
comparison may lead to further comparisons with other logics and to new results.

Our contributions. We introduce ML(]) and ML(x), two logics interpreted on Kripke-style forest
models. The logic ML(]) features the standard modality < and the composition operator | from static
ambient logic [14]; whereas ML(*) puts together the modality & with the separating conjunction *
from separation logic [48]. Both logical formalisms can state non-trivial properties about submodels,
but the binary modalities | and * operate differently: whereas * is able to decompose the models
at any depth, | is much less permissive as the decomposition is completely determined by what
happens at the level of the children of the current node. We study their expressive power and
complexity, obtaining surprising results. We show that ML(|) is as expressive as the graded modal
logic GML [6, 52] (Theorem 3.7) whereas ML(x) is strictly less expressive than GML (Theorem 5.6).
Interestingly, this latter development partially reuses the result for ML(]), hence showing how our
framework allows us to transpose results between the two logics. To show that GML is strictly more
expressive than ML(x), we define Ehrenfeucht-Fraissé games for ML(x). In terms of complexity,
the satisfiability problem for ML(]) is shown AExpp,, -complete! (Corollary 3.12), interestingly the
same complexity as for the refinement modal logic RML [13] handling a quantifier over refinements
(generalising the submodel construction). The AExpp,, upper bound follows from an exponential-
size model property (Lemma 3.9), whereas the lower bound is by reducing the satisfiability problem
for an AEXPp,,-complete team logic [30]. Much more surprisingly, although ML(*) is strictly less
expressive than ML(]), its complexity is much higher (not even elementary). Precisely, we show

Problems in AEXPpo, are decidable by an alternating Turing machine working in exponential-time and using polynomially
many alternations [12].
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that the satisfiability problem for ML(x) is TowER-complete (Theorem 4.34). The TOWER upper
bound is a consequence of [46], as ML(x) is a fragment of MSO. Hardness is shown by reduction
from a TOwER-complete tiling problem, adapting substantially the TowERr-hardness proof from [7]
for second-order modal logic K on finite trees, see also a similar method used in [43]. To conclude,
we get the best of our results on ML(|) and ML(*) to solve several open problems. We relate ML(])
with an intensional fragment of static ambient logic SAL(|) from [14] by providing polynomial-time
reductions between their satisfiability problems. Consequently, we establish AExpp,, -completeness
of SAL(]) (Corollary 6.6), refuting hints from [14, Section 6]. Similarly, we show that the modal
separation logic MSL(<$ ™1, «) from [23] is TowER-complete (Corollary 7.3).

The following table states the main results of the paper, illustrating the relations in terms of
expressivity and complexity between the logics for composing forests.

ML(]D) ML(*)
Expressive Power Graded Modal Logic (GML) < GML
Complexity (satisfiability problem) AEXPp,, -complete TowER-complete

This paper is a revised and completed version of the conference paper [8]. Omitted proofs can
be found in the Electronic Appendix of the paper or in [9, 40].

2 PRELIMINARIES

In this section, we introduce the logics ML(]) and ML(x) interpreted on tree-like structures
equipped with operators to split the structure into disjoint pieces. Due to the presence of such
operators, we are required to consider a class of models that is closed under submodels, which we
call Kripke-style finite forests (or finite forests for short).

Let AP be a countably infinite set of atomic propositions. A (Kripke-style) finite forest is a triple
M = (W,R, V) where W is a non-empty finite set of worlds, V : AP — P (W) is a valuation and
R C W X W is a binary relation whose inverse R™! is functional and acyclic. In particular, the graph
described by (W, R) is a finite collection of disjoint finite trees, where R encodes the child relation.
We define R(w) & {w’ € W | (w,w’) € R}. Worlds in R(w) are understood as children of w.
We inductively define R” as R® ©' {(w,w) | w € W} and R™' %' {(w,w”) | 3w’ (w,w’) € R"
and (w’,w’’) € R}. Moreover, R* denotes the transitive closure of R.

We define operators that chop a finite forest. It should be noted that these operators, as well as the
resulting logics, can be cast under the umbrella of the logic of bunched implications BI [28, 45], with
the exception that we do not explicitly require them to have an identity element (as enforced on
the multiplicative operators of B, see [28]). Let M = (W, R, V) and M; = (W;, R;, V;) (for i € {1,2})
be three finite forests.

The separation logic composition. We introduce the binary operator + that performs the disjoint
union at the level of parent-child relation. Formally,

M=, +, & RYR =R Wy=Wo,=W, V=V, =V.

This is the composition used in separation logic [23, 48]. We say that I, is a submodel of M, written
M, T I, if there is M, such that M = WM, + M,. Below, we depict instances for I, P, and M,.

AN AN

The ambient logic composition. We introduce the operator +,,, where w € W, refining +:
def

M=+, M, & M=, +M, and, for all i € {1,2} and w’ € R;(w), R} (w') = R*(w').
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The finite forest MM decomposed with +,, is understood as a disjoint union between I; and M,
except that, as soon as w’ € R;(w), the whole subtree of w’ in R belongs to M;, like the composition
in ambient logic [14]. Below, we illustrate a finite forest decomposed with +,,,.

w w w

AN N

Modal logics on trees. The logic ML(]|) enriches the basic modal logic ML with a binary connective |,
called composition operator, that admits submodel reasoning via the operator +,,. Similarly, ML(x)
enriches ML with the connective *, called separating conjunction (or star) that admits submodel
reasoning via the operator +. Both connectives | and * are understood as binary modalities. As
we show throughout the paper, ML(|) and ML(x) are strongly related to the graded modal logic
GML [22]. For conciseness, let us define all these logics by considering formulae that contain all of
their ingredients. These formulae are built from the grammar below:

p=TIplorne|-¢|Co[Csroloxo]|ele,

where p € AP and k € N (encoded in unary). A pointed forest (MM, w) is a finite forest M = (W, R, V)
together with a world w € W. The satisfaction relation = is defined as follows (standard clauses
for A, = and T are omitted):

M, wEp S weV(p);

M,w = Op & there is w’ € R(w) such that I, w’ = ¢;

Mw Ok @ H{w €eR(w) | Mw [ o} 2k

M, w = @1 = p; < there are My, M, such that W = Wy + Wy, Wy, w = @; and Wiy, w = @y
M, w = ¢1]lp: < there are Wiy, M, such that M = Wy +,, Wy, Wy, w = @1 and Wy, w = @s.

The formulae ¢ = ¥, ¢ Vi and L are defined as usual. We use the following standard abbreviations:
OO0, O <t 905 ph1 @ and O 9O 5 9 AO <1 @. Notice that both | and  are associative
operators (we will use this fact implicitely in the rest of the paper). We write size(¢) to denote the
size of ¢ with a tree representation of formulae and with a reasonably succinct encoding of atomic
formulae. Besides, we write md(¢) to denote the modal degree of ¢ understood as the maximal
number of nested unary modalities (i.e. & or s ) in ¢. Similarly, the graded rank gr(¢p) of ¢ is
defined as max({k | O ¥ € subf(¢)} U {0}), where subf(¢) is the set of all the subformulae of ¢.
Given the formulae ¢ and ¢/, ¢ =  denotes that ¢ and ' are logically equivalent; i.e., for every
pointed forest (I, w), M, w |= ¢ if and only if M, w |= . For instance (k > 1 and p € AP):

(l). <>go =<0 (R (2) (DI:U_'DDJ_) * (DDJ_ * DI:U_);
(). Ok p=Opx---xOp; (4). Csk 0 =C0]- 0.
| —— [ —
k times k times

The modal logic ML is the logic restricted to formulae with the unique modality < [10]. Similarly,
the graded modal logic GML is restricted to the graded modalities <y [22]. We introduce the
modal logics ML(]) and ML(x), which are restricted to the suites of modalities (<,]) and (<, %),
respectively. The two equivalences (3) and (4) already shed some light on ML(]) and ML(x): the two
logics are similar when it comes to their formulae of modal degree one (as (3) does not generalise
to arbitrary formulae).

LEMMA 2.1. Let ¢ be a formula in ML(]) with md(¢) < 1. Then, ¢ = @[| « *]| where ¢[| « =] is
the formula in ML(x) obtained from ¢ by replacing every occurrence of | by .
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The proof of Lemma 2.1 can be found in Appendix A. However, as shown by the non-equivalence (2)
above, it is unclear how the two logics compare when it comes to formulae of modal degree greater
than one. Indeed, since M = M, +,, P, implies WM = MMy + M;, (in formula, p |y = ¢ = ¢ is valid)
but not vice-versa, the separating conjunction * is more permissive than the operator |. However,
further connections between the two operators can be easily established. Let us introduce the

auxiliary operator ® defined as ®¢ ' ¢ * O 1. Formally,

(W,R,V),w |= ®¢p & thereis R’ C R such that R’'(w) = R(w) and (W,R’,V),w = ¢.

Similar operators are studied in [2, 4, 13]. We show that 4 and | are sufficient to capture * (essential
property for Section 5).

LEMMA 2.2. Let ¢,y € GML. We have ¢ = = ®(¢|¥).

The proof of Lemma 2.2 can be found in Appendix B. Unlike |, when = splits a finite forest It
into Mi; and M, it may disconnect in both submodels worlds that are otherwise reachable, from the
current world, in 9. Applying @ before | allows us to imitate this behaviour. Indeed, even though |
preserves reachability in either 9t; or IM,, ® deletes part of M, making some world inaccessible.
This way of expressing the separating conjunction allows us to reuse some methods developed for
ML(]) in order to study ML(x).

The logic QK’. Both ML(|) and ML(*) can be seen as fragments of the logic QK’, which in turn is
known to be a fragment of monadic second-order logic on trees [7]. The logic QK’ extends ML with
second-order quantification and is interpreted on finite trees. Its formulae are defined according to
the following grammar: ¢ := p | Co | ¢ A@ | =@ | Tpe.Given M = (W,R, V) andw € W,
the satisfaction relation | of ML is extended as follows:

M, wETpp © thereis IW’ C W such that (W,R,V[p « W’]),w E ¢.

One can show logspace reductions from ML(|) and ML(x) to QK’, by simply reinterpreting the
operators * and | as restrictive forms of second-order quantification, and by relativising < to
appropriate propositional symbols in order to capture the notion of submodel (details are omitted).
Consequently, TowER-hardness of the satisfiability problem for ML (%) proved in Section 4 entails
the TowER-hardness of QK’, refining the proof for QK* in [7].

Expressive power. Given two logics £; and &, we say that L, is at least as expressive as £; (written
£, < £;) whenever for every formula ¢ of £y, there is a formula i/ of £, suchthat p = . & = &,
denotes that £; and &, are equally expressive, i.e. £; < £; and £, < £;. Lastly, £; < £, denotes
that &, is strictly more expressive than £;, i.e. £; < £, and £; # £,. The equivalence (1) recalls us
that ML < GML [22]. From the equivalence (4), we get GML < ML(]).

Satisfiability problem. The satisfiability problem for a logic £, written Sat(8), takes as input a formula
¢ in £ and checks whether there is a pointed forest (I, w) such that M, w = ¢.

Note that any £ among ML, GML, ML(|) or ML(x) has the tree model property, i.e. any satisfiable
formula is also satisfied in some tree structure. The problems Sat(ML) and Sat(GML) are known
to be PSpace-complete, see e.g. [10, 25, 33, 50, 52], and therefore Sat(ML(])) and Sat(ML(x)) are
PSpacEi-hard. Note that Sat(GML) is PSpAcE-complete even when the numbers k appearing in
graded modalities Oy are encoded in binary. However, we stress the fact that in this paper we
consider k to be encoded in unary, as it better matches the definition of 55 in ML(]) given in (4).
As an upper bound, by Rabin’s theorem [46], the satisfiability problem for QK’ is decidable in
ToweR, which transfers directly to Sat(ML(])) and Sat(ML(x)).
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6 Bednarczyk, Demri, Fervari & Mansutti

3  ML(]): EXPRESSIVENESS AND COMPLEXITY

In this section, we study the expressive power of ML(|) and the complexity of its satisfiability
problem. We start by constructively showing that ML(]) < GML, hence proving ML(|) ~ GML.
Then, we study its computational complexity for which we establish that Sat(ML(])) is AEXPpo;-
complete. We recall that AExpp,, denotes the complexity class of those problems decided by
exponential-time bounded alternating Turing Machines using a polynomially bounded number of
alternations. A problem P is AExppy -complete if it is in AEXPp,, and every problem in AEXPp,,
can be reduced to P under polynomial-time reductions.

The AExpp,; upper bound for ML(|) follows from an exponential-size model property. The lower
bound is by reduction from the satisfiability problem for propositional team logic [30, Thm. 4.9].

3.1 Adisjoint form for graded modal logic

The method for establishing ML(]) < GML relies on the fact that GML is closed under the operator]|.
We show that given two formulae ¢; and ¢, in GML, one can construct a formula / in GML such
that ¢1 | @2 = . For instance, a simple case analysis yields (p V Cs3 1) (qV O<59) = (pV Oss ).
With this closure property at hand, the general algorithm consists in iteratively replacing innermost
subformulae of the form ¢; | 92 by a counterpart in GML, allowing us to eliminate all the occurrences
of | and obtain an equivalent formula in GML. In order to establish the closure property, we first
put the GML formulae ¢; and ¢; in a disjoint form, a normal form that is introduced in this section
alongside other useful definitions.

Let ¢ be a formula in GML. We write maxpc(¢) for the set of atomic propositions of ¢ that
appear at least once outside the scope of a graded modality. Similarly, maxeu(¢) denotes the set of
subformulae  of ¢ such that ¢ is of the form <5, ¥/’ and one of its occurrences in ¢ is not in the
scope of any graded modality. For instance, given ¢ = (p V O3 1) A (g V Oss5 $s2 q),

maxpc(¢) = {p. q} maxen(¢) = {C>37,C55 Cxa gl
Clearly, every formula ¢ in GML is a Boolean combination of formulae from maxpc (¢) U maxau(¢).
Given a natural number d € N, we extend the notion of maxgu(¢) and write gm(d, ¢) to denote the
set of subformulae of ¢ of the form <5y ¥ occurring under the scope of exactly d nested graded
modalities. Formally,

gm(0, ¢) < maxgu(p), gn(d+1,9) ¥ Us., penaxe(p) N 1).
For simplicity, we also write Ca(¢1,...,¢n) ={y1 A--- Ayy | forall i € [1,n],y; € {¢;, ¢;}} for
the set of all complete conjunctions of (possibly negated) formulae ¢, .. ., ¢,. The disjoint form for

formulae in GML is defined as follows.

Definition 3.1. A formula ¢ in GML is said to be in disjoint form if for every d € [0, md(¢)] and
all Osp U, O ¥/ € gm(d, @), either = ¢ or the conjunction ¢ A ¢’ is unsatisfiable.

The lemma below leads to an inductive procedure to put every GML formula into disjoint form.

LEMMA 3.2. Let ¢ be a formula in GML and maxeu(¢) S {Osk, Y1,..., Ok, Yn} such that
Y1 A Ay is in disjoint form. Letk = max{ky, ..., kn}. There isa GML formula ¢’ in disjoint form
logically equivalent to ¢ and such that maxeu(¢’) € {Csk x | k € [0,k] and y € CA(Yr, ..., ¥m)}
and maxpc (") € maxpc(¢).

Proor. The assumption that ¢; A- - - Ay, is in disjoint form implies that for every d € [1, md(¢)]
and every s ¥, Ospr ¥ € gm(d, ), either = ¢’ or the conjunction ¢ A ' is unsatisfiable.
Therefore, to construct ¢’ it is sufficient to manipulate the formulae of gm(0, ¢) = maxgm(¢), without
modifying the set gm(1, ¢). We do so by using axioms from GML [6] as well as the equivalences:
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(guess) Cxp 9=k (9 AY)V (@ A1),
(o= distr) if ¢ A9 is unsatisfiable, Osx (QVY) = Vie, 4k, (ke @ A O, ).

Notice that the two disjuncts ¢ A ¥ and ¢ A = in the right-hand side of (guess) are such that their
conjunction is unsatisfiable, enabling us to use (. distr).

We manipulate each O, ¥ € maxeu(@) separately. Let j € [1,n]. Consider the set of formulae
G =Ch(Y1,....¥j-1,¥js1, - .., Yn). By propositional reasoning and by applying (guess) n — 1 times:

Oy Y5 = Csiy Vipnengranganapmeg (XA A it A A Xjer Aves A xn) -

Let O be the set of functions d: G — [0, k;] assigning to each formula of G a number in [0, k;],
such that k; = 3}, c g d(y). By relying on (o. distr), we obtain O, ¢ = lﬁj' where

l//; déf \/ /\()(l/\'"/\Xj*IAXj+1/\"'/\)(n)=yEg <>2d(y) (){1 AL, Xj-1 A lﬁj AN Xj+1 VANEREIVAN Xn) .
deD
Let ¢’ be the formula obtained from ¢ by replacing with /7 every occurrence of ¢, ¥/; not
appearing under the scope of graded modalities. By definition of G and D, the formula ¢’ satisfies
all the expected properties. O

LeEMMA 3.3. Let ¢ in GML. There is a GML formula ¢’ in disjoint form such that ¢’ = ¢@.
Proor. Use Lemma 3.2 bottom-up, from formulae in gm(md(¢) —1, ¢) to formulae in gm(0, ). O

When discussing the exponential-size model property for ML(]), we are interested in the size
of the smallest pointed forest satisfying a GML formula already given in disjoint form. To this
end, we need to introduce one last notion: the branching degree of a formula. Let ¢ be a formula
GML, with maxen(¢) = {Csk, V1, . ., Ok, Yn). We define bd(0, ¢) 4 ki + -+ - + k,, and, for all
m >0, bd(m + 1, ) € max{bd(m, ) | Osr ¥ € maxeu(¢)}. Hence, bd(m, ¢) can be understood as
the maximal bd(0, /) for some subformula ¢ occurring at the modal depth m within ¢. We write
maXpd (@) 4f max{bd(m, @) | m € [0,md(¢)]} for the branching degree of ¢.

LEMMA 3.4. Every satisfiable GML formula ¢ in disjoint form is satisfied by a pointed forest with
at most (Maxpg (@) + 1)™(@) worlds.

Proor. The proof follows with a straightforward induction on the modal degree of ¢.

base case: md(¢) = 0. In this case, ¢ is a Boolean combination of atomic propositions, and thus
the satisfaction of ¢ can be witnessed on a pointed forest with one single world (i.e. the
satisfaction of ¢ only depends on the atomic propositions satisfied by the current world).

induction step: md(¢) = d + 1. By propositional reasoning, there is a GML formula ¢’ in disjoint
form such that ¢ = ¢’ and ¢’ is a disjunction of conjunctions of possibly negated formulae
from maxgy (@) U maxpc(¢). Since ¢ is satisfiable and ¢ = ¢’, one of the disjuncts of ¢’ must
be satisfiable. Let y be such a disjunct, which is a conjunction of the form:

X =i A Ak Un A=Os i A A0 U ALY A - AL,

where {Oor, ¥ | i € [Ln]}U{Oy;, ] | i€ [1,m]} € maxem() and Ly, .. ., L, are literals built
upon maxpc (). Since maxgy(y) € maxem(@) we have maxpg(y) < maxpq(@), md(y) < md(@)
and y is in disjoint form. Without loss of generality, we can assume each k;, with i € [1, n],
to be at least 1. Indeed, formulae of the form <, i are valid and can be replaced with T.
From the satisfiability of y, we conclude that for all i € [1,n] and r € [1,m] if ; = ¢/
then k; < j,. We consider a set R = {<>Z%1 Yise-os OZquq} of representative formulae for
{Csi¥1, ..., Ok, Y}, ie. R is a subset of {Oup ¥, ..., Ok, Yn ) such that for every i €
[1, n], there is exactly one j € [1, q] such that i/; = y;, and in that case Ej > k;. Since y is in
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8 Bednarczyk, Demri, Fervari & Mansutti

disjoint form and satisfiable and each k; (i € [1, n]) is assumed to be at least 1, we conclude

that every formula in R is satisfiable, and for all i # j € [1,q], y; A y; is unsatisfiable. Then,

constructing a model for y becomes straightforward: by induction hypothesis, for every i €

[1, g] there is a pointed forest (M;, w;) with at most (maxpg(y;)+1)™4 (") worlds that satisfy y;.

Let us pick 75, copies (M, wii), ..., (wt—,;i,i, WE,-,i) of the pointed forest (M;, w;), constructed

over distinct sets of worlds. For all i € [1,m] and ¢ € [1, Ei], let M, ; = (Wei, Reg, Vei). Let us

consider the finite forest & = (W, R, V) defined as

o W& (wiu Uieriql Uce[LE] W, i, where w is a fresh world not appearing in any W_,

o R={(wowe) | i€ [Lml, ¢ € (LRI} UUicpug Upepsi Re

e for every atomic proposition p appearing in ¢, for every i € [1,q], c € [1, El] and w’ € W,;,
w’ € V(p) if and only if w" € V. ;(p),

e for every p € maxpc(¢@), w € V(p) if and only if p occurs positively in Ly A - -+ A L,.

We have M, w = y. Indeed, M, w |= L; A - -- A L, holds by definition of V, whereas M, w =

Ok YaA- - A sk, Uy holds directly from the definition of R together with the definition of the

various (M. ;, we;) withi € [1,g] andc € [1,’121-]. Similarly, M, w | =5 AL A=Os U
holds by definition of R together with the satisfiability of y, which implies that for all i € [1, n]
andr € [1,m] if ; = ¢] then k; < j,.

Space-wise, by definition of R, Z?:l ki < 3% ki <bd(0,x) < maxpq(¢). Let |W;| be the
number of worlds in MM;. The number of worlds in W is

W= 1+ 5L, kg - (Wil < 1+ 5L, ki - (maxpa (i) + 1m0

1+ (maxpg(p) + 1)™@ 1. 329

L+ (maxpg () + )™ - maxpg () < (maxpa(p) + D™ o

INA

IA

3.2 ML(]) is as expressive as GML

Let @1, @2 be GML formulae such that ¢; A @; is in disjoint form. We show that there is a GML
formula ¢ such that ¢;|¢; = . To do so, we take a slight detour through Presburger arithmetic
interpreted on the set of natural numbers N, see e.g., [29, 44] for details. We characterise the formula
¢1] @2 by using linear arithmetic constraints for the number of successors. Then, we take advantage
of basic properties of Presburger arithmetic to eliminate quantifiers, and obtain a GML formula.

Below, the variables x, y, z, . . ., possibly decorated and occurring in formulae, are from Presburger
arithmetic and therefore they are interpreted by natural numbers. We write y(xy,...,X,) for a
formula in Presburger arithmetic y with free variables x, . .., X,.

Let ¢ be in GML such that maxpc (¢) € {p1,..., pm} and {¢ | Osi ¥ € maxem(@)} € {¢1, ..., ¥Yn}.
We define formulae in Presburger arithmetic that state constraints about the number of children
satisfying a formula 1/; (j € [1, n]), as well as the polarity of the atomic propositions p; (j € [1, m])
not appearing under the scope of graded modalities. In this respect, the variable x; is intended
to be interpreted as the number of children satisfying 1/;, whereas with some abuse of notation
we see p; directly as a variable. Whenever non-zero, the variable p; shall encode the fact that
the homonymous atomic proposition is satisfied. We write ¢™ (x4, ..., Xp, p1, - - ., Pm) to denote
the quantifier-free formula of Presburger arithmetic obtained from ¢ by replacing with x; > k
(resp. pj > 1) every occurrence of O i 1; (resp. p;) that it is not in the scope of a graded modality.
For instance, assuming that ¢ = =p A (Oss (p A q) V Oy —p), the expression ¢ (xy, x,) denotes
the formula =p > 1 A (x; 25V =(x2 = 4)).

Consider now formulae ¢; and ¢, in GML, such that the conjunction ¢; A ¢; is in disjoint form,
maxpc (@1 A @2) € {p1,-- -, pm}t and {¢¥ | Osi ¥ € maxeu(@1 A @2)} € {¢1,. .., ¥n}. We consider the
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On Composing Finite Forests with Modal Logics 9

formula [y, 92]™ (X1, . . ., Xp> P1s - - -» Pm) of Presburger arithmetic defined below:

VLY Y Y (N X =Y+ A QPR o Vi D1 s D) A QENYE YR DL s Pm)-

This formula states that there is a way to divide the children in two distinct sets and each set allows to
satisfy ¢} A or @A, respectively. As Presburger arithmetic admits quantifier elimination [18, 44, 47],
there is a quantifier-free formula y (X1, ..., Xn, P1 - - -, Pm) €quivalent to the formula [¢1, ¢2] PA In
the next lemma, we show that thanks to the shape of the formula [¢y, ¢,] PA_ the atomic formulae
appearing in y are of the form x; > k and p; > 1, i.e. the quantifier elimination step does not
introduce ‘modulo constraints’ or constraints of the form ) a;y; > k.

LEMMA 3.5. Let @1, 0o € GML s.t. o1 A @3 is in disjoint form. Then [@1, 021”2 (X1, .. ., Xps P15 - - > Prm)
is equivalent to a quantifier-free formula y(X1, ..., Xp, P15 - - -» Pm) Of Presburger arithmetic, whose
atomic formulae are only of the form x; > k (j€[1,n]), with k < gr(¢@1)+gr(¢2), orp; = 1 (je[1,m]).

ProoF. Notice that if either (pf"\ or (pgA is inconsistent, then y can be defined as L. In the sequel,
we assume that both ¢ and ¢} are consistent. For each i € {1, 2}, it is straightforward to establish
that there is an arithmetical formula ¢/(y.,...,y., p1, ..., pm) in disjunctive normal form that is
logically equivalent to the formula (piPA(yi, el yil,pl, ..., Pm), and where in each disjunct of ¢;,
every variable % (j € [1,n]) occurs in at most two literals with the following three options:

° yj. occurs in a unique literal of the form yj. >k,
o yj. occurs in a unique (negative) literal of the form —|(y§. > k), or
. y; occurs in two literals whose conjunction is y; > kA —|(yj. > k') and, K’ > k.

Above, we can guarantee that k, k" < gr(¢;). Moreover, in each disjunct of ¢/, every variable p;
(j € [1,m]) occurs exactly once, in a (possibly negated) atomic proposition of the form p; > 1.
Using propositional reasoning and the fact that disjunction distributes over existential first-order
quantification and that the variables p; are free, the formula [¢;, (pz]PA(xl, ..., Xp) is therefore
logically equivalent to a formula of the form

n
VP;AP;AE]y%,yf,...,y;,yi (C;/\C;/\/\szy}+y§)
af Jj=1

where PL A C} (resp. P2 A C;) is a conjunction from ¢ (resp. from ¢}) and, for i € 1,2, P! is
written with variables from {p, ..., pm} whereas C}, is written with variables from {y!,...,y.}.In
order to build y(X1,...,Xp, P1s - - -» Pm) from [¢1, (pz]PA(Xl, s Xps P, - -+ Pm), We take advantage
of quantifier elimination in PA and we explain below how this can be done. It is sufficient to explain

how to eliminate quantifiers for subformulae of the form

n
¥ o= JylLyd . LyLy?: (/\szy}+y?)/\Cé/\C;.

j=1
Inductively, let j € [1, n] and suppose that by performing quantifier elimination on the quantifier
prefix 3 y}H, y§+1, ..., Yh Y5, the formula ¥ is shown equivalent to 3y}, y%,..., y}., y? ¥, with
Fne1 = (Njo Xj =Y +Y5) ACy A C2 and the following properties hold:
(1) ¥;41 is quantifier-free with no occurrences of the variables yj+1, y]+1’ e, y}l, N
(2) Wj4 is of the form (A zeq1,; =ys+Y3) ADAC) ACj, where
a) D is a conjunction of hterals built from constralnts of the form x» > k with j* € [j,n
y J
b) for each i € {1,2}, C] a conjunction such that for each j* € [1, j], , is in at most two
]

literals with the followmg three options:
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10 Bednarczyk, Demri, Fervari & Mansutti

. yj., occurs in a unique literal of the form yj., >k,
o y; occurs in a unique (negative) literal of the form —|(y§, > k),

) yj,, occurs in two literals whose conjunction is yj., > ki A —-(yj., > ko) and ks > k.

Now, let us show how to perform quantifier elimination of 3 y} 3 y? ¥j+1 to preserve the property
for j — 1. First note that 3y} 3 y% ¥y, is logically equivalent to
j-1
(/\xa=y31+y‘21)/\D/\C{'/\C§’/\ EIy}E!y? (x; =y}+y§/\D1 A D),
a=1
where C] = C{’ A D; (assuming abusively that AA T = A), C; = C;/ A D, and each variable y; does
not occur in C}’, and each D; is either T, or contains at most 2 literals involving the variable y;.. Ttis
then easy to eliminate quantifiers in 3 y} 3 y? (xj = y} + y?) A D A Dy. Below we treat all the cases,
depending on the value for D; A D, leading to the formula D;; (we omit the symmetrical cases):
case TATor-(y; 2 k) AT: Dy def
case (y; > k) ATor ((yj 2k) A=(y; 2K')) AT: Dy ©(x; > k),
case —|(y} >k)A (y? > k") Dy % (xj > k"),
case (y} >k)A (y? > k") or ((y} > k) A —|(y} > k') A (y? > k"): Dy (xj > k+k”),
case ((y} > k) A —-(y} > k')A ((y? > k") A —|(y§ > k")) D% (x; > k+k”)A=(x; > K/ +k"").
It is now easy to check that the formula
j-1
Aylyi,. -~’Y}—1’y§—1 (/\ Xa = Yo +Y2) A (D ADyy) ACY ACY,
a=1
satisfies the conditions for ¥;. By iterating the process of quantifier elimination, we get the desired

formula y(Xq,...,Xn, P1, - - -, Pm)- From the case analysis above, notice that all the atomic formulae
of the form x; > k appearing in y(xy,...,X,) are such that k < gr(¢;) + gr(¢p,). O

From the formula y(x1, ..., Xpn, P15 - - -, Pm), we derive the GML formula )(GML by replacing every
occurrence of x; > k by O 1, and every occurrence of p; > 1 by p;. We show that ¢; |, = y“ME.

LEMMA 3.6. Given ¢, and ¢, GML formulae in disjoint form, there is a GML formula y°Mb in
disjoint form such that y°Mbt = @y | @2, gr(y°Mb) < gr(e1) +gr(@2), maxpc(xyMY) S maxpc (@1 A @2)
and { | Ozx ¥ € maxeu(x M)} S {Y | Ok ¥ € maxeu(@1 A ¢2)}.

The assumption that ¢; A ¢, is in disjoint form is essential to obtain ¢ |@; = y°M-. Here is a
simple counter-example. The formula [¢1, ¢2]™ (X1, X2) obtained from s p|<Osq q is defined as
IyLyaysys (x1=yi+y2) A (xa = y3+y3) A (y] = 1) A (y3 > 1). Obviously, [¢1, 2]™ (x4, x2) is
arithmetically equivalent to (x; = 1) A (xz = 1) but Oy p|Os1 g Z Os1 p A $sq q. Indeed, when
M, w = Cx1 p AOxq gand w has a unique child satisfying p A g, M, w = Cxq plOs1 g

Proor. Let maxpc(@1 A @2) = {p1,-- s pm} and {Yn, ..., ¥n} ={¥ | Ok ¥ € maxeu(@1 A @2)}.
Consider the formula y(xy, ..., Xn, P1, - - -, Pm), equivalent to [@, 921" (X1, . . ., Xp, P1, - - .» Pm), from
Lemma 3.5. Let ySM! be the formula obtained from y(xi,...,Xn, p1, - - ., pm) by replacing every
occurrence of x; > k with Osy ¥, and every occurrence of p; > 1 with p;. The formula yM-
enjoys the following properties: gr(y°MY) < gr(p1) + gr(¢z), maxpe (ySMb) C maxpe (@1 A @2) and
{U | Osk ¥ € maxeu(xME)} C {Y | Osk ¥ € maxgu(@1 A @3)}. As @1 A s is in disjoint form, the
last inclusion implies that y“M! is in disjoint form.

To grasp the relationship between ¢; and its arithmetical counterpart <,ol'.D AX1 -+ s Xps Pls - - > Prm)s
consider a finite forest M; = (W, R;, Vi), w € W;, and
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On Composing Finite Forests with Modal Logics 11

e forall j € [1,n], let ﬂj =|{w e W; | M;,w" |=¢;and (w,w') € Ri}|,
e forall j € [1,m],ifw € V;(p;) thenlet c’; be an arbitrary number greater than 0, else let c} =0.

We have the following equivalence
M;, w = @; if and only if (pfA(ﬂi, e ,3,11, ci, .. .,cin) is valid, (1)

where ¢ (B,..., BL,cl, ... cl) is the sentence from Presburger arithmetic obtained by replacing
each variable x; (resp. p;) with the natural number f (resp. c}).

Let us show that ¢;|g; = yOM'. We start by showing that ¢;|p, = yMt is valid. Let M =
(W,R, V) be a finite forest and w € W, such that I, w = ¢;|¢,. By definition of |5, there are My,
M, such that MW = M, +,, Wi, My, w | @1 and My, w |= @;. Let us keep the definition of the ﬂ;s
and cj.’s from above, and for each j € [1,n],leta; = [{w € W | M, w’ |= ¢; and (w, w’) € R}|.
Since V is shared between M; and M, c} > 1 holds if and only if c? > 1. Letc; = max(c}, c?).
By (1) and as M = M; + M, holds too, we have the following:

forall j € [1,n] ; = ﬁ]l +/52~, foralli e {1,2} qpfA(ﬁi, . ..,ﬁ;, C1,...,Cm) is valid,

which implies the validity of [¢, (pz]PA(al, s QpyC, ... Cm). Hence, y(ay,...,an,C1, ... Cm) 1S
valid. By definition of y°M! together with the definitions of a; and c;, M, w | ML,
Now, we show that )(GML = ¢1| @2 is valid. Let M = (W, R, V) be a finite forest and w € W such

that M, w )(GM". As above,

e foreach j € [Ln],letaj =|{w e W | M, w' | ¢); and (w,w’) € R}|.

e forall j € [1,m],if w € V(p;) thenlet c; be an arbitrary number greater than 0, else let ¢; = 0.
Similarly to (1), we get that y(a1, ..., an, c1, - .., C) is valid, and so [ ¢y, (pz]PA(al, ey Oy Cly e v o5 Cm)
is valid. From the semantics of the formula [¢1, ¢2] PA there are ﬂ}, ﬂf, .. .,ﬁ,ll, ﬂ,zl € N such that

forall j € [1,n] a; = ﬁ]l +ﬂ12-, foralli e {1,2} (p'fA(ﬁi, . /3;1 C1,...5Cm) is valid.

For each i € {1, 2} let us build IM; such that for all j € [1,n], w has ﬁ; children in 9M;, and by
construction for each such a child, its whole subtree in (W, R) is present in (W, R;) too. Such
a division is possible because, if a child of w contributes to the value a; in 9 (and therefore it
satisfies 1/;), it cannot contribute to any value a; with j* # j, thanks to the assumption that y; A/
is unsatisfiable, given by the disjoint form of ¢; A ¢,. Hence, by construction, M = M; +,, Pz.
Moreover, for any child w’ of w in M;, we have M;, w’ = ¢; if and only if M, w’ | ; (for
all j € [1,n]) as the whole subtree of w’ in M is present in M;. For i € {1, 2}, the validity of
(pfA(ﬁi, e ,Bfl, C1, - .-, Cm) entails, by (1), M;, w = ¢;. Consequently, we get M, w = ¢1] 2. m]

The bound on gr(yM!) stated in this key lemma is essential to obtain an exponential bound
on the smallest model satisfying a formula in ML(]) (see Section 3.3). Combining Lemma 3.3
and Lemma 3.6, we conclude that GML is closed under the operator|.

THEOREM 3.7. ML(]) < GML. Therefore, ML(]) ~ GML.

Proor. Let ¢ be a formula in ML(]). As Oy = O f, we can assume that the only modalities
in ¢ are of the form $5; or|. If ¢ has no occurrence of |, we are done. Otherwise, let ¥ be a
subformula of ¢ whose outermost connective is | and the arguments are in GML, say ¢ = ¢1 ] ¢,.
By Lemma 3.3 there are GML formulae ¢] and ¢; in disjoint form such that ¢] = ¢; and ¢; = ¢,.
Hence, ¢{|¢, = /. We apply Lemma 3.6 on ¢] | ¢;, obtaining a formula 1" in GML that is equivalent
to . We have ¢ = @[y « '], where ¢[{) < ¢’] is obtained from ¢ by replacing every occurrence
of ¢ by ¥’. Note that the number of occurrences of | in ¢ [y « ] is strictly less than the number
of occurrences of | in ¢. By repeating such a type of replacement, eventually we obtain a formula
¢’ in GML such that ¢ = ¢’. O
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12 Bednarczyk, Demri, Fervari & Mansutti

3.3 The satisfiability problem of ML(]) is AExpPp,, -complete

First, we will prove the upper bound, i.e., that Sat(ML(])) is in AEXPpq,. To do so, the main ingredient
is to show that given a formula ¢ in ML(]), we build ¢’ in GML such that ¢’ = ¢ and the models
for ¢’ (if any) do not require a number of children per node more than exponential in size(¢). The
proof of Theorem 3.7 needs to be refined to improve the way ¢’ is computed. In particular, this
requires a more “global” strategy that does not require to put subformulae in disjoint form multiple
times. Aiming for an inductive argument on the line of Lemmata 3.2 and 3.3, we first consider the
logic £, which is a variant of ML(]) given by the grammar below:

o=k U |l ploelelone | —o,

where p € AP and sy ¢ is a formula in GML (abusively assumed to be in ML(|) but we know
GML =< ML(])). Given ¢ in ML(]) or in L, we write cd(¢) to denote its composition degree,
i.e. the number of | appearing in ¢. We extend the notion of maxgy(.) to formulae in £, so that
maxeu (@) € maxeu(@[] < A]), where ¢[| < A] is the formula obtained from ¢ by replacing every
occurrence of | by A. Similarly, gm(d, ¢) €' gm(d, ¢[| < A]). We say that ¢ in £ is in disjoint
form if so is @[ | « A]. Alternatively, this means that given maxem(¢) = {Csk, Y15 .., Ok, ¥n}
k= max{kj,...,k,}, the GML formula Cyr, 1 A -+ - A Osi, Yy is in disjoint form.
We start by extending Lemma 3.6 for formulae of the fragment £ in disjoint form.

LEMMA 3.8. Let ¢ be a formula of the fragment L such that maxeu(@) = {OCsi, V1, .. ..k, Yn t and
@ is in disjoint form. There is a GML formula  in disjoint form such that ¢ = 1, maxpc (1) € maxpc (@)

and maxem(¥) € {Os i | j € [0, (cd(p) +1) - gr(e)] andi € [1,n]}.

Proor. By induction on cd(¢). If cd(¢) = 0, then ¢y = ¢. Otherwise, let ® be the set of subformu-
lae of the form ¢ | @2 of ¢ appearing not in scope of a modality|. Fix ¢ | ¢, in ®. As cd(¢1)+cd(¢2) <
cd(¢), by induction hypothesis, there are GML formulae ¢7, ¢; in disjoint form such that, for all i €
{1,2}, i = ¢} and maxeu(@;) € {OCxjhi | j < (cd(@;) +1) - gr(e;) and i € [1,n]} and maxpc(¢p]) C
maxpc (¢;). Notice that gr(¢p;) < (cd(¢;)+1)-gr(¢;) < (cd(¢;)+1)-gr(¢). By Lemma 3.6, there is a for-
mula y in disjoint form such that y = ¢]]¢,, maxec(y) C maxpc(@; A @3), gr(x) < gr(o;) +gr(e,),
and { | Cxi ¢y € maxeu(x)} S{Y | Cuk ¥ € maxen(y A @y)}. Let Osj y € maxgu(y). By defini-
tion, y € {y1,....Yn} and j < gr(y) < gr(¢)) + gr(py) < (cd(g1) + cd(gz) +2) - gr(e) <
(cd(p) +1) - gr(e).

Let ¢ be the formula obtained from ¢ by replacing every occurrence of ¢;|¢; not appearing
under the scope of a modality | with the equivalent formula y, for every formula ¢;|¢; in .
The formula ¢ satisfies the required properties. Indeed, by definition it is equivalent to ¢, and
since every y is in disjoint form, so is . Clearly, maxpc(y) C maxpc(¢). Lastly, the satisfaction
of maxem() € {Csji | j < [0, (cd(e) +1) - E] and i € [1,n]} stems from the fact that all the
formulae y equivalent to some formula in @ satisfy this same property. O

Applying adequately the transformation from Lemma 3.8 to a formula in ML(]), i.e. by con-
sidering maximal subformulae of the fragment £, allows us to get a logically equivalent GML
formula having exponential size models by Lemma 3.4. We extend the notion of branching degree
to formulae in £, so that bd(m, ¢) % bd(m, [] — A]).

LEMMA 3.9. Every satisfiable ¢ in ML(]) is satisfied by a pointed forest of size in 20(12¢(¢))

Proor. Let ¢ be a formula in ML(]). During the proof, we see < as 51 and assume that every
subformula of ¢ without occurrences of the graded modalities is a Boolean combination of atomic
propositions. This assumption is without loss of generality. Indeed, a formula ¢ of ML(]) without
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graded modalities (thus without <) is a formula built upon Boolean connectives, the composition
operator | and atomic propositions, and is thus equivalent to {/[| < A].

Let m = md(¢), k= gr(g), ¢ = cd(¢) and n = max{|gm(j,¢)| | j € [0,md(¢)]}. We reason
inductively, building a chain of equivalent formulae ¢, . . ., ¢ where ¢y = ¢ and, for i € [0, m],

(1) md(¢;) <m, cd(g;) < ¢, all the atomic propositions in ¢; are from ¢, and all subformulae of
¢; appearing under the scope of m — i graded modalities belong to GML,

(2) forall j € [0,i] and Osp ¥, Ospr ¥/ € gm(m — j, ¢;), either ¥ = ¥ or the formula ¢ A ¢ is
unsatisfiable (equivalently, the conjunction of all formulae in gm(m — i, ;) is in disjoint form),

(3) forall j € [i +1,m], [gn(m — j, ¢;)| < |gm(m — j, ¢)| and bd(m — j, ¢;) < bd(m — j, @),

(4) for every j € [0,i], |gm(i— j, ¢;)| < 27+ ((c+1)-k+1) and bd(m — j, ;) < 27- ((c+1) - k).

Properties (1) and (2) above guarantee that each step on the chain of equivalences are in the
proper shape, i.e., without violating any syntactic condition. On the other hand, properties (3) and
(4) ensure that on each step the bounds in the formula obtained grow in a way that lead us to the
lemma’s statement, via the application of Lemma 3.4.

Precisely, the numbers m, k, ¢ and 7 are all bounded by size(¢) (recall that we consider the
numbers appearing in graded modalities to be encoded in unary). Based on the properties above,
the formula @7 that we obtain at the end is a GML formula in disjoint form such that maxpq(¢m) <
2%12¢(0) . ((size(p) +1)-size(p))?% md(¢m) < size(p), and therefore maxpq(¢s) is in 20(526(@))
As ¢ = @5, the fact that ¢ is satisfied by a pointed forest of size in 20(312¢(?)) then follows directly
from Lemma 3.4. Moreover, since GML is a fragment of ML(]), the construction of ¢z actually
reproves Lemma 3.3, but this time with precise bounds on the size of the equivalent GML formula
in disjoint form.

Clearly, for i = 0, the formula ¢, = ¢ satisfies all the expected properties (note that gm(m, ¢) = 0
and that bd(¢) < size(g)). So, below suppose i > 1 and assume that we are provided with the
formula ¢;_; = ¢, satisfying

(1;-1) md(@;—1) < m, cd(g;—1) < ¢, all atomic propositions in ¢;_; are from ¢, and all subformulae
of ¢;_1 appearing under the scope of m — (i — 1) graded modalities belong to GML,

(24-1) forallj € [0,i—-1] and O ¢V, Ospr ¥ € gm(m—j, p;i—1), either Yy Ay’ is unsatisfiable or ¢ = ¢,

(3i-1) forall j € [i,m], [gm(m — j, pi-1)| < |gm(m — j, )| and bd(m — j, ;1) < bd(m - j, @), _

(4;-1) forevery j € [0,i—1], |gm(m—j, ¢;—1)| < 2" ((c+1)-k+1) and bd(m—j, p;—1) < 27-((c+1)-k)2.

Let us explain how we define ¢;. Consider the set ® = {x;, ..., x,} of maximal subformulae of ¢;_;
appearing under the scope of exactly m — i graded modalities. Note that if m —i = 0 then ® = {¢;_1},
and otherwise we have gm(m — (i + 1), ¢;-1) = {Cxj, x1.--..©»j, xp}. From the property (1;-1),
all the formulae in ® belong to the fragment £ of ML(]). Notice that maxeu(y1 A =+ A xp) =
gm(m — i, p;—1). Let gm(m — i, 9;—1) = {Cs, V1, - ., Osk, Yn}. From property (2;-1), Y1 A=+ Ay
is in disjoint form. From property (3,_1), n < |gm(m — i, ¢)| < n and bd(m — i, p;—1) < bd(m — i, ¢).
Let us consider each O, ; separately. Let j € [1,n]. Since 1 A - -+ A, is in disjoint form, so
is O, ;. Hence, applying Lemma 3.2, we conclude that G5, ¢; = ¢/, for some GML formula
¥ in disjoint form such that maxeu(y;) € {Czk x | k € [0, k] and X € CA(Yn,...,Yn)}. For every
¢ € [1,p]. let x; be the formula obtained from ; by substituting with ¢/ each occurrence of O, ¥
not appearing under the scope of graded modalities, for all j € [1,n]. The formula y; belongs
to .L; moreover, y; = ye, and maxeu(x;) S {Cxr v | k € [0, k] and Y € CA(Yn, ..., ¥n)}. The latter
implies that y; is in disjoint form. Applying Lemma 3.8, there is a GML formula y;’ in disjoint
form such that y;" = y;, maxen(yx;) € {Cxjy | j € [0,(c+1) - k] and Yy € CA(Y1,...,¥n)} and
maxpc(y;) S maxpc(x;)-
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14 Bednarczyk, Demri, Fervari & Mansutti

Let ¢; be the formula obtained from ¢;_; by replacing with y;” every occurrence of y, appearing
under the scope of m — i graded modalities, for every ¢ € [1, p]. Let us analyse ¢;. First of all, since
¢; is obtained from ¢;_; by only substituting formulae y, appearing under the scope of m — i graded
modalities with equivalent formulae y;" from GML, such that md( ;) < md(y;), the properties (1)
and (3) hold directly from the properties (1;-1) and (3;_;). By definition of ¢;,

gm(m — i, ;) = maxeu(}; A=+ A xp) S{Cxy 1 je[0,(c+1) ‘klandy € Ca(Yn, ... Un)}. ()
As 1A+ - Ay isin disjoint form, (T) implies that x;"A- - - Ay} is in disjoint form. Hence, property (2)
holds. Lastly, let us look at property (4). From (), together with property (4;_;), we conclude that
for every j € [0,i—1], |gm(m— j, pi_1)| < 27+ ((c+1)-k+1) and bd(m — j, p;_1) < 2" ((c+1)-k)2.
So, to establish (4), it is sufficient to treat the case j = i. Again by (),

lgn(7 — i, 00)| < ICA(fn, - Yu)| - (E+1) - k+1) < 27 ((€+1)-k+1)
bd(m — i, ;) < ICA(V/I,...,%)I-Zﬁiﬁf)'?i < 2" ((6+1) k)2 o

The exponential-size model property derived in Lemma 3.9 directly leads to an AExpp,; upper
bound for Sat(ML(])). The proof of the theorem is rather standard and sketched below.

THEOREM 3.10. Sat(ML(])) is in AExPp,,.

Proor. (sketch) Let ¢ be in ML(]). Here we present an algorithm running in exponential-time on
size() with an alternating Turing machine using only polynomially many alternations to decide
the satisfiability status of ¢.

(1) Guess a pointed forest M = (W, R, V) with root w € W, whose depth is bounded by md(¢)
and of exponential size thanks to Lemma 3.9.

(2) Return the result of checking M, w = ¢. This can be done in exponential-time using an
alternating Turing machine with a linear amount of alternations (between universal states
and existential states). To do so, one can use a standard model-checking algorithm by viewing
ML(]) as a fragment of MSO. Recall that the standard model-checking algorithm for MSO
runs in alternating polynomial time in the size of the structure (which, in our case, has size
exponential in size(¢)), and uses a number of alternations that is linear in the number of
negations appearing in ¢. o

It remains to establish AExPp,, -hardness. We provide a logspace reduction from the satisfiability
problem for the team logic PL[~] shown AExPp;-complete in [30, Thm. 4.9].
PL[~] formulae are defined by the following grammar:

e=plplere | ~0| Ve,
where p € AP and the connectives - and V are dotted to avoid confusion with those of ML(]).
PL[~] is interpreted on sets of (Boolean) propositional valuations over a finite subset of AP. They
are called teams and are denoted by T, T4, . ... A model for ¢ is a team T over a set of propositional
variables including those occurring in ¢ and such that ¥ [ ¢ with:

TEp & forallv € T, we have n(p) = T;

TESp <©foralve I, wehavev(p) = L;

T |= ¢1V, © there are T, Ty suchthat T=T,UT,, T; ¢ and T, Ee,.
The connectives ~ and A are interpreted as the classical negation and conjunction, respectively.
Notice that, in the clause for V, the teams I, and I, are not necessarily disjoint.

Let us discuss the reduction from Sat(PL[~]) to Sat(ML(])). A direct encoding of a team ¥ into a
pointed forest (M, w) consists in having a correspondence between the propositional valuations
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On Composing Finite Forests with Modal Logics 15

in T and the propositional valuations of the children of w. This would work fine if there were no
mismatch between the semantics for | (disjointness of the children) and the one for V (disjointness
not required). To handle this issue, when checking the satisfaction of ¢ in PL[~] with n occurrences
of V, we impose that if a propositional valuation occurs among the children of w, then it occurs in
least n + 1 children. This property must be maintained after applying V several times, always with
respect to the number of occurrences of V in the subformula of ¢ that is evaluated. Non-disjointness
of the teams is encoded by carefully separating the children of w having identical valuations.

We now formalise the reduction. Assume that we wish to translate ¢ from PL[~], written with
atomic propositions in P = {py, ..., pm} and containing at most n occurrences of the operator V.
We introduce a set Q = {qu, . . ., gn+1} of auxiliary propositions disjoint from P. The elements of Q
are used to distinguish different copies of the same propositional valuation of a team. Thus, with
respect to a pointed forest (I, w), we require each child of w to satisfy exactly one element of Q.
This can be done with the formula

n+1 i-1 n+l
uni(Q) défuv (g A /\““]j A A =)
i=1 Jj=1 J=i+l

We require that if a child of w satisfies a propositional valuation over (elements in) P, then there
are n+1 children satisfying that valuation over P, each of them satisfying a distinct symbol in Q. So,
every valuation over P occurring in some child of w, occurs at least in n + 1 children of w. However,
as the translation of the operator V modifies the set of copies of a propositional valuation, this
property must be extended to arbitrary subsets of Q. Given 0 # X C [1,n + 1], we require that
for all k # k’ € X, if a children of w satisfies g, then there is a child satisfying g;- with the same
valuation over P. The formula cp(X) below does the job:

m
cp(X) & /\ “(Ogel (Ot g A (TIO=1 gk A Ot g A /\(<>Pj = 0pj)))).
k+k’eX Jj=1

Lastly, before defining the translation map 7, we describe how different copies of the same
propositional valuation are split. We introduce two auxiliary choice functions ¢; and ¢, that take as
arguments X C [1,n+ 1], and ny, n; € N with |X| > n; + n, such that for each i € {1, 2}, we have
¢i(X,n1,n2) C X, |¢;(X,ny,n2)| = n;. Moreover ¢ (X, ny, ny) W ¢a(X, ny, nz) = X. The maps ¢; and
¢, are instrumental to decide how to split X into two disjoint subsets respecting basic cardinality
constraints. The translation map 7 is designed as follows (0 # X C [1,n + 1]):

(0, X) € O((Vjex 4) = p);
(=9, X) € O((Vjex 4)) = =p);
(~¢. X) & ~2(p, X);
(@1 A 92, X) E 7(p1, X) A (2, X);
(1Y 2, X) € (2(@1, X1) A cp(X0) [(7(92, Xa) A cp(Xa)),
where (i) | X| is greater or equal to the number of occurrences of V in ¢; V¢, plus one; (ii) given
ni, ng such that n; (resp. ny) is the number of occurrences of V in ¢; (resp. ¢2) plus one, for each
i € {1,2}, we have ¢;(X, ny, ny) = X;.
Lemma 3.11 below guarantees that starting with a linear number of children with the same

propositional valuation is sufficient to encode V within ML(]), hence solving the mismatch between
the two operators V and|.

LEMMA 3.11. Let ¢ be in PL[~] with n occurrences of V and built upon p, ..., pm. Then, ¢ is satisfiable
if and only if so isuni(qy,...,qns1) Acp([Ln+1]) A (@, [L,n+1]).
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16 Bednarczyk, Demri, Fervari & Mansutti

The proof of Lemma 3.11 can be found in Appendix C. The ML(|) formula involved in Lemma 3.11
has modal depth one and can be computed in logspace in the size of ¢. Hence, Sat(ML(]|)) is already
AExPpo; -hard when restricted to formulae of modal depth at most one. Together with Theorem 3.10,
this concludes the complexity analysis of Sat(ML(])).

THEOREM 3.12. Sat(ML(])) is AExPpy, -complete.

As we show in the next section, the complexity of ML(x) does not collapse to modal depth
one: Sat(ML(%)) restricted to formulae of modal depth k is exponentially easier than Sat(ML(x))
restricted to formulae of modal depth k + 1.

4 ML(x) IS TOWER-COMPLETE

This section is devoted to show that Sat(ML(*)) is TOWER-complete; i.e., it is complete for the class of
all problems of time complexity bounded by a tower of exponentials whose height is an elementary
function [49]. Given k,n > 0, we inductively define the tetration function t as t(0,n) %' n and
t(k+1,n) = ot(kn), Intuitively, t(k, n) defines a tower of exponentials of height k. By k-NExPTIME,
we denote the class of all problems decidable with a nondeterministic Turing machine (NTM) of
working time O(t(k, p(n))) for some polynomial p(.), on each input of length n. To show TOWER-
hardness, we design a uniform elementary reduction allowing us to get k-NExpTiME-hardness for
all k greater than a certain (fixed) integer. In our case, we achieve an exponential-space reduction
from the k-NExpTIME variant of the tiling problem, for all k > 2.

The tiling problem Tiley takes as input a triple 7~ = (7, H, V) where 7 is a finite set of tile
typesand H € 7 X T (resp. V € T X T) represents the horizontal (resp. vertical) matching
relation, and an initial tile type c € 7. A solution for the instance (7, ¢) of the problem Tiley is a
mapping 7 : [0,t(k,n) — 1] X [0,1(k,n) — 1] — T such that
(first) 7(0,0) = c, and
(hor&vert) foralli € [0,t(k,n) — 1] and j € [0,t(k,n) — 2],

(r(j, i), 7(j+1,i)) € H and (z(i,j),7(i,j+ 1)) € V.
The problem of checking whether an instance of Tiley has a solution is known to be k-NExpTIME-
complete (see [51, 54]).

The reduction below from Tiley to Sat(ML(x)) recycles ideas from [7], where Tiley is reduced
to Sat(QK’) (see also a similar construction in [43]). Actually, in [7] the presentation uses mainly
quantified CTL over trees restricted to the next-time modality EX. To provide the adequate adapta-
tion for ML(x), we need to solve two major issues. First, QK’ admits second-order quantification,
whereas in ML(*), the second-order features are limited to the separating conjunction *. Second,
the second-order quantification of QK’ essentially colours the nodes in the tree-like Kripke-style
structures without changing the frame (W, R). By contrast, the operator * modifies the accessi-
bility relation, possibly making worlds that were reachable from the current world, completely
unreachable in submodels. The TowERr-hardness proof for Sat(ML (%)) becomes then much more
challenging. We would like to characterise the position on the grid encoded by a world w by
exploiting some properties of its descendants (as done for QK”). At the same time, we need to be
careful and only consider submodels where the world w keeps encoding the same position. In a
sense, our encoding is robust: when the operator * is used to reason on submodels, we can enforce
that no world changes the position of the grid that it encodes.

4.1 Principles for enforcing t(j, n) children

In what follows, let M = (W,R,V) be a finite forest. We consider two disjoint sets of atomic
propositions P = {py, ..., pn, val} and Aux = {x,y, 1, s, r} (whose respective role is later defined).
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w type(j), has t(j, n) children

type(j-1)

type(j—2)

Fig. 1. Schema of a model satisfying type(j) (for j > 2).

Elements from Aux are understood as auxiliary propositions. We call ax-node (resp. Aux-node)
a world satisfying the proposition ax € Aux (resp. satisfying some proposition in Aux). We call
t-node a world that satisfies the formula t " A, caux ~ax. Every world of 9 is either a t-node or
an Aux-node. We say that w’ is a t-child of w € W if w’ € R(w) and w’ is a t-node. We define the
concepts of Aux-child and ax-child analogously. The set of t-nodes is intended to form a tree with
large numbers of children per node and to be well-balanced admitting some regularity properties
on its structure. As expected, Aux-nodes are auxiliary nodes for which removing incoming edges
simulates propositional quantification.

The key development of our reduction is given by the definition of a formula, of exponential size
in j > 1 and polynomial size in n > 1, that when satisfied by (M, w) forces every t-node in R*(w),
where 0 < i < j, to have exactly t(j — i, n) t-children, each of them encoding a different number in
[0,t(j —i,n) — 1]. As we impose that w is a t-node, it must have t(j, n) t-children. We assume n to
be fixed throughout the section and denote this formula by type(j). From the property above, if
IM, w E type(j) then for all i € [1, j—1] and all +-nodes w’ € R'(w) we have M, w’ | type(j—i).

First, let us informally describe how numbers are encoded in the model (9, w) satisfying type(J).
Let i € [1, j]. Given a t-node w’ € R'(w), n;(w’) denotes the number encoded by w’. We omit the
subscript i when it is clear from the context. When i = j, we represent n(w’) by using the truth
values of the atomic propositions py, ..., p,. The proposition p;, is responsible for the b-th bit of
the number, with the least significant bit being encoded by p;. For example, for n = 3, we have
M, w’ E p3 A pa A =p; whenever n(w’) = 6 (in binary, 110). The formula type(1) forces the parent
of w’ (i.e. is a t-node in R/~!(w)) to have exactly 2" t-children by requiring one t-child for each
possible valuation upon py, ..., p,. Otherwise, for i < j (and therefore j > 2), the number n;(w’)
is represented by the binary encoding of the truth values of val on the ¢-children of w’ which,
since (M, w’) | type(j — i), are t(j — i, n) children implicitly ordered by the number they, in turn,
encode. The essential property of type(j) is therefore the following: the numbers encoded by the
t-children of a t-node w”’ € R¥(w), represent positions in the binary representation of the number
n;(w’’). Thanks to this property, the formula type(j) forces w to have exactly t(j, n) children,
all encoding different numbers in [0, t(j, n) — 1]. This is roughly represented in Figure 1, where
“1” stands for val being true whereas “0” stands for val being false. To characterise these trees
in ML(*), we simulate second-order quantification by using Aux-nodes. Informally, we require a
pointed forest (MM, w) satisfying type(j) to be such that

(i) every t-node w’ € R(w) has exactly one x-child, and one (different) y-child. These nodes do
not satisfy any other auxiliary proposition;
(ii) for every i > 2, every t-node w’ € R'(w) has exactly five Aux-children, one for each ax € Aux.

We can simulate second-order existential quantification on ¢-nodes with respect to the symbol
ax € Aux by using the operator * in order to remove edges leading to ax-nodes. Then, we evaluate
whether a property holds on the resulting model where a t-node “satisfies” ax € Aux if it has a
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18 Bednarczyk, Demri, Fervari & Mansutti

child satisfying ax. To better emphasise the need to move along t-nodes, given a formula ¢, we
write (t)¢ for the formula &(t A ¢). This formula is a relativised version of < that only considers
t-nodes. Dually, [t]¢p o= @). (t)" and [t] are also defined as expected.

Let us start to formalise this encoding. Let j > 1. First, we restrict ourselves to models where
every t-node reachable in at most j steps does not have two Aux-children satisfying the same
proposition. Moreover, these Aux-nodes have no children and only satisfy exactly one ax € Aux.
We express this condition with the formula init(j) below:

init(j) & aaf'/\((t = —(Cax * Gax)) A Ofax = OL /\/\ﬁbx)),
ax€€Aux bxeAux\{ax}

where 89 % ¢ and 8™ & o A T B™ (9).

In the following statements and proofs, let Wt = (W, R, V) be a finite forest, w € W and j > 1.

LEmMA 4.1. M, w | init(j) if and only if for every 0 < i < j, w’ € R'(w) and ax € Aux,

(1) if M, w’ |= t then for all wi, w; € R(w’), if M, w] F ax and M, w,, |= ax then w; = w, (i.e.
at most one child of w’ satisfies ax);

(2) for everyw” € R(w'), if M, w”’ |= ax, then R(w"") = 0 (i.e. w"’ does not have children) and it
cannot be that M, w” |= bx for some bx € Aux syntactically different from ax (i.e. among the
propositions in Aux, w”’ only satisfies ax).

Moreover, given M’ T M, W', w | init(j).

ProoF. The proof is straightforward (and hence here only sketched). Indeed, the statement “for
every 0 < i < j, every w € Ri(w) and every ax € Aux” is captured by the prefix 8/ A sy caux Of
init(j). Then, (1) corresponds to the conjunct t = —({ax * Gax) whereas (2) corresponds to the
conjunct O(ax = OL A Apxepux\ {ax} "PX)- i

Among the models ((W,R, V), w) satisfying init(j), we define the ones satisfying type(})

described below (see similar conditions in [7, Section IV]):

(sub;) every t-node in R(w) satisfies type(j — 1);

(zero;) there is a t-node w € R(w) such that n(w) = 0;

(uniq;) distinct t-nodes in R(w) encode different numbers;

(compl;) for every t-node wy; € R(w) with n(w;) < t(j,n) — 1, there is a t-node w, € R(w) such
that n(wy) = n(wy) + 1;

(aux) w is a t-node, every t-node in R(w) has one x-child and one y-child, and every t-node in
R%(w) has three children satisfying 1, r and s, respectively.

We define type(0) %" T, and for j > 1, type(}) is defined as

type(j) % sub(j) A zero(j) A uniq(j) A compl(j) A aux,

where each conjunct expresses its homonymous property. The formulae sub(j), aux and zero(})
are defined as
sub(j) & [t]type(j - 1);
aux % £ A [1](Ox x Oy) A [t]2(OL % Os # Or);
zero(1) € () Ape[rn)=Pb:
zero(j+1) & (¢)[t]-val.

The challenge is therefore how to express uniq(j) and compl(}), in order to guarantee that the
numbers encoded by the children of w span all over [0,1(j, n) — 1]. The structural properties ex-
pressed by type() lead to strong constraints, which permits to control the effects of the separating
conjunction * when submodels are built. This is a key point in designing type(j) as it helps us to
control which edges are lost when taking a submodel.
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4.2 Nominals, forks and number comparisons

In order to define uniq(j) and compl(j) (completing the definition of type(j)), we introduce
auxiliary formulae, characterising classes of models that emerge naturally when trying to capture
the semantics of (uniq;) and (compl;).

Let us consider a finite forest M = (W,R, V) and w € W. A first ingredient is given by the
concept of local nominals, borrowed from [7]. We say that ax € Aux is a (local) nominal for the
depth i > 1 if there is exactly one t-node w’ € R!(w) having an ax-child. In this case, w’ is said to
be the world that corresponds to the local nominal ax. The following formula states that ax is a
local nominal for the depth i:

i-1
nom; (ax) < () Gax A /\[t]k—'(<t)i_k<>ax % (1)K Oax).
k=0

LEMMA 4.2. Letax € Aux and 0 < i < j € N. Suppose M, w |= init(j). Then, M, w = nom;(ax) if
and only if ax is a local nominal for the depth i.

The proof is direct by applying the semantics of the formula nom;(ax), and is given in Appendix D.
We define the formula:
@ E (1) (Cax A g),
which, under the hypothesis that ax is a local nominal for the depth i, states that ¢ holds on the
t-node that corresponds to ax.

LEMMA 4.3. Let ax € Aux and 0 < i < j € N. Suppose M, w |= init(j) A nom;(ax). Then,
M, w E @0 iff M, w | @, where w’ is the world corresponding to the nominal ax for the depth i.

Proor. Both directions are straightforward. As we are working under the hypothesis that
M, w = init(j) A nom;(ax), by Lemma 4.2, ax is a nominal for the depth i. In the following, let w’
be the world in R'(w) corresponding to the nominal ax (i.e. w’ has an ax-child).

(=): Suppose M, w | @.,¢. By definition, there is w”’ € R'(w) such that MM, w”’ | Cax A ¢.
Since ax is a nominal for the depth i, we conclude that w” = w”” and hence M, w”’ = ¢.

(<): Suppose that w’ is such that I, w’ |= ¢. By definition, w’ is the world corresponding to
the nominal ax (for the depth i). Hence M, w’ | Cax. Since w’ € R (w), by M, w | init(j) we
conclude that there is a path of t-nodes from w to w’, of length i. Thus, M, w | (t)!(Cax A ). O

Moreover, we define nom; (ax #bx) % nom; (ax) A nom; (bx) A -@!, Obx, which states that ax and
bx are two nominals for the depth i with respect to two distinct ¢t-nodes.

LEMMA 4.4. Let ax # bx € Aux and 0 < i < j € N. Suppose M, w |= init(j). Then, M, w
nom; (ax #bx) iff ax and bx are nominals for the depth i, corresponding to two different worlds.

ProoOF. (=): Suppose M, w |= nom; (ax #bx). By Lemma 4.2, ax and bx are nominals for depth
i. Let way (resp. wpy) be the world in R¥(w) corresponding to the nominal ax (resp. bx). Note that
M, wox = Obx. By M, w E =@, Obx and Lemma 4.3, we get M, way [ Obx. Thus, wax # Whx.

(<): This direction is analogous and simply relies on Lemmata 4.2 and 4.3. O

As a second ingredient, we introduce the notion of fork that is a specific type of models naturally
emerging when trying to compare the numbers n(w;) and n(w;) of two worlds wi, w, € R'(w)
(e.g. when checking whether n(w;) = n(w;) or n(w;) = n(wj) + 1 holds). Given j > i > 1 we
introduce the formula fork;(ax, bx) that is satisfied by (I, w) if and only if:

e ax and bx are nominals for the depth i.
e w has exactly two t-children, say wy and wp.
e For every k € [1,i — 1], both R*(wy) and R¥(wp) contain exactly one t-child.
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--- typesr (j—i)

--- typesr (j—i)

f i !

Fig. 2. Schema of a pointed forest (M, w) satisfying forkj.(ax, bx).

e The only t-node in R*~!(wy), say wayx, corresponds to the nominal ax. The only t-node in
R (wp), say wpy, corresponds to the nominal bx.
o If i < j, then (M, wax) and (M, wpy) satisfy
typersr(j — 1) & type(j — i) A [{](OL A Os A Or).

It should be noted that, whenever (I, w) satisfies the formula orkj (ax, bx), we witness two paths
of length i, both starting at w and leading to wax and wyy, respectively. Worlds in this path may
have Aux-children. Figure 2 schematises a model satisfying forkj-(ax, bx).

Since the definition of ‘r’orkj.(ax, bx) is recursive on i and j (due to type(j — i)), we postpone its
formal definition to the next two sections where we treat the base cases for i = j and the inductive
case for j > i separately.

The last auxiliary formulae are [ax < bx] and [bx=ax+1];. Under the hypothesis that (9, w)
satisfies for‘k;(ax, bx), the formula [ax < bx] i is satisfied whenever the two (distinct) worlds
Wax, Wpx € Ri(w) corresponding to the nominals ax and bx are such that n(wa) < n(wpy).
Similarly, under the hypothesis that (9, w) satisfies fork}(ax, bx), the formula [bx = ax+1]; is
satisfied whenever n(wpyx) = n(wax) + 1 holds. Both formulae are recursively defined, with base
cases for i = j and j = 1, respectively.

For the base case, we define the formulae forkj:(ax, bx) and [ax < bx]j: (for arbitrary j), as
well as [bx = ax+1];. From these formulae, we are then able to define uniq(1) and compl(1),
which completes the characterisation of type(1) and typelsr(l) Afterwards, we consider the case
1 <i<jandj > 2, and define fork’ (ax, bx), [ax < bx] [bx = ax+1];, as well as uniq(j) and
compl(j), by only relying on formulae that are already deﬁned (by inductive reasoning).

4.3 Formal semantics of the inductively defined formulae used for type(})

Let us summarise the expected semantics of the formulae introduced to define type(j), and whose
definition is inductive. Let 9t = (W, R, V) be a finite forest, w € W, 1 < i < j and ax # bx € Aux.
Formula fork;(ax, bx): Suppose M, w = init(}).
M w = fork;(ax, bx) if and only if
(i) w has exactly two t-children and exactly two paths of t-nodes, both of length i;
(ii) one of these two paths ends on a world (say wax) corresponding to the nominal ax whereas
the other ends on a world (say wpy) corresponding to the nominal bx;
(iii) if i < j then (M, way) and (I, wyy) satisty typelsr(]—l) ftype(—i) A[t](CLAOSAOT).
Formula [ax < bx] Suppose M, w = init(j) A for‘k’ (ax, bx).
M, w E [ax < bx] if and only if there are two dlstlnct t-nodes way, Wox € R'(w) such that
Wax corresponds to the nominal ax, wpy corresponds to the nominal bx and n(way) < n(wpy).
Formula [bx = ax+1];: Suppose MM, w |= init(j) A forkl(ax bx).
M, w = [bx = ax+1]; if and only if there are two dlstlnct t-nodes way, Wpx € R(w) s.t. way
corresponds to the nominal ax, wyy corresponds to the nominal bx and n(wpy) = n(way) + 1.
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Formula uniq(j): Suppose M, w |= init(j) A sub(j) A aux.
M, w = uniq(j) if and only if (M, w) satisfies (uniq;), i.e. distinct t-nodes in R(w) encode
different numbers.
Formula compl(j): Suppose M, w | init(j) A sub(j) A aux.
M, w = compl(}j) if and only if (M, w) satisfies (compl;), i.e. for every t-node w; € R(w), if
n(w;) < t(j,n) — 1 then n(wy) = n(w;) + 1 for some t-node wy € R(w).
Formula type(j): Suppose MM, w |= init(j).
M, w | type(j) if and only if (M, w) satisfies (sub;), (zero;), (uniq;), (compl;) and (aux).
The formulae sub(j), aux and zero(j) (j > 1) are also required in order to define correctly
type(j). However their definition and proof of correctness are straightforward. Hence we omit the
proofs, and simply state the expected semantics of these formulae. It should be noted that a formal
proof of zero(j) relies on type(j — 1), which (as we will see multiple times in the next sections),
we can assume to be correctly defined by inductive hypothesis (on j).

LEMMA 4.5. Let j > 1. Let W = (W, R, V) be a finite forest and w € W.
o M, w | sub(j) iff (M, w) satisfies (sub;), i.e. every t-node in R(w) satisfies type(j —1).
o M, w = aux iff (M, w) satisfies (aux), i.e. w is a t-node, every t-node in R(w) has one x-child
and one y-child, and every t-node in R?(w) has three children satisfying 1, r and s, respectively.
o Suppose M, w = sub(j). M, w = zero(j) iff (M, w) satisfies (zero;), i.e. there is a t-node
w € R(w) s.t. n(w) = 0.

We now prove the correctness of the formulae listed before Lemma 4.5, starting from the base
case where j = 1 or i = j, to then show the proof for 1 < i < j.

44 Basecases:i=jorj=1

In what follows, we consider a finite forest It = (W, R, V) and a world w. Following its informal
description, we have

forkl(ax, bx) & Oyt A [t] @72 (t = ©Oy1t) A nom;(ax £bx),

where B/ ® df T for Jj < 0. We recall that t and $_,t are defined as

t= Naxeaux —a% Ozt = Ot A =(Ot * OF), Ot = (Ot Ot) A (Ot Ot % OF).

LEMMA 4.6. Let ax # bx € Aux, j > 1. Suppose M, w = init(j). Then, M, w forkj:(ax, bx) iff

(1) w has exactly two t-children and exactly two paths of t-nodes, both of length j, ending in two
t-nodes (say wy and w);

(2) wy (resp. wy) corresponds to the nominal ax (resp. bx) for the depth j.

ProOF. (=): Suppose M, w = For‘k;(ax, bx). By M, w = Opt, w has exactly two t-children (let
us say w] and w}). Then, by MM, w | [¢] 8/ 72 (1= 1), it is easy to show that there is exactly
one path of t-nodes of length j — 1, starting in w} (resp. wj) and ending in a t-node w; € R/ (w)
(resp. w; € R/(w)). Then, the property (1) of the statement is verified. The property (2) of the
statement follows by simply applying Lemma 4.4.

(&): This direction is straightforward. In short, from (1), M, w £ Copt A [t] B2 (t=00),
whereas from (2) together with Lemma 4.4 we have I, w |= nom; (ax #bx). O

As previously explained, in the base case, the number n(w’) encoded by a t-node w’” € Ri(w) is
represented by the truth values of py, ..., p,. Then, the formula [ax < bx]j. is defined as
n n
[ax <bx1] £\ / (@4mpu A @ pu A /\ (@hpo © @,p0)).

u=1 o=u+1
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The satisfaction of (I, w) E Forkj:(ax, bx) enforces that the distinct t-nodes way, wpx € R/ (w)
corresponding to ax and bx satisfy n(wax) < n(wpy), which can be shown by using standard
properties about bit vectors. Intuitively, the formula states that there is a bit (encoded by p,,) which
is set to 0 in the binary encoding of n(wax) but is set to 1 in the binary encoding of n(wpx), whereas
every successive bit (encoded by p, with v > u) is set to 1 in n(wyy) iff it is set to 1 also in n(wpy).

LEMMA 4.7. Let ax # bx € Aux and j > 1. Suppose M, w = init(j) A forkj:(ax, bx). Then,

Mw = [ax< bx]; if and only if there are two distinct t-nodes wax, wpx € R/ (w) such that way
corresponds to the nominal ax, wpy corresponds to the nominal bx and n(way) < n(wpy).

Proor. Let x, y be natural numbers represented in binary by using n bits. Let us denote with x;
(resp. y;) the i-th bit of the binary representation of x (resp. y). We have that x < y if and only if

(A) there is a position i € [1,n] such that x; =0 and y; = 1;

(B) for every position j > i,x; =1 y; = 1.

The formula [ax < bx]j. uses exactly this characterisation in order to state that n(way) < n(wpy).

In the following, since we are working under the hypothesis that M, w |= init(j)Af or‘kj: (ax, bx),
let wax (resp. wpy) be the world corresponding to the nominal ax (resp. bx), w.r.t. the depth j.
(=): Suppose M, w |= [ax < bx]j.. Then there is u € [1, n] such that

M, w I: @éx_‘Pu A @kj)x Pu N /\ (@éx Po & @{)x Pv)
v=u+1

By Lemma 4.3 and M, w | @gx—\pu A @éx pu, we conclude that M, wax | —py, and M, wex = pu.
Hence, the u-th bit is 0 in the number encoded by w,y, whereas it is 1 in the number encoded by
Whx, as required by (A). Similarly, by Lemma 4.3 and MM, w E A e [ys1,n] (@éX Do © @{;X Do), We
conclude that for every v € [u + 1, n], M, wax | p, if and only if M, wyy = p,. This corresponds to
the property (B) above, leading to n(wax) < n(wpy).

(&): This direction follows similar arguments (backwards). O

The formula [bx = ax+1]; uses similar arithmetical properties. It is defined as
n u—1 u—1 n
[bx = ax+1]s &\ / (@4 (=pu A N\ po) A @ (pu A [\ 1) A\ (@Lepo=@ip0))-
u=1 v=1 =1 v=u+l1

Assuming (M, w) E fork](ax, bx), this formula states that the two distinct t-nodes way, Wpx €
R(w) corresponding to ax and bx are such that n(wpy) = n(way) + 1. As done for [ax < bx]j:, this
formula states that there must be a bit (encoded by p,) which is set to 0 in the binary encoding of
n(way) but is set to 1 in the binary encoding of n(wpy); and that every successive bit (encoded by
po with v > u) is set to 1 in n(wa,y) if and only if it is set to 1 also in n(wpy). However, differently
from [ax < bx]jj, this formula also requires that every bit before p, (encoded by p, with v < u) is
set to 1 in the binary encoding of n(wa,yx) but is set to 0 in the binary encoding of n(wpy).

LEMMA 4.8. Letax # bx € Aux and M, w = init(1) /\fork%(ax, bx). Then, M, w | [bx = ax+1];
if and only if there are two distinct t-nodes wax, Wpx € R(w) such that way corresponds to the nominal
ax, wpy corresponds to the nominal bx and n(wpyx) = n(wax) + 1.

Proor. The proof uses standard properties of numbers encoded in binary. Let x, y be two natural
numbers that can be represented in binary by using n bits. Let us denote with x; (resp. y;) the i-th
bit of the binary representation of x (resp. y). We have that y = x + 1 if and only if

(A) there is a position i € [1,n] such that x; = 0 and y; = 1;
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(B) for every position j > i, x; =1 y; =1;

(C) for every position j < i,x; = 1and y; = 0.

Notice that (A) and (B) are as in the characterisation of x < y given in Lemma 4.7. The formula
[bx = ax+1]; uses exactly this characterisation in order to state that n(wpy) = n(way) + 1.

Since we are working under the hypothesis that M, w | init(1) A forkj(ax, bx), there are
two distinct worlds w,y and wyy corresponding to the two nominals ax and bx for the depth 1,
respectively. Then, the proof of this lemma follows closely the proof of Lemma 4.7, and enforcing
(C) by means of the subformula @}, (=puM\ e [1u-1]P0) A @b (PuM\ve[1.u-17"Po)- O

To define uniq(1), we first recall that a model satisfying type(1) satisfies the formula aux and
hence every t-node in R(w) has two children, one x-node and one y-node. The idea is to use these
two Aux-children and to take advantage of * in order to state that it is not possible to find a submodel
of M such that w has only two distinct children wy and wy corresponding to the nominals x and
y, respectively, and such that n(wyx) = n(wy). In a sense, the operator * simulates a second-order

quantification on x and y. Let [x=y]! &' =([x <y]! V [y < x]}). The corresponding formula is

uniq(1) def ﬂ(T * (fork}(x, y) A [x:y]})).

LEMMA 4.9. Suppose M, w |= init(1) A aux. Then, M, w |= uniq(1) if and only if (MM, w) satisfies
(uniqy ), i.e. distinct t-nodes in R(w) encode different numbers.

Proor. (=): Contrapositively, suppose that there are two distinct ¢-nodes wy and wy encoding
the same number. Since M, w |= init(1) Aaux, every world in R(w) has exactly one child satisfying
x and exactly one (different) child satisfying y. Let us then consider the submodel M’ = (W, Ry, V)
where Ry (w) = {wy, wy}, Ri(wyx) = {wi} and Ry(wy) = {w;}, so that w,; satisfies x whereas w;,
satisfies y. By Lemma 4.6, ', w | fork](x,y). By hypothesis, n(wy) = n(w,) and therefore we
also have W', w [= [x=y]]. Thus, by definition, M, w £ uniq(1).

(<): Again contrapositively, suppose M, w £ uniq(1) and so M, w | T=(forkl(x, y)A[x=y] .
Then, there is a submodel M’ = (W, Ry, V) of M such that M, w [ fork](x, y) A[x=y] 1. Moreover,
since the satisfaction of init(1) is preserved under submodels, we have ', w |= init(1). We can
then apply Lemmata 4.6 and 4.7 in order to conclude that there are two distinct worlds wy and wy
in R’ (w) such that n(wy) = n(wy). Since the encoding of a number (for j = 1) only depends on the

satisfaction of the propositional symbols py, ..., p, on a certain world, we conclude that the same
property holds for M: the two worlds wy and wy in R(w) are such that n(wy) = n(wy). Therefore,
(M, w) does not satisfy (uniq;). O

Let us now consider compl(1). As done for uniq(1), we rely on the auxiliary propositions x and
y and use the separating conjunction * in order to simulate a second-order quantification. We need
to state that it is not possible to find a submodel of 9 that looses x-nodes from R?(w), keeps all
y-nodes, and is such that
(i) x is a local nominal for the depth 1, corresponding to a world wy encoding n(wy) < 2" —1;
(ii) there is no submodel where w has two t-children, wy and a second world wy, such that wy
corresponds to the nominal y and n(wy) = n(wy)+1.

Thus, compl(1) is defined as:
compl(1) & —(OL * ([t]Oy A @511 A ~(T = (Forki (%, y) A [y = x+1]1)))).

The subscript “1” in the formula 1, refers to the fact that we are treating the base case of compl(j)
with j = 1. We have 1, %/ Aie[1,n] Pi> reflecting the encoding of 2" — 1.

LEMMA 4.10. Suppose M, w |= init(1) Aaux. Then, M, w |= compl(1) iff (M, w) satisfies (compl; ),
i.e. for every t-node w; € R(w), ifn(w;) < 2" —1 thenn(w,) = n(wy) +1 for some t-node w, € R(w).
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ProOF. (=): Suppose MM, w = compl(1). By definition of |5, this implies that for any I’ =
(W, R, V) submodel of M such that R'(w) = R(w), if W', w E [t]Oy A @114, then W', w |
T+ (forkl(x,y) A [y = x+1];). Then, let us pick a t-node wy € R'(w) = R(w) such that n(wy) <
2" — 1. We show that there must be a world wy, € R’(w) such that n(wy) = n(wy) + 1. Let
us consider the submodel M = (W,R’, V) of M such that for every w € W, if w # wy then
R'(w) = R(w) and otherwise R’ (wx) = {w;} where w; is the only Aux-child of wy (w.r.t. R)
satisfying x. Notice that w; exists and it is unique by I, w |= init(1) A aux. Moreover, wy
corresponds in 9’ to the nominal x for the depth 1. Again by M, w |= init(1) A aux, we conclude
that M, w E [t]Oy. Moreover, since n(wy) < 2" — 1, by Lemma 4.3 we have M, w £ @.-1;.
Hence by hypothesis, M’, w | T * (fork}(x,y) A [y = x+1];). Then, let M” = (W,R”,V) T M’
be such that M”, w = forkj(x,y) A [y = x+1];. By Lemmata 4.6 and 4.8, there is wy, € R”(w) such
that n(wy) = n(wy) + 1. Since the encoding of a number (for j = 1) only depends on the satisfaction
of the propositional symbols py, ..., p, on a certain world, we conclude that the same property
holds for M. Thus, (M, w) satisfies (comply).

(<): Suppose that (I, w) satisfies (comply), and ad absurdum assume that I, w = compl(1),
hence M, w = OLx# ([t]OyA@L-11 A= (T (forki(x,y) Ay = x+1]1))). Then, there is a submodel
M = (W,R,V) of M such that R (w) = R(w) and M, w [ [t]Oy A@L=11 A=(T* (Fork](x,y) A
[y = x+1]1)). Notice that this formula does not enforce x to be a nominal for the depth 1, however
from M, w | @1, we deduce that there is at least one t-node wy such that M’, wy E Ox A =1;.
Then, n(wyx) < 2" — 1 and by hypothesis there is a t-node wy such that n(wy) = n(wy) + 1. Let
us consider now the submodel MM = (W,R”, V) of M’ where R’ (w) = {wy, wy}, R’ (wy) = {w1}
and R”(wy) = {w;}, where w; (resp. wy) is the only Aux-child of wy (resp. wy) that satisfies x
(resp. y). The existence of w; and w; is guaranteed by ', wy | Ox A =17 and ', w = [t]Cy. By
Lemma 4.6, ", w [ fork](x, y). Moreover, as the encoding of a number (for j = 1) only depends

on the satisfaction of the propositional symbols py, ..., p, on a certain world, ", w = [y = x+1];.
Then, we conclude that ', w | T = (fork}(x, y) A [y = x+1];), in contradiction with ', w |
[t]Cy A @L=11 A =(T = (Forkj(x,y) A [y = x+1]1)). Thus, M, w = compl(1). O

With all these definitions at hand, we conclude the definition of type(1) (and type;, (1)), which
is established correct with respect to its specification.

LEMMA 4.11. Let M, w | init(1). We have M, w |= type(1) if and only if (MM, w) satisfies (sub; ),
(zeroy ), (uniqy ), (compl; ) and (aux).

The proof of Lemma 4.11 then follows directly from Lemmata 4.5, 4.9 and 4.10. Let us show
the satisfiability of type(1). A quick check of init(1) and the conditions (sub;), (zero;), (uniqy),
(compl;) and (aux) should convince the reader that they are simultaneously satisfiable, leading
to init(1) A type(1) being satisfiable. However, in the following we provide an explicit model
satisfiying this formula.

LEMMA 4.12. The formula init(1) A type(1) is satisfiable.

Proor. Consider the finite forest M = (W, R, V) and a world w such that
(1) Ris the minimal set of pairs such that R(w) = {wy, ..., wan_1} (Where wy, ..., wyn_; are all
distinct worlds), and for every i € [0,2" — 1], R(w;) = {w}, w}} (again, w}, w? are distinct);
(2) W = {w} UR(w) U Uiy ROW):
B) V(X) ={w}, ..., wha_ 1, V(y) ={w], ..., w)._,} and for every i € [0,2" — 1] and j € [1,n],
w; € V(pj) if and only if the j-th bit in the binary encoding of i is 1.
It is easy to check that (M, w) satisfies init(1) as well as (suby), (zeroy), (uniq,), (compl;) and (aux).
Thus, by Lemma 4.11 M, w |= init(1) A type(1). O
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4.5 Inductive case:1 <i< j

We now need to define the inductive cases for the corresponding formulae, and prove their correct-
ness. As an implicit inductive hypothesis used to prove that the formulae are well-defined, we assume
that [bx = ax+1] ;» and type(j’) are already defined for every j* < j, whereas fork’, (ax, bx), and

[ax < bx]j./, are already defined for all 1 < i’ < j’ such that j* — i’ < j — i. Therefore, we define:
fork(ax, bx) € forki(ax, bx) A [t]'typers.(j — i).

It is easy to see that this formula is well-defined: f orkﬁ(ax, bx) is from the base case, whereas
type;sr(j—i) is defined by inductive hypothesis, since we have j —i < j.

Assuming that type(}j) is correctly defined, with semantics as in Section 4.3, the following result
roughly states that the encoding of numbers is preserved under submodels.

LEMMA 4.13. Let0 < i < jwithj > 2. Let M = (W,R, V) and w € W be such that M, w
init(j) A type(}). Consider a world w’ € R'(w) and a numberm € [0,1(j—i,n) —1]. Lastly, suppose
M’ C I such that M’, w’ | type(j — i). Then,

nj_;(w) =mwrt. (MM, w') ifand only ifn;_;(w") = m wrt. (I, w’).

Proor. The proof is rather straightforward. From the semantics of type(), with respect to any
of the two models (M, w”) or (M’, w’), n;_;(w’) is encoded by using

(1) the t-nodes reachable from w’ in at most j — i steps;

(2) the {x, y}-nodes reachable from w’ in exactly 2 steps;

(3) the Aux-nodes reachable from w’ in at least 3 steps and at most j — i + 1 steps.

Let ' = (W, Ry, V). From M’, w’ = type(j — i) we can show that the accessibility to all these
nodes is preserved between (I, w’) and (', w’), leading to the result (or rather, that losing the
accessibility to any of these nodes leads to a model not satisfying type(j — i)). Indeed,

(1) suppose that there is a t-node w € R¥(w’), with k € [1, j — i], not in Rll‘(w’). Let w; be the
parent of w in R. Then in particular, w; € R¥='(w’) and (w;, w) € R. Since w ¢ Rf(w’), we
conclude that (', w;) does not satisfy (compl;) and therefore IM’, w, | type(j —i— k).
Then, (', w”) cannot satisfy (sub;), in contradiction with IM’, w’ = type(j — i);

(2) suppose that one {x, y}-node in R*(w’) is not in R?(w’). Then trivially (9, w’) cannot satisfy
(aux), in contradiction with M’, w’ | type(j);

(3) similarly, suppose that one Aux-node in R¥(w’), where k € [3,j — i + 1], is not in Rf (w").
Then again (MM, w’) cannot satisfy (aux), in contradiction with M’, w’ = type(J). O

With this technical lemma at hand, we are now able to show the correctness of orkj.(ax, bx).

LEMMA 4.14. Letax # bx € Aux, 1 < i < j, and M, w [ init(j). Then, M, w = fork](ax, bx) if
and only if the conditions below hold:

(i) w has exactly two t-children and exactly two paths of t-nodes, both of length i;

(ii) one of these two paths ends on a world (say way) corresponding to the nominal ax whereas the

other ends on a world (say wyy ) corresponding to the nominal bx;
(iii) (M, wax) and (M, wyy) satisfy typeqs.(j — i) & type(j—i) A [t](OL A Os A OF).

PrOOF. Recall that fork/(ax, bx) is defined as fork](ax, bx) A [t]'typeiq.(j — i). We have:

e M, w = forkl(ax, bx) if and only if (by Lemma 4.6)
(i) w has exactly two t-children and exactly two paths of t-nodes, both of length j;
(ii) one of these two paths ends on a world corresponding to the nominal ax whereas the other
ends on a world corresponding to the nominal bx.
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w 1sr(j) implies type(j)

Fig. 3. Schema of a model satisfying 1sr(j).

o Let way, Wox € R'(w), since M, w = [t]'type;s (j — i) we get M, w’ [ typeys.(j — i), for
w’ € {way, Wy}, Which proves (iii), concluding the proof. O

Consider now [ax < bx]j.. Assuming Mw |= forkj(ax, bx), we wish to express n(way) < n(wpy)
for the two distinct worlds way, Wpy € R!(w) corresponding to the nominals ax and bx, respectively.
As i < j, n(way) (resp. n(wpy)) is encoded using the truth value of val on the t-children of wyy
(resp. wpx). To rely on arithmetical properties of binary numbers used to define [ax < bx]j:, we need
to find two partitions Pay = {Lax, Sax, Rax} and Pyy = {Lpx, Sbx, Rox }, one for the ¢-children of w,y and

another one for those of wpy such that:

(LSR): Given b € {ax, bx}, Py splits the t-children as follows:
e there is a t-child s;, of wy, such that Sy = {sp};
e n(l) > n(sp) > n(r), foreveryr € R, and [ € L.
(LESS): P,y and P,y are constrained so that the intended relation < between the two numbers can
be satisfied:
® n(sax) = n(spy), M, sax E —val and I, spx E val;
o for every Ly € Lax and Iy € Lpx, if n(lax) = n(lyy) then M, Ly | val ift M, I, E val.

Above, ‘L’ stands for ‘left’, ‘R’ stands for ‘right’ and ‘S’ stands for ‘selected bit’. As the numbers
are encoded in binary with the least significant bit on the right, by way of example, the numbers
associated to nodes in R,y are strictly smaller than the number associated to the unique node in Su.

It is important to notice that these conditions essentially revolve around the numbers encoded
by t-children, which will be compared using the already defined (by inductive reasoning) formulae
[ax < bx]j./,, where j* — i’ < j —i. Since the semantics of [ax < bx]; is given under the hypothesis
that M, w forkj.(ax, bx), we can assume that every child of w,y and wpy has all the possible
Aux-children. Then, we rely on the auxiliary propositions in {1, s, r} in order to mimic the reasoning
done in (LSR) and (LESS).

We start by considering the constraints involved in (LSR) and we express them with the formula
1sr(j) to be defined, which is satisfied by a pointed forest (0 = (W, R, V), w) whenever:

o (M, w) satisfies type(j).

e Every t-child of w has exactly one {1, s, r}-child, and only one of these t-children (say w’)
has an s-child.

o Every t-child of w that has an 1-child (resp. r-child) encodes a number greater (resp. smaller)
than n(w’).

Despite this formula being defined in terms of type(j), we only rely on 1sr(j —i) (which is defined

by inductive reasoning) in order to define [ax < bx] ; Figure 3 sketches a model satisfying 1sr(j).
The definition of 1sr(j) follows closely its specification:
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Lsr(j) € type(j) A [t]O=1(1V sV r) Anomi(s) A ~(T = (forkj(s,1) A =[s <1]}))
A =(T # (Forkj(s,r) A =[r <s]})).

LEMMA 4.15. Let1 < i < j. Suppose M, w = init(j). Then, M, w |= 1sr(j — i) if and only if
(1) M, w = type(j - i);
(2) every t-node in R(w) has exactly one Aux-child satisfying an atomic proposition from {1, s, r};
(3) exactly one t-node in R(w) (say ws) has an Aux-child satisfying s;
(4) givenw’ € R(w), w’ has an Aux-child satisfying 1 if and only ifn(w’) > n(ws);
(5) givenw’ € R(w), w’ has an Aux-child satisfying r if and only ifn(w’) < n(ws).

Proor. This proof is rather straightforward. The definition of 1sr(j — i) is reproduced below:

type(j —i) A [t]C=1(1 VsV r)Anom(s)A

=(T # (forkj_;(s,1) A =[s <1]}_)) A =(T * (forkj_,(s,r) A =[r <s]}_)).
Then, we provide the following analysis.

e The first, second and third conjuncts of 1sr(j — i) directly realise requirements (1), (2) and
®3).

o The fourth conjunct of 1sr(j — i) realises the requirement (4). Indeed, suppose M, w |= =(T =
(forkj_;(s,1) A =[s <1]}_,)). Then, for all submodels M’ = M, if M’, w |= fork;_;(s,1)
then M, w | [s< 1]}4. Let w’ € R(w) be such that w’ has an Aux-child satisfying 1. Then by
Lemma 4.14, M, w fork}_l(s, 1) and as a consequence M, w = [s < l]}._l.. Let us consider
I’ = (W,R’, W) obtained from I by removing from R every pair (w;, w;) € R such that
— wj and wy are t-nodes;

— (wy, wz) does not belong to the path from w to ws, nor to the path from w to w’;

— (w1, wz) does not belong to any path starting from ws or w’.

Then, we can show that ', w | fork}_i(s, 1) and thus, by hypothesis, ', w = [s < l]}_i.
By the induction hypothesis, from [s < l]}_i we conclude that n(w”) > n(ws) with respect
to (W', w). Now, from M', w fork}_i(s, 1) we also conclude that M’, ws | type(j — i)
and M, w’ |= type(j — i). Then, by Lemma 4.13, n(w’) > n(ws) also holds with respect to
(M, w). The other direction is analogous.

e The fifth conjunct of 1sr(j — i) realises the requirement (5). The proof is similar to the one
for the requirement (4), just above. O

Then, we have the ingredients to define the formula [ax < bx]} as follows:

[ax < bx] € T x (nom;(ax#bx) A [£]'1sr(j — i) A S}(ax, bx) A L (ax, bx)),

where S;(ax, bx) and Lj.(ax, bx) check the first and second condition in (LESS), respectively. In
particular, by defining [ax =bx]* df ([ax < bx]’ v [bx <ax]’), we have
S(ax, bx) & T« (forki (x,y) A @, (1) (s A Ox)
A @ (D(Cs A OY) A [x =y]j-+1 A @Faval A @iﬂval)
LE(ax, bx) € =(T # (Forki™ (x,y) A @5 (D)(CL A OX) A @) (CL A Oy)

A [x=y] A-(@)val & @) 'val))).

Both forkj.”(x, y) and [x=Yy] 5.” used in these formulae are defined recursively. The formula
S;(ax, bx) states that there is a submodel M’ T M such that
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L W, wkE forkj.”(x, y); IV.  n(sax) = n(spy),
II. sax corresponds to the nominal x at depth i + 1; V. I, s £ val, and
IMI.  spy corresponds to the nominal y at depth i + 1; VI I, spx E val.

The enumeration I-VI refers to the conjuncts in the formula.

S;(ax, bx) correctly models the first condition of (LESS). Regarding Lj.(ax, bx) and (LESS), a
similar analysis can be performed. We define LS}(ax, bx) &f Lj.(ax, bx) A Sj.(ax, bx).

Let us consider [bx = ax+1];. Under the hypothesis that M, w |= fork;(ax, bx), this formula
must express n(wpy) = n(way) + 1 for the two (distinct) worlds way, wpx € Ri(w). Then, as done
for defining [ax < bx]j., we take advantage of arithmetical properties on binary numbers and we
search for two partitions Payx = {Lax, Saxs Rax} and Pox = {Lpx, Sbx> Rox } of the t-children of w,x and
whpy, respectively, such that P, and P,y satisfy (LSR) as well as the condition below:

(PLUS): P, and Py have the arithmetical properties of the successor relation:
o P, and Py satisfy (LESS);
o for every rax € Rax, we have I, ryy = val;
o for every rpx € Ryx, we have M, roy [~ val,
where Sax = {sax} and Spx = {spx}, as required by (LSR).
The definition of [bx = ax+1]; is similar to [ax <bx]¥:

[bx = ax+1]; € Tx(nomy (ax#bx) A [t]1sr(j — 1) A LS}(ax,bx) A R(ax, bx)),

where R(ax, bx) ¥ @1, [t](Or = val) A @], [](Or = —val) captures the last two conditions
of (PLUS). We prove a technical lemma that will help us with the proof of correctness of [ax < bx] ;
and [bx = ax+1]; stated in Lemma 4.17 and Lemma 4.18 below.

LEMMA 4.16. Let ax # bx € Aux and 1 < i < j. Suppose that (IR, w) is such that R'(w) =
{Wax, Wox } for some t-nodes way and wpy in W, and these two worlds satisfy the conditions of 1sr(j—1i),
that is, for every b € {ax, bx},

(A) M, wy, [ type(j —i);

(B) every t-node in R(wyp) has exactly one Aux-child satisfying an atomic proposition from {1, s, r};

(C) exactly one t-node in R(wp,) (say wp s) has an Aux-child satisfying s;

(D) given w' € R(wyp), w' has an Aux-child satisfying 1 if and only ifn(w’) > n(wps);

(E) given w’ € R(wp), w has an Aux-child satisfying r if and only ifn(w’) < n(wps).

Then,
LM wE S;'.(ax, bx) if and only if n(waxs) = n(wpxs), M, waxs = val and M, wyy s = val;
IILMwE L;(ax, bx) if and only if (M, wax1 = val iff M, wpx1 [ val), for all wax1 € R(wax)
and Whx,1 € R(be) s.t. n(Wax,l) > n(Wax,s): n(be,l) > n(be,S) andn(wax,l) = n(be,1)~

II Ifi =1 then, M, w | R(ax, bx) if and only if

o for every world waxr € R(wax), if n(waxr) < n(waxs) then MM, way - = val;
o for every world wpy r € R(Wpy), if n(Whyr) < n(wpxs) then M, wpy r = —val.

See the proof in Appendix E.

LEMMA 4.17. Let ax # bx € Aux and 1 < i < j. Suppose M, w |= init(j) A fork’(ax, bx). Then,
Mw E [ax< bx]; if and only if there are two distinct t-nodes way, wox € RI(w) such that way
corresponds to the nominal ax, wpy corresponds to the nominal bx and n(way) < n(wpy).

See the proof in Appendix F.
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LEMMA 4.18. Let ax # bx € Aux and 1 < i < j. Suppose M, w |= init(j) A fork;(ax, bx). Then,
M, w = [bx = ax+1]; if and only if there are two distinct t-nodes wax, Wpx € R(W) such that wax
corresponds to the nominal ax, wpy corresponds to the nominal bx and n(wpy) = n(way) + 1.

Proor. We recall the definition of [bx = ax+1];:
[bx = ax+1]; % T+ (nom; (ax#bx) A [t]1sr(j - 1) A S(ax, bx) A Lj(ax, bx) AR(ax, bx)).

As in Lemma 4.8, the proof uses standard properties of numbers encoded in binary. Again, let x, y
be two natural numbers that can be represented in binary by using n bits. Let us denote with x;
(resp. y;) the i-th bit of the binary representation of x (resp. y). We have that y = x + 1 if and only if

(A) there is a position i € [1,n] such that x; = 0 and y; = 1;

(B) for every position j > i,x; =0 & y; = 0;

(C) for every position j < i,x; =1and y; = 0.
The formula [bx = ax+1]; uses this characterisation to state that n(wpyx) = n(way) + 1.

One can see that the formula [bx = ax+1]; can be obtained (syntactically) from the formula

[ax<bx]} f T % (nomy(ax # bx) A [t]'1lsr(j — 1) A S}(ax, bx) A L}(ax, bx)) by simply adding

the conjunct R(ax, bx) to the right of L}(ax, bx). Then, it is easy to see that the proof of this
lemma follows very closely the structure of the proof of Lemma 4.17. Indeed, to prove (A) and
(B) we essentially rely on Lemma 4.16 (I and II), whereas (C) is shown using the third point of
Lemma 4.16. m]

To define uniq(j) and compl(j), we rely on fork}(ax, bx), [ax < bx]§. and [bx = ax+1];.
uniq(j) & =(T (Fork}(x, y) A [x:y]}))
compL(j) € ~(00.1 = ([£)(typersr (j = 1) A OY) A nom (x) A @415

—|(T * (fork}(x, y)Aly = x+l]j)))),

where ljdéf[t] val reflects the encoding of t (j, n)—1for j > 1. The main difference between comp1(1)
and compl(j) (j > 1) is that the conjunct [¢] <y of compl(1) is replaced by [t] (typeis.(j—1) A Oy)
in compl(j), as needed to correctly evaluate fo r‘k} (x, y). Indeed, the difference between fork}(x, y)
and fork}(x, y) is precisely that the latter requires [t]typejs.(j — 1). The definition of type() is
now complete.

LEMMA 4.19. Let j > 2. Suppose M, w = init(j) A aux. Then, M, w |= uniq(j) if and only if
(M, w) satisfies (uniq;), i.e. distinct t-nodes in R(w) encode different numbers.

PrRoOF. As in Lemma 4.9, but using Lemma 4.17 on the inductive formula [x = y]}. m

LEMMA 4.20. Let j > 2. Suppose M, w |= init(j) A aux. Then, M, w |= compl () if and only if
(M, w) satisfies (compl;), i.e. for every t-node w, € R(w), ifn(wy) < t(j, n)—1 thenn(wy) = n(wy)+1
for some t-node wy € R(w).

ProorF. As in Lemma 4.10, but using Lemma 4.18 and the formula type;s.(j — 1) in order to
properly evaluate fork}(x, y). O

Finally, we can state the correctness of the definition of type(}).

LEMMA 4.21. Let M, w |= init(j). We have M, w = type()) if and only if (M, w) satisfies (sub;),
(zero; ), (uniq;), (compl;) and (aux).

Proor. It follows directly from Lemmata 4.5, 4.19 and 4.20. O
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The size of type(j) is exponential in j > 1 and polynomial in n > 1. As its size is elementary,
we can use this formula as a starting point to reduce Tiley.

We finish this section by showing that the formulae init(j) and type(j) are (simultaneously)
satisfiable, i.e., there exists a pointed forest I, w such that MM, w |= init(j) A type()). This result
is useful in the next section, as we will need to show that a model encoding a grid actually exists.

LEMMA 4.22. Let j > 2. init(j) A type(}) is satisfiable.

Proor. Let j > 2. By induction on j, we suppose that init(j — 1) A type(j — 1) is satisfiable
(we already treated the base case for j = 1 in Lemma 4.12). Let us consider wy, ..., Wi(jn)-1
distinct worlds. By the induction hypothesis, we can construct t(j, n) models MM; = (W, R;, Vi)
(i € [0,t(j,n) —1]), so that w; € W; and M;, w; | init(j — 1) A type(j — 1). Wlo.g. we can
assume, for each two distinct i, i’ € [0,t1(j,n) — 1], W; N Wy = (. Similarly, we can assume that
each IM; is minimal, i.e. for every MM’ C IM; different from W', W', w; = init(j—1) A type(j—1).
This implies that w; does not have any Aux-children, and every t-node in R;(w;) does not have
{1, s, r}-children (as these two properties are not guaranteed by (aux)).

Let w be a fresh world not appearing in the aforementioned models. Similarly, for every i €
[0,t(j, n) — 1], let w} and w;’ be fresh worlds. Lastly, we also introduce, for every world w € R;(w;),
three (distinct) new worlds WIW, w2 and wr.

Then, let us consider the model M = (W, R, V) defined as follows:

(1) W@f{w}UWiU{wl?(, w | i€ [0,t(j,n)—1]}U{wo, wys, wyr, | § € [0,£(j, n)—1], W € Ri(w;)}

(2) RE{(w, wo), ..., (W, wi(jm)-1)} U Uieot (imy-11 Ri U {(wi, W), (wi, w)) | i € [0,£(j,n) — 1]}

U {(W’ WWI)a (w, WWS)’ (W’ WWr)’ lie [O,t(], n)—1],we Rl(wl)}

(3) V is such that

o for every i € [0,t(j,n) — 1], p € AP and every w’ € R*(w;), w' € V(p) if and only if
w’ € Vi(p). Hence, w.r.t. (I, w), the evaluations w.r.t. worlds in R} (w) N W; is unchanged
compared to the one in (M;, w;).

e For every i € [0,1(j,n) — 1] and every w’ € R;(w;), w' € V(val) if and only if w.r.t.
(M;, w;), the n(w”)-bit in the binary representation of i is 1. Notice that this will lead to
I‘l(Wi) =1

e For every i € [0,1(j,n) — 1] and ax € Aux, w} € V(ax) if and only if ax = x. Similarly,
w) € V(ax) if and only if ax = y. Thus, every w is a x-node, whereas every wy is a y-node.

e For every ax € Aux, w ¢ V(ax) and for every i € [0,t(j,n) — 1], w; ¢ V(ax). Moreover, for
every w € R;(w;), w ¢ V(ax) (notice that, by minimality, w is a t-node also in ;). Thus,
w, w; and w (as above) are all t-nodes.

e For every ax € Aux, w ¢ V(ax) and for every i € [0,t(j,n) — 1] and w € R;(w;), (1)
wlW € V(ax) iffax = 1, (2) w3, € V(ax) iff ax = s, (3) wg; € V(ax) iff ax = r. Hence, every

1

Wi, ws‘W and w"W (as above) is a 1-node, s-node and r-node, respectively.

We can check that (I, w) satisfies init(j) as well as (sub;), (zero;), (uniq;), (compl;) and (aux).
Thus, by Lemma 4.21, M, w E init(j) A type()). O

4.6 Tiling a grid [0,t(k,n) — 1] x [0,t(k,n) — 1]
In this section we explain how to use previous developments to define a uniform reduction from
Tileg, for every k > 2. Several adaptations are needed to encode smoothly the grid, but the hardest
part was the design of the formula type(j), which we already achieved in the previous section.
As usual, in the following let M = (W, R, V) be a finite forest and consider w € W.
Let k > 2 and let (7, c) be an instance of Tileg, where ¥ = (7,H,V) and c € T (see
Section 4.1 for a formal definition). Recall that a solution for (¥, c) w.r.t. Tiley is a map 7 :
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w
\.0

(t(k,n) - 1,t(k,n) — 1))

19, 1y

Fig. 4. Schema of a model satisfying gridg-(k) (for k > 2).

[0,t(k,n) — 1]x[0,t(k,n) — 1] > T satisfying (first) and (hor&vert). W.l.o.g. we assume 7~ is also
understood as a set of atomic propositions, disjoint from {py, . . ., pn, val}UAux used in the definition
of type(j). We construct a formula tilingqg- (k) that is satisfiable iff (7, c) as a solution.

Let us first describe how to represent a grid [0, t(k, n) — 1]? in the pointed forest (9, w). We use
the same ideas needed in order to define type(k), but with some minor modifications. As previously
stated, if M, w |= type(k) then given a t-node w’ € R(w), the number n(w’) € [0,t(k,n) — 1]
is encoded using the t-children of w’, where the numbers encoded by these children represent
positions in the binary encoding of n(w’). Instead of being a single number, a position in the grid
is a pair of numbers (h,0) € [0,t(k, n) — 1]%. Hence, in a model (M, w) satisfying tilingg (k)
we require that w’ € R(w) encodes two numbers n¢(w’) and n+/(w’), and say that w’ encodes
the position (h,v) if and only if ng(w’) = h and ny(w’) = v. Since both numbers are from
[0,t(k, n) — 1], the same amount of ¢-children as in type(k) can be used in order to encode both
ng(w’) and na,(w’). Thus, we rely on the formula type(k — 1) to force w’ to have the correct
amount of ¢-children, by requiring it to hold in (9, w’). Similarly to what is done previously for
type(j) (j = 2), we encode the numbers n¢/(w’) and n (w’) by using the truth value, on the
t-children of w’, of two new atomic propositions valgs and valq, respectively. Then, we use similar
formulae to zero(k), uniq(k) and compl(k) to state that w witnesses exactly one child for each
position in the grid. Once the grid is encoded, the tiling conditions are enforced rather easily.

Figure 4 schematises a pointed forest satisfying a formula gridg-(k) that properly encodes the
[0,t(k, n) —1]? grid. The actual grid is drawn in the picture to illustrate the intended meaning of the
worlds in R(w). As mentioned earlier, each world w’ € R(w) encodes two numbers, corresponding
to the respective horizontal and vertical coordinates of the grid. So, dotted arrows connect w with
exactly one world for each position of the grid (for simplicity, we only draw some of these arrows).
Thus, w has t(k, n)? children. These children must satisfy type(k—1), therefore they have t(k—1, n)
children that represent pairs of numbers via valy; and valq, as described before. In the picture the
values 147 and 04, stand for valg being true and false, respectively (similarly for 14, and 0« w.r.t.
valwy). For instance, in the rightmost child of w all “bits” are set to 0, both for horizontal and for
vertical position, so it corresponds to the initial position (0, 0) of the grid. Similarly, in the leftmost
child, by setting all “bits” to 1 we encode the position (t(k, n) — 1,1(k,n) — 1) of the grid.

Now we introduce the formula gridg-(k) that characterises the set of models encoding the
[0,t(k,n) — 1]? grid. A model (M = (W, R, V), w) satisfying gridq-(k) is such that:

(zerog) there is a t-node w in R(w) that encodes the position (ng(w), nq,(w)) = (0, 0);
(uniqqx) for all two distinct t-nodes wy, wz € R(w), ngr(wy) # ngr(wz) or ny(wy) # nqs(wy);
(comply ) for every t-node w; € R(w),
e if ng/(w;) < t(k,n) — 1 then there is a t-node wy € R(w) such that ng;(w;) = ng/(wy) + 1
and n (wz) = ny (wy);
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e if nqy(wy) < t(k,n) — 1 then there is a t-node w, € R(w) such that n/(wy) = n(wy) + 1
and ngy(wz) = ng(w1);
(init/sub/aux) (M, w) satisfies init(k), sub(k) and aux.

It is easy to see that, with these conditions, (M, w) correctly encodes the grid. The definition of
gridg-(k) follows rather closely the definition of type(j). It is defined as

gridg-(k) % zerog(k) A uniqgq-(k) A complg-(k) A init(k) A sub(k) A aux,

where each conjunct expresses the homonymous property above. To define the first three conjuncts
of gridg-(k) (hence completing its definition) we start by defining the formulae [ax £ bx]; and
[bx 2ax+1]x, where D € {H,V}. These formulae will be defined similarly to [ax = bx]llC and
[bx = ax+1]k. Given a pointed model (M, w) (with M = (W, R, V)) satisfying fork}c(ax, bx), and
the two t-nodes wax, Wpx € R(w) corresponding to the nominals ax and bx, respectively,

[ax 2 bx] states that np(wayx) = np(Why); [bx 2 ax+1] states that np(wpx) = np(way) + 1.

To encode [ax £ bx]; we simply require that for all two t-children way € R(way) and wpyx € R(Wpy),
if np(wax) = np(wpy) then wyy and wyy agree on the satisfaction of valp. The following formula
expresses this property (whose correctness is proved immediately after its definition):

[ax 2 bx]; «f = (T (Fork,zc(x, y) A @5 (O A @éx(t)Oy A [x=y],2c A ~(@3valp & @f,valD))).

LEMMA 4.23. Let ax # bx € Aux and k > 2. Suppose M, w E init(k) A fork,lc(ax, bx). Then,
M, w E [ax2bx]x if and only if there are two distinct t-nodes way, wox € R(w) such that way
corresponds to the nominal ax, wpy corresponds to the nominal bx and np(wax) = np (wWpy).

Proor. This proof is similar to the one of Lemma 4.16 (II). Since M, w |= init(k) A fork}c(ax, bx),
by Lemma 4.14 there are two worlds way and wpy in R(w) corresponding to the nominals (for the
depth 1) ax and bx, respectively.

(=): Suppose M, w | [ax2bx]i. Then, for every I’ = (W,Ry, V), if M’ = M and M', w |
forkZ (x,y) A @L()Ox A @) (tyOy A [x=y]% then M, w = @:valp & @2valp. Now, from
M,w = for‘k}((ax, bx) we have I, way = type(k — 1) and M, wpy | type(k — 1) (notice that then,
all the worlds in R(way) U R(wpyx) satisty type(k — 2)). Thus, let us consider two arbitrary worlds
wy and wy such that

® wy € R(way) and wy € R(wpx);

o ni_;(wy) = nk—l(Wy)-
We show that I, wy |= valp if and only if M, wy = valp, thus concluding that np(wax) = np(wpy).
Let us consider the finite forest MM’ = (W, Ry, V) where R; is obtained from R by removing every
edge (wp, ') € R where b € {ax,bx}, and w’ is a t-node different from wy and wy. We also
remove the edge (wy, w') € R where w’ is the only y-child of wy, as well as (wy, w”’) where w”’
is the only x-child of wy. The existence of these nodes is guaranteed by I, wax = type(k — 1)
and M, wpx | type(k — 1). By Lemma 4.14, we have ', w = forki(x, y), where wy corresponds
to the nominal (at depth 2) x, whereas wy corresponds to the nominal (at depth 2) y. Moreover,
Lemma 4.14 ensures that M, wy = type(k — 2) and M, wy [= type(k — 2), hence by Lemma 4.13
we conclude that wy (resp. wy) encodes the same number w.r.t. (I, w) and (', w). Again from
the definition of Ry it is easy to see that M', w | @},(1)Ox A @] (1) y. Lastly, by hypothesis
on wy and wy, together with Lemma 4.17 and that [x =y]? is equal to ~([x <y]? V [y <x]?) by
definition, we conclude that 3, w | [x =y]?. Thus, by hypothesis, W', w |F @%valp & @;valp,
concluding the proof.

(<): This direction is proved analogously by mainly relying on Lemma 4.17 and Lemma 4.13. O
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The formula [bx 2ax+1]; can be defined by slightly modifying the formula [bx = ax+1].
We start by defining the formulae L[D], (ax, bx), S[D];(ax, bx) and R[D] (ax, bx) with semantics
similar to L,lc(ax, bx), S}C(ax, bx) and R(ax, bx), respectively, but where, for a given t-node in R*(w),
we are interested in the satisfaction of valp instead of val. For example, the formula S[ D], (ax, bx)
is defined as

S[D]i(ax,bx) % T x (fork(x,y) A @5, (t)(Os A Ox) A
@py (DY (Os A OY) A [x=y]7 A @2-valp A @2valp),

i.e., by replacing the two last conjuncts of S} (ax, bx), @2-val and @%val with @%-valp and
@f,valD, respectively. Similarly, L[D],(ax, bx) is defined from L}{(ax, bx) by replacing the last
conjunct of this formula, i.e. ~(@3val & @jval),by ~(@jvalp & @;valp).Lastly,R[D](ax, bx)
is defined from R(ax, bx) by replacing every occurrence of val by valp. The formula [bx 2 ax+1]x
is then defined as follows:

[bx2ax+1]; & T % (nomy (ax #bx) A [t]1sr(k — 1) A L[D];(ax, bx) A S[D](ax, bx) AR[D](ax, bx)).

LEMMA 4.24. Let ax # bx € Aux and k > 2. Suppose M, w = init(k) A fork; (ax,bx). Then,
M, w E [bxZax+1], if and only if there are two distinct t-nodes wax, wpx € R(w) such that way
corresponds to the nominal ax, wpy corresponds to the nominal bx and np(wpy) = np(way) + 1.

Proor. The proof unfolds as the proofs of Lemmata 4.8 and 4.18. O

We are now ready to define the formulae zerog-(k), uniqq-(k) and complg-(k), achieving the
conditions (zerog ), (uniqy ) and (comply 1), respectively. All these formulae follow closely the
definitions of zero(k), uniq(k) and compl(k) of the previous sections, hence we refer to these
latter formulae for an informal description on how they work. The formula zerog-(k) is defined as:

zerog(k) € () ([t] (=valy A —valy)).
LEmMA 4.25. MM, w |= zerog-(k) if and only if (M, w) satisfies (zerog- i ).
Proor. The proof is direct, by definition of zerog-(k) and how (0, 0) is encoded in the grid. O
The formula uniqg-(k) is defined from uniq(k) by replacing [x = y]}( with [xZy]e A [x L y]g:
uniqg-(k) = =(T * (forkp(x,y) A [xEy]x A [xEy]k)).

LEMMA 4.26. Let k > 2. Suppose M, w |= init(k) A aux. Then, M, w = uniq(k) if and only if
(M, w) satisfies (uniqq-1 ), i.e. distinct t-nodes in R(w) encode different pairs of numbers.

Proor. Thislemma is proven as Lemma 4.9 and Lemma 4.19, by relying on Lemma 4.23 in order to
show that, given two distinct worlds wy and wy corresponding to nominals (for the depth 1) x and y,
respectively, [x Zy]x A [x L y]x holds if and only if ngy(wy) = ny(wy) and ny (wy) = nq(wy). O

Lastly, complg-(k) €' compl[H] g (k) A compl[V]g (k) where
compl[H]5-(k) % (0L + [#](typess, (k=1) A Oy) A nom; (x)A
@i—ﬂzl A= (T (f"ork}(x, V) A [y Ex+1]k A [Xq:/y]k)))),

and compl[V]q(k) is defined from compl[H]4 (k) by replacing 1:’, [y Zx+1]; and [x X y]; with
12’, [y X x+1]; and [x Zy], respectively. Here, 1? (D € {H,V}) is defined as [t]valp, and hence
it is satisfied by the t-nodes w’ € R(w) such that np(w’) = t(k,n) — 1.
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LEmMMA 4.27. Letk > 2. Suppose M, w = init(k) Aaux. M, w = complg-(k) if and only if (M, w)
satisfies (complqr i ). More precisely,
(1) M, w | compl[H]q (k) if and only if for every t-node w; € R(w), ifng(wy) < t(k,n) —1
then there is a t-node wo € R(w) such that ng;(ws) = ng/(wq) + 1 and n(wy) = nqy(wy);
2) M, w = compl[V]g(k) if and only if for every t-node wi € R(w), ifny(w;y) < t(k,n) — 1
then there is a t-node wy € R(w) such that ng;(w3) = ng(w;) and nq(wy) = nq(wy) + 1.

Proor. Both (1) and (2) are proved as Lemma 4.10 and Lemma 4.20, with the sole difference that
we rely on Lemma 4.23 and Lemma 4.24 in order to show that, given two distinct worlds wy and wy
corresponding to nominals (for the depth 1) x and y, respectively, [y Z x+1]x A [x £ y]x holds if and
only if ngr(wy) = ng(wy) + 1 and ny (wy) = nq(wy) (in the proof of 1). Similarly, (in the proof of
2) [y Lx+1]x A [xZy]x holds if and only if ngy(wy) = ng(wy) and nqy (wy) = na(wy) + 1. O

This concludes the definition of gridg-(k). It is proved correct in the following lemma.

LEmMa 4.28. M, w [ gridg(k) if and only if (M, w) satisfies (zerogi), (uniqg-i ), (comply)
and (init/sub/aux).

ProoF. Directly from Lemmata 4.1, 4.5 and 4.25 to 4.27. m]
COROLLARY 4.29. The formula gridg-(k) is satisfiable.

ProoF. (sketch) The satisfiability of gridg-(k) can be established by Lemma 4.28 as (zerog-),
(uniqg), (complgx) and (init/sub/aux) can be simultaneously satisfied. A model satisfying these
constraints can be defined similarly to what is done in Lemma 4.22. The main difference is that now
the root shall have t(k, n)? children (one for each position of the grid) satisfying type(k —1). O

We can now proceed to the encoding of the tiling conditions (first) and (hor&vert). Given a
model (M = (W, R, V), w) satisfying gridg-(k), the existence of a solution for (7, c), w.r.t. Tileg,
can be expressed with the following conditions:

(oneq) every t-node in R(w) satisfies exactly one tile in 7

(firstg-¢) for all we R(w), if ngy(w)=nq (w)=0 then w € V(c);

(horg) for all w,w, € R(w), if ngy(wz) = ng(w;) + 1 and nq(wy) = nq(w;) then there is
(c1, c2) € H such that wy € V(c;) and wy € V(co);

(verty) for all wy, w; € R(w), if ny(wy) = nq(wy) + 1 and ng(ws) = ng(wy) then there is
(c1,¢2) € V such that w; € V(c;) and wy € V(c3).

Then, the formula tilingg- (k) can be defined as

tilingg(k) def gridg-(k) A oneg A firstg (k) A horg(k) A vertq(k),

where the last four conjuncts express the homonymous property above. Given the toolkit of
formulae introduced up to now, these four formulae are easy to define. The formula oneq- is simply
defined as [t] V¢, eq(c1 A A¢,eq C2). Similarly, firstgc (k) is also straightforward to define:

firsty.c(k) < [#]([#](-valy A ~valy) = c).

Notice that, in this formula, we use the fact that the t-node w’ € R(w) encoding (0, 0) is the only
one, among the t-children of w, satisfying [t](—valg A =valq).

LEMMA 4.30. Let k > 2 and suppose M, w = gridg-(k). Then,
L M, w | oneq if and only if (M, w) satisfies (oneq);
IL M, w = firstgc(k) if and only if (M, w) satisfies (firstor ).

Proor. BothIand II are easily proven directly from the definition of oneq-and firstq (k). O
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For the formula horg-(k), we essentially state that there cannot be two t-nodes wy, w, € R(w)
such that w; encodes the position (n¢/(w;) + 1,nq (wq)) and w; € V(c;), wy € V(cz) does not
hold for any (cy, ¢;) € H. In formula:

horg-(k) & = (T = (forkp (x,y) A [y Ex+1]k A [xZylk A =V (0 en(@%C1 A @)2))).
Lastly, vertq-(k) is defined as horg-(k), but replacing H by V and vice-versa:
verty (k) € (T « (Forkp (6 y) A [y Ext1]e A X Eyli A =V (ep)ev (@1 A @)c2))).

LEMMA 4.31. Letk > 2 and suppose M, w |= gridqg-(k). Then,

L M, w | horg(k) if and only if (I, w) satisfies (horq);
II. M, w | vertg(k) if and only if (I, w) satisfies (verts).

See the proof in Appendix G. This concludes the definition of tilingg- (k).

LEmMaA 4.32. M, w | tilingg- (k) if and only if (M, w) satisfies (zeroq ), (uniqy i), (complyr i),
(init/sub/aux), (oneq), (firstgc), (horq) and (vertqr).

Proor. Directly from Lemmata 4.28, 4.30 and 4.31. O

We can now prove Lemma 4.33 (shown below), leading directly to Theorem 4.34.

LEMMA 4.33. Letk > 2 and let (T, c) be an instance of Tiley, where T = (T, H, V) andc € T.
Then, (7, c) is a solution for Tiley iff the formula tilingg-.(k) is satisfiable.

The proof can be found in Appendix H. It should be noticed that the reduction from tiling to
Sat(ML(x)) we provided is (only) exponential in k. Therefore, with this last lemma at hand, we can
finally conclude with the intended result in this section.

THEOREM 4.34. Sat(ML(x)) is TOWER-complete.

Summing up, unlike ML(]) whose complexity is AExPpy;-complete (so, below EXPSPACE), the
satisfiability problem for ML(x) is TowER-complete, which does not correspond to an elementary
class. However, as we will see in the next section, ML(x) is surprisingly strictly less expressive
than ML(]). Note also that related TowEeRr-hard logics can be found in [39].

5 ML(*) STRICTLY LESS EXPRESSIVE THAN GML

Below, we study the expressivity of ML(x). We establish the inclusion ML(*) < GML (Section 5.1)
and then prove its strictness (Section 5.2). The former result takes advantage of the notion of
g-bisimulation, i.e. the underlying structural indistinguishability relation of GML, studied in [22].
This notion is instrumental in the proofs but for the sake of conciseness, the statements in the body
of the paper are stated in terms of modal equivalence. To show ML(*) < GML, we define an ad hoc
notion of Ehrenfeucht-Fraissé games for ML(x), see e.g. [35] for classical definitions and [15, 20]
for similar approaches, and design a GML formula that cannot be expressed in ML(x).

5.1 ML(x) is at most as expressive as GML

To establish that ML(*) < GML, we proceed as in Section 3.2. In fact, by Lemma 2.2, given ¢1, ¢2
in GML, the formula ¢; * ¢, is equivalent to ®(¢;|¢2). Moreover, we know that given ¢4, ¢; in
GML, ¢1] ¢ is equivalent to some formula in GML, as shown in Section 3. So, to prove that ML(x)
< GML by applying the proof schema of Theorem 3.7, it is sufficient to show that given ¢ in GML,
there is ¥ in GML such that ®¢ = ¢. To do so, we rely on the indistinguishability relation of GML,
called g-bisimulation [22].
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Formal definitions about g-bisimulation are recalled in Appendix I but are not required in this
section. Nevertheless, let us recall that a g-bisimulation is a refinement of the classical back-and-
forth conditions of a bisimulation (see e.g. [10]), tailored towards capturing graded modalities. It
relates models with similar structural properties, but up to parameters m, k € N responsible for the
modal degree and the graded rank, respectively. The following invariance result holds: g-bisimilar
models are modally equivalent in GML (up to formulae of modal degree m and graded rank at
most k). For simplicity, we present the construction of the above-mentioned formula by directly
using the notion of modal equivalence, without going explicitly through g-bisimulations. The
notion of g-bisimulation is used explicitely in the proofs developed in the appendices.

Given m,k € N and P Cg, AP, we write GML[m, k, P] to denote the set of GML formulae ¢
having md(y) < m, gr(y) < k and propositional variables from P. It is known that GML[m, k, P]
is finite up to logical equivalence [22]. Given pointed forests (I, w) and (IM’, w’), we write
(M, w) Efn,k (MM, w”) whenever (I, w) and (', w’') are GML[m, k, P]-indistinguishable, i.e. for
every i in GML[m, k, P], M, w | ¢ iff M', w’ |£ ¢/. We write 7 (m, k) to denote the quotient set
induced by the equivalence relation E,F;’k. As GML[m, k, P] is finite up to logical equivalence, we
get that 77 (m, k) is a finite set.

To establish that GML is closed under #, we show that there is a function  : N> — N such that
for all m,k € N and P Cg,, AP, if two models are in the same equivalence class of ErPn,f (mk)? then
they satisfy the same formulae of the form ®¢, where ¢ is in GML[m, k, P]. Then, we can conclude
that #¢ is equivalent to a formula in GML[m, f(m, k), P], see the proof of Lemma 5.2. Similar ideas
are followed in [24, 26, 38]. As we are not interested in the size of the equivalent formula, we can
simply use the cardinality of 77 (m, k) in order to inductively define a suitable function:

f(0,k) %"k, fm+1,k) k- (|77 (m, §(m, k)| +1).
In conformity with the results in Section 4, the map f can be shown to be a non-elementary function.
To prove that { satisfies the required properties, we start by showing a technical lemma which
essentially formalises a simulation argument on the relation = with respect to the submodel

P
m,f(mk)
relation. By taking submodels as with the # operator, equivalence in GML is preserved.

LEMMA 5.1. Consider (I, w) Erpnf(m 5 (W', w") wherem,k € N, P Cq, AP, M = (W,R, V) and

I = (W',R',V’'). Let Ry C R. There isR; C R’ such that (W,R;, V), w) Efnk ((W',R,V"),w") and
if Ry(w) = R(w), then R{(w") = R'(w’).

Intuitively, Lemma 5.1 states that given two models satisfying the same formulae up to the
parameters m and f(m, k), we can extract submodels satisfying the same formulae up to m and k
(reduced graded rank). This allows us to conclude that if ¢ is in GML, there is some GML formula
equivalent to ®¢ (Lemma 5.2). In other words, the operator ® can be eliminated to obtain a GML
formula. The last condition about R; (w) = R(w) will serve in the proof of Lemma 5.2, as it allows
us to capture the semantics of @, by preserving the children of the world w’.

The proof of Lemma 5.1 is in Appendix J and goes by induction on m. It relies on the properties
of g-bisimulations [22] to define a binary relation <> between the worlds of R(w) and R’ (w’). Every
wy &> wj is such that (I, wy) Efn—l,f(m—l,k) (M, w)). The operator ® does not necessarily preserve
the children of w; and w{, so that the induction hypothesis, naturally defined from the statement
of Lemma 5.1, is applied on models where the condition R; (w;) = R(w;) may not hold. We show that
for all Ry C R, it is possible to construct R] € R’ such that, for all w; <> wi, (W,R,V), wy) E;—l,k
((W’,R}, V'), w)). The result is then lifted to ((W,R;, V), w) Efn,k ((W",R{,V’),w’) in Lemma 5.2,
again thanks to the properties of the g-bisimulation. The proof of this lemma is in Appendix K.

LEMMA 5.2. For every ¢ € GML[m, k, P] there isy € GML[m,{(m, k), P] such that ®¢ = .
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Game on [(M=(W1, R, 1), wi), (Mp=(Wp, Ry, V2), wa), (m, s, P)].

if there is p € P such that w; € Vi (p) iff wy ¢ Va(p) then the spoiler wins.
else the spoiler chooses i € {1,2} and plays on ;. The duplicator replies on M ; where j # i. The spoiler must choose
one of the following moves, otherwise the duplicator wins:
modal move: if m > 1 and R;(w;) # 0 then the spoiler can choose to play a modal move by selecting an element
w; € R;(w;). Then,

o the duplicator must reply with a w} € Rj(wj) (else, the spoiler wins);

o the game continues on [(My1, w]), (M2, wy), (m — 1,5,P)].
spatial move: if s > 1 then the spoiler can choose to play a spatial move by selecting two finite forests sm} and EIR? such
that im} + imf = IM;. Then,

o the duplicator replies with two finite forests EIR} and imf such that SIR]I + E[Ri =Mj;

o The game continues on [(ED?{‘, wy), (91:5 wy), (m,s — 1,P)], where k € {1,2} is chosen by the spoiler.

Fig. 5. Ehrenfeucht-Fraissé games for ML(x)

Hence, Lemma 5.2 together with Lemma 2.2 and Theorem 3.7 entail ML(x) < GML.
LEMMA 5.3. ML(x) < GML.

PRrOOF. Let ¢ be in ML(x). As Oy = Os; i, we can replace every occurrence of the modality <
appearing in ¢ with the modality ¢»; . Moreover, by Lemma 2.2, we can replace every subformula
of the form ¢/ * y with the formula ®(¢/| y). In this way, we obtain a formula ¢’ that is equivalent
to ¢ and where all the modalities are of the form <5; ,|and ®. If ¢’ has no occurrence of | or ®, we
are done. Otherwise, let ¢ be a subformula of ¢’ of the form (¢, | ;) where ¢; and ¢, are in GML.

e By Theorem 3.7, there is a formula 1/’ in GML such that ' = ¢ | ¢,.
e By Lemma 5.2, there is a formula 1"’ in GML such that y"" = &¢/.

We have ¢’ = ¢’ [ < '], where ¢’ [ « ¢"’] is obtained from ¢’ by replacing every occurrence
of ¢ by ¥/”’. Note that the number of occurrences of ® and | in ¢’ [(/ « ¢’’] is strictly less than the
number of occurrences of 4 and | in ¢’. By repeating such a type of replacement, we eventually
obtain a formula ¢” in GML such that ¢’ = ¢”. Indeed, all the occurrences of ¢ and | only appear
as instances of the pattern ®(y/] y). Hence, we get a formula in GML logically equivalent to ¢. O

5.2 Showing ML(*) < GML with EF games for ML(*)

We tackle the problem of showing that ML(x) is strictly less expressive than GML. To do so, we
adapt the notion of Ehrenfeucht-Fraissé games (EF games, in short) [35] to ML(x), which gives us
the corresponding structural equivalence between models that are logically indistinguishable. With
this definition at hand, we design a GML formula that is not expressible in ML(x): we will find two
models that are indistinguishable for ML(*) but distinguishable for GML . We write ML(x)[m, s, P]
for the set of formulae ¢ of ML(x*) having md(¢) < m, at most s nested *, and atomic propositions
from P Cg, AP. It is easy to see that ML(x)[m, s, P] is finite up to logical equivalence.

We introduce the EF games for ML(x). A game is played between two players: the spoiler and
the duplicator. A game state is a triple made of two pointed forests (9, w) and (M’, w’) and a rank
(mys, P), where m,s € N and P Cg, AP. The goal of the spoiler is to show that the two models
are different. The goal of the duplicator is to counter the spoiler and to show that the two models
are similar. Two models are different whenever there is ¢ € ML(x)[m,s, P] that is satisfied by
only one of the two models. The EF games for ML(x) are formally defined in Figure 5. The exact
correspondence between the game and the logic is formalised in Lemma 5.4.

Using the standard definitions in [35], the duplicator has a winning strategy for the game
(W, w), (WM, w’), (m, s, P)) if she can play in a way that guarantees her to win regardless of how
the spoiler plays. When this is the case, we write (9, w) zfnﬁ (M, w’). Similarly, the spoiler has a
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winning strategy, written (I, w)aéfn,s (', w”), if he can play in a way that guarantees him to win,
regardless of how the duplicator plays. Lemma 5.4 guarantees that the games are well-defined.

LEmmaA 5.4. (I, w)aefn,s(im’,w’) iff there is € ML(x)[m,s,P] s.t. M, w |= ¢ and W', w’ |£ ¢.

Lemma 5.4 is proven with standard arguments from [35] (see the details in [9, Page 46]). For
instance the left-to-right direction, i.e. the completeness of the game, is by induction on the rank
(m, s, P). Thanks to the EF games, we characterise a notion of model equivalence for ML(x). Then,
by designing a formula ¢ that distinguishes two ML(*) equivalent models, we are able to find a GML
formula that is not expressible in ML(x*). By Lemma 2.1 and as ML(|) ~ GML, such a formula is
necessary of modal degree at least 2. Happily, ¢ = $=; O=1 T does the job and cannot be expressed
in ML(x). For the proof, we show that for every rank (m, s, P), there are two structures (9, w)
and (', w’) such that (M, w) zfn’s P, w), M, w | ¢ and M, w’ £ ¢. The inexpressibility of ¢
then stems from Lemma 5.4. The two structures are represented below ((It, w) on the left).

WI

R/_/\H/—/

> 92541 > 27 (s+1)(s+2) +1 >22°+1 >251s+1)(s+2)+1

In the following, we say that a world has type i if it has i children. As one can see in the figure
above, children of the current worlds w and w’ are of three types: 0, 1 or 2. When the spoiler
performs a spatial move in the game, a world of type i can take, in the submodels, a type between
0 and i. That is, the number of children of a world weakly monotonically decreases when taking
submodels. This monotonicity, together with the finiteness of the game, lead to bounds on the
number of children of each type, over which the duplicator is guaranteed to win. For instance, the
bound for worlds of type 2 is given by the value 2°(s + 1) (s + 2), where s is the number of spatial
moves in the game. In the two presented pointed forests, one child of type 0 and one of type 2 are
added with respect to these bounds, so that the duplicator can make up for the different numbers
of children of type 1.

LEMMA 5.5. ML(*) cannot characterise the class of pointed models satisfying G-y Oy T.

Proor. (sketch) As usual, the non-expressivity of &, G- T is shown by proving that for every
rank (m, s, P) there are two structures (I, w) and (', w’) such that (I, w) zfn’s (M, w’), and
M,w | Oy Oy T whereas M, w’ = Oy O-g T. The proof follows by establishing two properties
of zfn’s, named below (A) and (B). We start with some preliminary definitions. Let It = (W,R, V)
be a finite forest and w € W. We denote with R(w)=; the set of worlds in R(w) having type i, i.e.
{w1 € R(w) | |[R(wy)| = i}. During the proof, we only use pointed forests (I, w) satisfying the
following properties:

I V(p) = 0 for every p € AP;
II R(w)=g, R(w)=; and R(w)=, form a partition of R(w);
I R3(w) = 0, i.e. the set of worlds reachable from w in at least three steps is empty.

Below, we represent schematically the models satisfying the properties L, II and IIL
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R/_/

R(w)=0 R(w)=1 R(w)=2

The first property of zfn,s is presented below (see its proof in Appendix L).

PROPERTY (A). Consider a rank (m,s, P) and let (I = (W,R, V), w) and (' = (W',R, V"), w’)
be two pointed forests satisfying I, II and III and such that
 min(|R(w)=o|, 2°) = min(|R(w")=0l, 2°);
e min(|R(w)=1|,2°(s + 1)) = min(|R" (w’)=1|,2°(s + 1)); and
e min(|R(w)=s|, 257 (s + 1)(s + 2)) = min(|R" (w")=s|, 25 1 (s + 1) (s + 2)).
Then, (I, w) zfn’s (M, w).

As worlds in our models do not satisfy any propositional symbol, the spoiler cannot win because
of distinct propositional valuations. The proof is by cases on m and on the moves done by the
spoiler, and by induction on s. The only significant case to be dealt with corresponds to the case
s > 1 and the spoiler decides to perform a spatial move.

By relying on (A), the second property (B) can be established (see its proof in Appendix M).

ProreRTY (B). Consider a rank (m, s, P) and let (I = (W,R, V), w) and (' = (W', R, V'), w’)
be two pointed forests satisfying I, II and III and such that
o |[R(w)=o| = 2°+1 and |R'(W)=o| = 2°+1;
e |R(w)=1| =2 and |R"(W)=1| = 1; and
o |[R(w)=g| = 2571 (s +1)(s+2) +1 and [R"(W)=z| > 2571 (s+1)(s+2) + 1.
Then, (M, w) z,Pn,s (M, w").

Obviously, (A) and (B) are quite close. The first condition of (B) satisfies the first condition
of (A). Similarly, the third condition of (B) satisfies the third condition of (A). However, the second
condition of (B) does not satisfy the second condition of (A) and this is the crucial difference.

It is also worth noticing that (B) implies the statement of the lemma, as M, w | Oy O T
whereas M, w’ [ O—p O T.Indeed, ad absurdum suppose that such an ML(x) formula ¢ exists.
Let m be its modal degree, s be its maximal number of imbricated * and P be the set of propositional
variables occurring in ¢. Let us consider two pointed forests (Wi, wy) and (M,, wy) such that
My, wy | Oy Oy T, W, wy [ Oy O T and satisfying the conditions in (B). This would lead to
a contradiction, as (M, wy) and (My, wy) are supposed to satisty ¢ (or not) equivalently. o

We conclude by noticing that ML(*) is more expressive than ML. Indeed, the formula OT + OT
distinguishes the following two models, which are bisimilar (as the valuations at every world are
empty) and hence indistinguishable in ML [53]:

AN e

THEOREM 5.6. ML < ML(*) < GML = ML(]).

Proor. By ML(*) < GML, Lemma 5.5 and Theorem 3.7. O
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TREES STRUCTURAL EQUIVALENCE
r 1 I 1
T:=0|n[T] | TIT eTlo=T
1 d e 1=h=T=T
SEMANTICS

T 1 .Tlsz,T2§T3=>T1§T3
TET always holds e | = B|Ty
TE® iff T=0 e (ML) =T|(T2]T3)
TEn[p] iff ITst.T=n[T']andT Eo eTi=T, = T =%IT
TEely iff IR, LstT=TN|TLhh FeandD ¢ e 1 =T = n[T1] =n[T]

]
Fig. 6. Interpretation and semantics of SAL(]).

6 ML(]) AND STATIC AMBIENT LOGIC

Static ambient logic (SAL) is a formalism proposed to reason about spatial properties of concurrent
processes specified in the ambient calculus [17]. In [14], the satisfiability and validity problems for a
very expressive fragment of SAL are shown to be decidable and conjectured to be in PSpacE (see [14,
Section 6]). We invalidate this conjecture (under standard complexity-theoretic assumptions) by
showing that the intensional fragment of SAL (see [36]), herein denoted SAL(]), is already AExPp, -
complete. More precisely, we design semantically faithful reductions between Sat(ML(])) and
Sat(SAL(])) (in both directions), leading to the above-mentioned result by Theorem 3.12. In [8],
these results are shown with respect to Kripke-like structures that can be shown isomorphic to the
syntactical trees historically used in ambient calculus. Here, we provide the reductions directly on
these syntactical trees. Let us start by introducing SAL(]). This correspondence between SAL(])
and ML(]) is rather intuitive but a presentation of the complete formal developments could be
too long to be included herein due to space restrictions. However, the proofs can be found in the
preliminary report [9] (the complete version of [8] with its proofs) and in Mansutti’s PhD thesis [40].
Let X be a countably infinite set of ambient names. The formulae of SAL(]) are built from:

p=T |0 ]|nle] | ere |-¢ | ¢le
where n € 3. SAL(]) is interpreted on edge-labelled finite trees: syntactical objects equipped with
a structural equivalence relation =. We denote with Tsa| the set of these finite trees. The grammar
used to construct these structures, their structural equivalence as well as the satisfaction relation |=
for SAL(]) are provided in Figure 6 (the cases for A and — being omitted). We will also use Y;c; T,
for a given set of indices I = {iy, ..., iy}, as an abbreviation of T; | T;,|.. .| T;,,.

Obviously SAL(|) and ML(]) are strongly related, but how close? For example, n[¢]| T can be
seen as a relativised version of < of the form & (n A ¢). To formalise this intuition, we borrow the
syntax from Hennesy-Milner logic (HML) [31] and define the formula (n)¢ % n[¢]| T and its dual
[n]e def —(n)—¢. Below, w.lL.o.g. we assume ¥ = AP (for the sake of clarity).

6.1 From Sat(SAL(])) to Sat(ML(])).

The reduction from Sat(SAL(])) to Sat(ML(])) is quite simple as SAL(]) is essentially interpreted
on finite trees where each world satisfies a single propositional variable (its ambient name). Let
T € TsaL be a tree built with ambient names from PCg, AP, I = (W, R, V) be a finite forest and
w € W. We say that (I, w) encodes T if and only if:

(1) every w’ € R*(w) satisfies at most one symbol in P;
(2) there is f : W — TsaL such that f(w) = T and for all w' € R*(w), we have f(w’) =
Zfil n;[f(w;)] where {wy, ..., wg} =R(w’) and w; € V(n;) forall 1 <i < K.
It is easy to verify that every tree in Tss. has an encoding. The figure just below depicts a tree T
(on the left) and one of its possible encodings as a finite forest (on the right).
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NS 2

g %

(4} (4} n3 Ny

Given a formula ¢ of SAL(]), we define its translation 7(¢) in ML(]). The translation 7 is
homomorphic for Boolean connectives and T, and otherwise it is inductively defined as follows:
7(0) ¥ O, (o) € (o) |t (¥); t(n[e]) € O (n A (@) A =(OT]OT).

The following lemma states that the translation is correct.

LEmMA 6.1. If (I, w) encodes T € Tsay then for every ¢ in SAL(]) we haveT | ¢ iff M, w | 7(¢).

The proof can be achieved with an easy structural induction and therefore we omit it herein. So,
we can complete the reduction.

THEOREM 6.2. Let ¢ be in SAL(|) built over P Cay, AP and p ¢ P. ¢ is satisfiable if and only if
() A Niefusize(o)) B Viepugpy (N A Ane(pugpy)\(ny ~m) is satisfiable.

ProoF. Suppose ¢ satisfiable. Then, there is T such that T | ¢. In general, it could be that T
contains ambient names that do not appear in ¢. However, we can assume that there is only one
name in T that does not appear in ¢ and that name is p (as in the statement of this theorem). Indeed,
this assumption relies on the following property of static ambient logic.

LEmMA 6.3 ([14], LEMMA 8). Let p and q be two ambient names not appearing in ¢. Then, T = ¢ iff
T[p < q] E ¢, where T[p < q] is the tree obtained from T by replacing every occurrence of p with q.

Let (M, w) be a pointed forest, where M = (W, R, V), encoding of T (it always exists). From
Lemma 6.1, M, w |= 7(¢). Let us recall the properties of the encoding of T by a model (M, w):
(1) every world in W satisfies at most one propositional symbol in P;
(2) there is a function f from W to Tsa such that f(w) = T and for every w’ € R*(w), we have
f(w') = Xiepik) nilf(wi)] where {wy, ..., wg} = R(w’) and for all i € [1,K], w; € V(n;).
The first property together with the last part of the second property imply that every world
reachable in at least one step from w satisfies exactly one propositional symbol of P. Then,

size(¢)
MwE /\ o \/ (nA /\ -m).
i=1 nePU{p} me (PU{p})\{n}
Conversely, suppose ¥ = 7(¢p) A /\?i:zle((p) O Vaepugpy (N A Ame(puip))\(n} —M) satisfiable. To

prove the result it is sufficient to show that there is a pair (I, w) encoding a tree T that satisfies ¢.
Indeed, if this is the case then by MM, w |= 7(¢) we obtain T |= ¢ by Lemma 6.1. As i/ is satisfiable, we
know that there is a forest It = (W, R, V) and a world w € W such that I, w = ¢. It is important
to notice that, as in Theorem 6.5, we can get rid of all the parts beyond md(¢), so we can ensure
that as M, w | ¢, then it is an encoding of some T, and therefore, T |= ¢. m]

6.2 From Sat(ML(])) to Sat(SAL(])).

One of the main challenges in order to obtain a polynomial-time reduction from Sat(ML(])) to
Sat(SAL(])), is to understand how to encode a finite set of propositional symbols. This problem
arises since Kripke-style finite forests can satisfy multiple atomic propositions at each world,
whereas each ambient of an information tree only satisfies exactly one atomic proposition: its
ambient name. To solve this, it is crucial to deal with two issues: we need to avoid an exponential
blow up in the representation, and we have to maintain information about the children of a node.
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We solve both issues by representing a propositional symbol p as a particular ambient, and copying
enough times the ambient encoding p. Let P Cp, AP and n € N”°, where N”° denotes the set of
positive natural numbers. Let I = (W, R, V) be a finite forest and w € W. Let rel and ap be two
ambient names not in P. The ambient name rel encodes the relation R whereas ap can be seen as
a container for propositional variables holding on the current world. We say that T € Tsa| is an
encoding of (M, w) with respect to P and n if and only if

(1) every ambient name in T is from P U {rel, ap};
(2) there is a function f from W to Tsa, s.t. f(w) = T and for each w’ € R*(w) thereis m > n s.t.

f(w') = (iap[Zp[@]]) | > rellf(w")].

i=1 peP w’eR(w")
Wev(p)

The figure below shows on the right a possible encoding of the model on the left.
w fw)

A"’pl}

wi W

fw) fw) © @ o o

It is easy to verify that (M, w) always admits such an encoding. We define the translation of ¢,
written 7(¢), into SAL(]). It is homomorphic for Boolean connectives and T, 7(p) %' (ap)(p) T and
otherwise it is inductively defined (using the notation from HML):

(09) ¥reDz(p):  (@l) E (2(9) A (@P)zsize(o) T) 1 (1) A (@P)zsize(y) T,
where (n)s ¢ is the graded modality defined as T for k = 0, otherwise ({(n)¢) | (n)sx-1¢. In the
translation of |, the model of SAL(]) has to be split in such a way that both subtrees contain enough
ap ambients to correctly answer to the formula (ap)(p) T. It is easy to see that the size of 7(¢) is
quadratic in size(¢).

LEMMA 6.4. Let M be a finite forest and w be one of its worlds. Let P Cg, AP andn € N™°, Let T
be an encoding of (M, w) w.r.t P and n. For every formula ¢ built over P with size(¢p) < n, we have
M, w = ¢ ifand only if T | 7(p).

The proof is by structural induction on ¢ and it is quite straightforward. Then, with this result
at hand, we can state the intended result.

THEOREM 6.5. Let ¢ be in ML(|) built over P. Then ¢ is satisfiable iff y below is satisfiable:

size(¢)
PE @A N\ [rell (@Pasie T A /\ (@)E)T = [3p1(p)T) A [ap] Y (ple] v ©)).
i=0 peP peP

As a corollary of the reductions we provided in this section, and appealing to Theorem 3.12, we
can establish the following complexity results.

COROLLARY 6.6. Sat(SAL(])) is AExPp,, -complete. Sat(SAL) with SAL from [14] is AExPp,, -hard.

7 ML(x*) AND MODAL SEPARATION LOGIC

The family of modal separation logics (MSL), combining separating and modal connectives, has
been recently introduced in [23]. Its models, inspired from the memory states used in separation
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logic (see also [19]), are Kripke-style structures M = (W, R, V), where W =Nand RC W X W is
finite and functional. Hence, unlike finite forests, 3t may have loops.

Among the fragments studied in [23], the modal separation logic MSL (x, O~1) was left with a
huge complexity gap: between PSpack-hardness and a TOWER upper bound. We fill this gap, by
showing that the logic is TowERr-hard, by reducing Sat(ML(x)) to Sat(MSL(*, ©~1)). Full details
of the reduction can be found in [40, Section 9.4.2].

Formulae of MSL (¥, O~1) are defined from

e=p | Olp lone | —¢ | oxop.
The satisfaction relation is as in ML(x) for p € AP, Boolean connectives and ¢; * ¢,, otherwise
MwE O lpo In st. (w,w) € Rand M, w' |= ¢.

Since MSL (x, &7 1) is interpreted over a finite and functional relation, o1 effectively works as the
< modality of ML(x). Then, assume we want to check the satisfiability of ¢ in ML(x) by relying on
an algorithm for Sat(MSL (%, ©~1)). We simply need to consider the formula ¢ [ « <& ~1] obtained
from ¢ by replacing every occurrence of & by &, and check if it can be satisfied by a locally
acyclic model (M, w) of MSL, i.e. one where w does not belong to a loop of length < md(¢). Notice
that given a finite forest (W, R, V), the structure (W,R71,V) is locally acyclic. The next lemma
establishes the correspondence between the satisfaction of a formula in a model, in the two logics.

LEMMA 7.1. Let ¢ in ML(x). Let (W, R, V) be a finite forest and w € W. Then, (W,R, V), w |E ¢ in
ML(x) if and only if (W,R™L V), w E ¢[O « O in MSL(x,O71).

Proor. The result is proven with a rather straightforward structural induction on ¢. O

In order to provide a complete reduction from Sat(ML(x)) to Sat(MSL(x, ©71)), we need to
make sure that the formulae are being checked against the appropriate class of models. Notice
that in ML(*), only the worlds that are reachable from the current one in at most md(¢) steps are
relevant for the satisfiability of ¢ (see Lemma A.1 in Appendix A). Thus, for a given formula ¢, we
can restrict ourselves to the class of MSL models in which the current point of evaluation is not
reachable by any world in more than md(¢) + 1 steps. The formula doing the job is (O~1)md(®) |
where 0719 %' ~&~14¢, and (O71)"¢ with n € N is defined as expected. Then, we can conclude:

LEMMA 7.2. Let ¢ in ML(%), ¢ is satisfiable in ML(%) if and only if p[ O «— O~ A (O~ 1)md(@)
is satisfiable in MSL (%, O™ 1).

Proor. The proof is rather straightforward, relying on Lemma 7.1. O
Hence, the results in Section 4 allow us to close the complexity gap from [23].

COROLLARY 7.3. Sat(MSL(x, O™1)) is TowEr-complete.

8 CONCLUSION

We have studied and compared the logics ML(]) and ML(x), two modal logics interpreted on finite
forests and featuring composition operators. We have not only characterised the expressive power
and the complexity for both logics, but also identified remarkable differences and export our results
to other logics. ML(]) is shown as expressive as GML, and its satisfiability problem is found to be
AExPpy; -complete. Besides the obvious similarities between ML(|) and ML(x), these results are
counter-intuitive: though the logic ML(*) is strictly less expressive than GML (and consequently,
than ML(])), Sat(ML(x*)) is TowER-complete. Our proof techniques go beyond what is known in the
literature. For instance, to design the TOwER-hardness proof we needed substantial modifications
from the proof introduced in [7] for QK*. On the other hand, to show the expressivity inclusion of
ML(*) within GML, we provided a novel definition of Ehrenfeucht-Fraissé games for ML(x).
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Lastly, our framework led to the characterisation of the satisfiability problems for two sister
logics . We proved that the satisfiability problem for the modal separation logic MSL (x, &71) is
TowEeR-complete [23]. Moreover, the satisfiability problem for the static ambient logic SAL(]) is
AExPpo, -complete, solving open problems from [14, 23] and paving the way to study the complexity
of the full SAL.
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A PROOF OF LEMMA 2.1

Proor. We start the proof by stating a classical property of ML and GML which carries over to
ML(*) and ML(]). Let I = (W, R, V) be a finite forest and w € W. We introduce the notation

RIE" 4 {(w’, w") € R| w' € Ri(w) for some i € [0,n — 1]}.

Informally, R|5" is the maximal subset of R encoding exactly a subtree rooted at w having only
paths of length at most n. We denote with R|,, the set {(w’, w”’) € R | w’ C R*(w)}, i.e. the maximal
subset of R encoding exactly a subtree rooted at w. Alternatively, R|,, = Upen RIS

LEmMA A.1. Let n € N and ¢ be a formula of ML(]) or ML(*) such that md(¢p) < n. Let M =
(W,R,V) be a finite forest and w € W. I, w [ ¢ if and only if (W, RIS V), w = ¢.

The proof is by structural induction on ¢. Details are omitted as this poses no difficulty.

Now, let M = (W, R, V) be a finite forest and w € W. Notice that if md(¢) is at most 1, by
Lemma A.1 the satisfaction of ¢ only depends on the set of worlds {w} U R(w). More precisely,
M, w E ¢ iff (W,R|51, V), w E ¢. The same holds for formulae in ML(x). Similarly, e ol] — #]
(as in the statement) has modal degree at most 1 and again by Lemma A.1 we have I, w = ¢ iff
(W,R|5L V), w E . To conclude the proof it is sufficient then to prove the following:

(W,RI5LV),w E ¢ ifandonlyif (W,R|SLV),wE .

Notice that this result already trivially holds for md(¢) = 0. Indeed, in this case the satisfaction of
¢ and ¥ only depends on the satisfaction of propositional variables on the current world w and
therefore not at all on the accessibility relation. Instead, the proof for md(¢) = 1 boils down to the
proof of the equivalence

(W,RISLV),w E @1le, ifand only if (W,R|SLV), w [ @1 * @2

depicted as follows. The statements below are equivalent.

hd (W=R|§I1=V),W Eoile2

e there are M; = (W, R, V) and My = (W, R, V) s.t. My +, My = (W, RIZLV), My, w E ¢
and M,, w | ¢, (by definition of =)

e there are disjoint R; and R, such that RjUR; = R|5', (W, Ry, V), w | ¢y and (W, R, V), w = ¢
(by definition of +,,, as R|S! = {w} x R(w))

o there are M; = (W, Ry, V) and M, = (W, Ry, V) such that M; + D, = (W, R|SLV), My, w E
@1 and My, w = @2 (by definition of +)

o (W,RIELV), w | @1 * @ (by definition of ). ]

B PROOF OF LEMMA 2.2

Proor. Let M = (W, R, V) be a finite forest and w € W.

For the left to right direction, suppose M, w = ¢ = . Then, by definition of |5, there are
My = (W,R,V) and M, = (W, Ry, V) such that My + Py = WM, My, w F ¢ and Vo, w E 4.
By Lemma A.1 we can easily conclude that (W, Ry|,,,V),w = ¢ and (W, Ry|,, V), w £ ¢/, where
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Rl {(w,w"”) € R| w € R*(w)}. Indeed, this holds as by definition, for every n € N, (Rlw|5" =
R|". Now, consider the model M = (W,R1|w U Ry|y, V). Tt is easy to see that (W, Ry|,,, V) and
(W, Rs|, V) are such that (W, Ry|., V) +., (W,Ry|,,, V) = M. Hence M, w E ¢|¢. Moreover by
definition R;|,, U Rs|,, € R and (Ry|. U Ry|,,) (W) = R(w). We conclude that I, w = ®(p|1).

For the right to left direction, suppose M, w = ®(¢|). Then by definition of |= there is a model
M = (W, R V) such that RCR, ﬁ(w) = R(w) and M, w = ¢|y. Again by definition of |, there are
M, = (W,R,,V) and M, = (W, Ry, V) such that My +,, M, = M and My, w | @ and My, w = 4.
Consider now the set R = R \ R. We define:

R &R, U{(w,w”) € R| W' &R;(w)}
R, R, U(R\R))

By definition, it is easy to see that R{|,, = Ri|,, and R}|,, = R|.,. Moreover, Ri N R, = 0 and
R{ UR, = R. Hence, again by using Lemma A.1 we can easily conclude that (W,R},V),w = ¢ and
(W,R},V),w | . From the properties of R} and R, expressed above, we obtain MM, w F ¢ * . O

C PROOF OF LEMMA 3.11

Proor. The proof of Lemma 3.11 essentially consists in proving the lemmas C.1 and C.2 below.

Given P = {p1,..., pm} and a finite forest M = (W, R, V), for all w’, w"’ € W, we write w’ ~p w”’
iff for all i € [1, m], we have M, w’ | p; iff M, w”’ = p;, i.e. w’ and w”’ agree on the truth values of
all the propositional variables in P. As done in Section 3.3, we recall that Q = {q1, . .., qn+1}-

LemMa C.1. Let O # X C [1,n+ 1] and (M, w) be a pointed forest such that M, w = uni(Q).
We have M, w |= cp(X) iff for allw’ € R(w) N (Urex V(qr)), X € {k € [1,n+1] | thereisw” €
R(w) such that w’ =p w” and M, w"’ = qr}-

The second condition can be restated as follows: whenever a child of w satisfies a valuation with
respect to P and belongs to (Urex V(qk)), then the valuation is satisfied in a child of w satisfying
qx for all k € X. We recall that cp(X) is defined as follows.

A\~ (Bael(©=1 g A =(T1O1 gk A Ozt qie A N\Op; = Dp))).
k#k'eX Jjeltm]

Proor. In order to show the main equivalence of the statement, we proceed by showing inter-
mediate properties for subformulae of cp(X). Actually, we shall state the properties, assuming that
their proof are by an easy verification. In what follows, we always assume that (90, w) be a pointed
forest such that M, w = uni(Q).

(unicity) The first property is related to the formula uni(Q) % O(Aigrreinen) (@ A qir) A
Vie[1,n+1] 9i), Which allows us to state a unicity property. We have I, w [= uni(Q) iff for all
w’ € R(w), there is a unique i € [1,n + 1] such that M, w’ |= ¢;.

(uniformity) The second property is related to the subformula A jc[1,,jOp; = Op; that states a
uniformity condition. We have MM, w E A jc(1,,1Op; = DOp; if and only if for all w’, w” €
R(w), we have w’ ~p w"’.

(two-witnesses) Let k # k’ € X and C(TIO2 g A Ot qi ANjem@p; = Opj). We
have M, w |= Yi x iff there are w’ # w”’ € R(w) s.t. M, w’ = g, M, w” = g and w’ =p w"’.

(no-witness-1) Again, let k # kK’ € X. We have M, w E Oy qr A i iff there is a unique
w’ € R(w) such that M, w’ |= gx and there is no w”’ € R(w) s.t. M, w"’ |= g and w’ =~p w"’.

(no-witness-2) Finally, we have M, w = Oqx|[(O=1 gk A Yk i) there is w’ € R(w) such that
M, w' [ g and there is no w”’ € R(w) such that M, w”’ |= g and w” =~p w”’.
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Consequently, M, w |= cp(X) iff for all k # k” € X, there is no w’ € R(w) such that M, w’ = gx
and for which there is no w” € R(w) such that M, w”’ |= g and w’ ~p w’’. Otherwise said, for all
w’ € R(w) such that M, w’ = gi, there is w” € R(w) such that M, w”’ |= qx and w’ ~p w” (P and
Q are disjoint). O

Let (M, w) be a pointed forest satisfying uni(Q), T be a team built upon Pand @ # X C [1,n+1].
We write (I, w) E§ 7 iff the conditions below are satisfied.

(1) For all valuations v € I, for all k € X, there is w’ € R(w) such that for all i € [1, m], we have
M, w | p; iff o(p;) = T (written MM, w” |= v) and M, w’ = gx.

(2) For all valuations v such that (for all k € X, there is w;_ € R(w) such that M, w; | v and
am, wl’C E gx), we have v € .

Hence, when (IR, w) E,’f T, the children of w encodes the team ¥ with the property that each
encoding of v € T is witnessed by |X| witness worlds.

Given an PL[~] formula ¢, its V-weight, written wy (¢), is defined as the number of occurrences
of V in ¢.

LEmmA C.2. Let® # X C [1,n+1], (M, w) be a pointed forest such that M, w = uni(Q) A cp(X)
and T be a team built over P such that (MM, w) El)f <. For all PL[~] formula { built over P such that
wy () < |1X| -1, we have T E ¢ iff M, w E 7(¢, X).

Proor. The proof is by structural induction.

Base case with ¢y = p;, i € [1,m]. First, assume that T |= p;, which means that for all valuations
v € T, we have v(p;) = T. Ad absurdum, suppose that there is w’ € R(w) N (Urex V(qx)),
such that M, w’ = p;. Let v be the valuation over P satisfied by w’. As M, w = cp(X), by
Lemma C.1, the valuation v is satisfied in a child of w satisfying g for all k € X. By (2.) in the
definition of Eff , this implies that v € T, which leads to a contradiction. Consequently, for
all w € R(w) N (Urex V(qk)), we have M, w’ = p;, which can be expressed precisely with
M, w FE O((Vjex ) = pi). Hence, M, w | 7(p;, X) by definition of 7. For the proof of the
other direction, we assume that M, w | O((V jex q5) = pi) and one can show T | p; by
using this time (1.). Indeed, ad absurdum, suppose that T |~ p;. So, there is a valuation v such
that o(p;) =L. By (1), for all k € X, there is w; € R(w) such that I, w;_[£ p; and M, w;_ [= gx.
Since wi. € R(w), M, w; F gx and M, w | O((V jex q;) = pi), we get M, w, | p;, which
leads to a contradiction.

Base case with = <p;, i € [1,m]. Similar to the case { = p;.

Induction step. The cases in the induction step for which the outermost connective of ¢ is either
A or ~ are by an easy verification. Let us consider the case ¢ = /3 Vi/,. Observe that wy () =
wy (Y1) +wy (¥2) + 1 and recall that wy () < |X| — 1. Consequently, wy (1) +wy (¥2) +2 < |X]|
and let X; = ¢;(X,wy (¢1) + Lwy (¢2) + 1) for i € {1,2}.

Assume T |= /1 Vifp. By definition of |- for PL[~], there are ¥; and T, such that T = T;UT,,
T E ¢y and T, | 2. We define My = (W, Ry, V) and M, = (W, Ry, Vo) s.t. W = Wy +,, M,
and satisfying the conditions below (only the relevant part is explicitly specified).

e Assume v € T N Ty As (M, w) Eff T, for all k € X, there is w, € R(w) such that
M w, E vand M w; | g Foralli € {1,2} and k € X, for all w’ € R(w) N V(qx)
such that M, w’ | v, if k € X;, then (w, w”) € R; by definition, otherwise (w, w’) € Rs_;.
For all w' € R(w) such that w’ ¢ (Urex V(qx)) and M, w’ [= v, it is irrelevant whether
(w, w") belongs to R; or to R.

e Assume that v € T; \ T3_; for some j € {1, 2}. For all w’ € R(w) such that M, w’ |= v,
(w,w’) € R; by definition.
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4 Bednarczyk, Demri, Fervari & Mansutti

One can check that 9t;, w Effl T, Wy, w E?,(Z To, Wy (Y1) < |X1| — 1and wy () < |Xz| — 1.
By the induction hypothesis, we have M, w |= 7(i/1, X1) and Wiz, w = (Y2, X2). Moreover,
as M, w |= cp(X), it is also easy to check that My, w | cp(X;) and My, w | cp(Xz). Hence,
M, w E (r(¢1, X1) A cp(Xq)) [ (z (P2, X2) A cp(X2)), i.e. M, w = 7(¢¥, X) by definition of 7.
Assume M, w = (1 Vi, X). There are My, M, such that W = WMy +,, P, Py, w E
cp(X1) A (1, X1) and imz,w = cp(Xo) A T(I//Z,XZ) Let us define ¥; and T, such that
T =3 U Ty, My, w 1 T, and EIRZ, ? Ty. Letv € T and j € {1,2}. We have
peZ; & forallk e X], there is w; € R; (w) such that M;, w, | v and M;, w, [ gx.
AsMw F cp(X) and X = Xj W XZ, one can verify that the definition of ¥; and T,
is well-designed and the teams T; and T, satisfy the expected properties. Using that
wy (Y1) +1 < |X1| and wy () + 1 < |X,|, by the induction hypothesis, we have T; = ¢
and T, = /,. Consequently, T . O

The proof of Lemma 3.11 can be now easily completed. Let ¢ be an PL[~] formula built upon
P={p1,....pm} withwy(¢) =nand Q = {q1, ..., qn+1}

Suppose that ¢ is satisfiable, meaning that there is a team T = {vy,..., g} satisfying ¢. Let
M = (W, R, V) be the finite forest such that W = {0} U [1,K] X [1,n+ 1], R={(0, (i,j)) | (i,j) €
[1,K] X [1,n+ 1]}, and V is a valuation such that,

o V(gqj) =[1,K] x{j}forall j € [1,n+1],

o V(ps) ={(i.)) | vi(ps) = T} for all s € [1,m].
One can show that M, w | uni(Q) Acp([1,n+1]) and M, w Er[,l’nﬂ] T. Aswy(p) =|[1,n+1]| -1
(= n), by Lemma C.2, we have M, w = 7(o, [1,n+ 1]).

Conversely, suppose that uni(Q) A cp([1,n+1]) A (¢, [1,n + 1]) is satisfiable, meaning that
there is a pointed forest (I, w) satisfying it with I = (W, R, V). We define the team T such that
for all valuations o built over P, v belongs to T iff there is w’ € R(w) such that M, w’ | g for
some k € [1,n+ 1] and M, w’ = v. Again, one can check that M, w E,[,l"”l] T (here we use the
fact the M, w E uni(Q) A cp([1,n+ 1])) and by Lemma C.2, we have T |= ¢. O

D PROOF OF LEMMA 4.2
Proor. Recall that nom;(ax) is defined as follows

nom; (ax) < () Gax A A —((Foax (1) FOax).
ke[0,i—1]
(=): Suppose M, w = nom;(ax). By definition of |= and the relativised modality (t), there
exists a path of t-worlds wy, wy, .. ., w;, such that wRw;Rw, ... Rw;, and there exists w’ such that

(wi,w’) € Rand M, w’ |= ax. The second conjunct of nom;(ax) guarantees that there is only one
such paths, leading to w; being a nominal for the depth i. Indeed, suppose ad absurdum that there is a
second world w/ € R(w), distinct from w;, such that M, w/ [= Gax. Since M, w = init(j), w) must
be a t-node and there must be a path of t-worlds wy, wj, ..., w; such that wRw{Rwy, ... Rw;. Then,
there must be k € [0,i — 1] such that for every j < k, w; = w;., and for every [ € [j +1,i], w; # w].
By considering the pointed forest (9, wi), we can easily show that M, wi | (£)! K Cax* (1)~ Oax.
This implies that M, w |= (t)k((t>i_k<>ax s (t)i_k<>ax), in contradiction with the second conjunct
of nom;(ax). Hence, w; cannot be distinct from w;.

(<): This direction is analogous. Suppose that I, w = init(j) and ax is a nominal for the depth
i. By definition, there is a unique t-world w’ in R'(w) having a child satisfying ax. Since M, w
init(j), the path from w to w’ must only witness t-nodes. Hence M, w = (t)!Cax. Moreover, by
the uniqueness of this path we conclude that M, w = Agejoi—1) [t]5=((t) FOax x (1) "F Gax) also
holds. Thus, M, w E nom;(ax). m]
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E PROOF OF LEMMA 4.16

Proor. We prove each item.

(Proof of I) We recall that S;'.(ax, bx) is defined as
T (For‘k?rl (% Y) A@L () (OSAOX) A@ (H(OSAOY) A[x=y]T A@ ~val A@} val).

(=): Suppose M, w E Sj.(ax, bx). By unfolding the definition above, there exists MM’ =
(W, Ry, V), such that M’ C I and:
(a) w has exactly two t-children and exactly two paths of t-nodes, both of length i + 1;

(b) one of these two paths ends on a world (say wy) corresponding to the nominal x whereas
the other ends on a world (say wy) corresponding to the nominal y;

(c) there is a t-world way € Ri(w) corresponding to the nominal ax s.t. M, way = (H)(Os A
Ox);

(d) there is a t-world wyy € Ri(w) corresponding to the nominal bx s.t. ', wyy = (1) (Os A
y);

(e) M, w [ [x=y]7™;

(f) M’, wy | —val and M’, wy | val.
Let wayxs € Ri(wax) and wphys € Ri(wpy) be such that they are the only #-children of way
and wpy respectively, having a child satisfying s (notice they exist due to the hypothesis
(©)). Notice by item (b) above, there exists w’ € Ry(wax) such that ', w’ |= t and W', w’ |
Os A Ox. Since way s is the only child of wa¢ having an s-child, then waxs = w’, and as a
consequence M’, way s | Ox. The same argument can be applied by using item (c) above
in order to get M’, wpx s = Cy. By item (a) and (b) above, we have that wy and wy must be
the unique t-worlds at distance i + 1 of w having x and y children, respectively. Therefore,
we have necessarily waxs = wy and wpys = wy, 50 MM, wax s = —val and M, wyy s = val as
wanted (by using item (f) above).
Finally, by applying the induction hypothesis on item (e), together with Lemma 4.13, we get
n(Wwaxs) = n(wpys), which concludes the proof of this direction.
(<): For this direction, we can use a similar argument backwards.

(Proof of IT) We recall that Lj.(ax, bx) is defined as

=(T (for‘k;“(x, Y) A @L A (OL A OX) A @f)x(t)(<>l A Oy)
A [x:y]é“/\—(@i“val & @}'val))).
Notice also that by definition of the satisfaction relation |-, we have that I, w = L;(ax, bx)
if and only if for all M’ = (W, Ry, V) such that MM’ C M, we have
M,wE (fork?“(x, ) A @L () (CLAOX) A @f L (CLAOy) A [x:y]}“) =
(@;'val & @}'val)
(=): Suppose M, w = L;(ax, bx). Then, for all M’ = (W, Ry, V) such that M’ T I, if the
following conditions hold
(a) w has exactly two t-children and exactly two paths of t-nodes, both of length i + 1;
(b) one of these two paths ends on a world (say wy) corresponding to the nominal x whereas
the other ends on a world (say wy) corresponding to the nominal y;

(c) there is a t-world way € Ri(w) corresponding to the nominal ax s.t. ', way = (£)(CL A
Ox);
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6 Bednarczyk, Demri, Fervari & Mansutti

(d) there is a t-world wyy € Ri(w) corresponding to the nominal bx s.t. ', wpy = (1) (O1 A
Cy);

(€) M, w k= [x=y]i;
then, it follows that

() M, wy |= val if and only if M, wy = val.
By hypothesis, there exist way, Wpx at distance i from w corresponding to nominals ax and
bx, respectively. Let wax1 € R(wax) and wpx1 € R(wpy) be such that n(way 1) > n(waxs) and
n(wpx1) > n(wpys). If we are able to satisfy all the conditions a.—e. above, we can conclude
what we want. Suppose n(wax1) = n(wpy1). By the induction hypothesis, together with
Lemma 4.13, we get M, w = [x= y];“. Also, since by hypothesis M, w;, = type(j — i), for
wp € {Wax, Wpx }, then it is easy to check that the remaining conditions above are satisfied.
Therefore we can conclude ', wy | val iff M’, wy |= val.
(&): The other direction uses similar steps backwards.

(Proof of II) We recall that R(ax, bx) € @1, [](Or = val) A @] [t](Or = -val).
(=): Suppose M, w |= R(ax, bx). By unfolding the definition above, there exist two distinct
t-nodes way, Whx € R(w), corresponding to nominals ax and bx respectively, such that:

(@) M, way E [t](Or = val), and

(b) M, wpx E [£](Or = —val).

By item (C) in the hypothesis, we know that there is exactly one t-node in R(wax) (say wax s)
having an Aux-child satisfying s. Let waxr € R(wax) be such that n(waxr) < n(waxs). By
item (E) in the hypothesis, there exists W’ € R(wax ) such that M, w’ = r, so M, wayr | Or.
As a consequence, by the item (a) above, we have I, way r | val.

By applying the same reasoning with wpy r € R(wpy) such that n(wpy ) < n(wpys), and the
item (b) above, we get M, wpy - = —val.

(<): This direction uses similar arguments (backwards). O

F PROOF OF LEMMA 4.17
Proor. Recall that [ax < bx]j. is defined as

T (nom; (ax#bx) A [t]'1sr(j — i) A S§(ax,bx) A Lj(ax, bx)).

As in Lemma 4.7, the proof uses standard properties of numbers encoded in binary. Again, let x, y
be two natural numbers that can be represented in binary by using n bits. Let us denote with x;
(resp. y;) the i-th bit of the binary representation of x (resp. y). We have that x < y if and only if
(A) there is a position i € [1,n] such thatx; = 0and y; = 1;
(B) for every position j > i, x; =0 < y; = 0.

The formula [ax < bx] ' uses exactly this characterisation in order to state that n(w,y) < n(wpy).
Suppose M, w | init(j) A fork;(ax, bx). From Lemma 4.14, in (IR, w) it holds that
(i) w has exactly two t-children and exactly two paths of t-nodes, both of length i;
(i) one of these two paths ends on a world (say way) corresponding to the nominal ax whereas

the other ends on a world (say wpy) corresponding to the nominal bx;
(iii) (M, wax) and (MM, wyy) satisfy type;sr(j — i) % type(j — i) A [t](OL A Os A Or).

To complete the proof, we prove each direction separately.
(=): Suppose M, w | [ax < bx];. Then, by definition of the satisfaction relation =, there exists
M’ = (W,R’,V), such that M’ C I and
M, w | nom;(ax#bx) A [¢]'1sr(j — i) A S (ax, bx) A Lj(ax, bx).
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Then, from (i)-(iii), we can conclude that in (', w), the two worlds w,x and wyy (corresponding to
the nominals ax and bx in (M, w)) are exactly the ones responsible for the satisfaction of nom; (ax #
bx). Moreover, from I, w |= [t]1sr(j — i) and Lemma 4.15, we have I, way | type(j —i). Then,
by Lemma 4.13 we conclude that w,y encodes the same number w.r.t. (I, w) and (', w). The
same property holds for wyy, since again by M/, w | [t]'1sr(j — i) and Lemma 4.15, we have
M, wox | type(j — i). Lastly, again from Lemma 4.15,

(1) every t-node in R’ (way) and R’ (wpy) has exactly one Aux-child satisfying an atomic proposi-
tion from {1,s,r};

(2) exactly one t-node in R’ (w,y) (say way s) has an Aux-child satisfying s. Similarly, exactly one
t-node in R’ (wpx) (say wpy,s) has an Aux-child satisfying s;

(3) given wax1 € R (wax) (resp. wohx1 € R'(wpy)), it has an Aux-child satisfying 1 if and only if
n(wax1) > n(waxs) (resp. n(wpx1) > n(Wpys)).

Recall that the number n(way) (resp. n(wpy)) is represented by the binary encoding of the truth
values of val on the #-children of w,y (resp. wpx) which, since (I, wax) | type(j — i) (resp.
(M, wpy) = type(j —i)), are t(j — i, n) children implicitly ordered by the number they, in turn,
encode. As (I, w) satisfies the hypothesis of Lemma 4.16, from IM', w = Sj.(ax, bx) A Lj.(ax, bx)
we conclude that

® n(ways) = n(wpys), M, waxs | —val and M, wpy s = val. Thus, in the binary representation
of n(way), the n(ways)th-bit is 0, whereas in the binary representation of n(wpyy), it is 1.
Hence, the property (A) of numbers encoded in binary holds for n(w,y) and n(wyy);

o for all worlds wax1 € R(wax) and wpx1 € R(wpx) such that n(wax1) > n(waxs) and
n(be,l) > n(be,s)a ifn(Wax,l) = n(be,l) then

M, wax1 | val if and only if M, wyy1 = val.

Thus, the binary representation of n(w,y) and n(wpy), is the same when restricted to the
bits that are more significant than n(ways) (which is equal to n(wpys) by the previous case).
Hence, the property (B) is also verified by n(wax) and n(wpy).

Directly, we then conclude that n(w,y) < n(wpy).
(<): This direction is proven analogously by essentially relying on Lemma 4.16 (Iand II). O

G PROOF OF LEMMA 4.31
Proor. We show the proof for I, the one for II being analogous. Recall that (horq) stands for:
YV wi, wy € R(w), if ngy(wy) = ngg(w1) + 1 and ny(ws) = nq(wy) then there is (cy, ) € H s.t.
w1 € V(cy) and wy € V(cy).
Suppose M, w |= gridg-(k). Then in particular every world w’ € R(w) encodes a pair of numbers
(ng(w),ny (w)) € [0,t(k,n) - 1]°.
(=): Suppose M, w = horg-(k). Then, by definition, for every I’ T M, if M', w |= fork,lc(x, y)A
[y Ex+1]i A [xZylk then M, w = V¢, 0,y en (@11 A @) C2). Consider now two worlds wy, wy €
R(w) such that ng(wy) = ng(wy) + 1 and ng(wy) = nq (wy). Notice that It at wy and M at w,
satisfy type(k — 1), by definition of gridqe-(k). Let M’ = (W, Ry, V) be the submodel of M where
R, is defined from R by removing the following pairs of worlds:

e (w,w’) € Rwhere w’ is different from wy and wy;

o (wy,w"") € Rwhere w” is the only Aux-child of wy satisfying y (this world exists as M, wy =
type(k — 1), then it satisfies init(k — 1) and aux);

o (wy,w”’) € R where w”’ is the only Aux-child of wy satisfying x (again, this world exists as
I, wy |= type(k — 1), then it satisfies init(k — 1) and aux).
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We can easily check that the pointed forest (', w) satisfies for‘k,lc(x, y), where wy and wy corre-
spond to two nominals (for the depth 1) x and y, respectively. Thus, W', wy = type(k — 1) and
I, wy [ type(k —1). Therefore, by Lemma 4.13 (which can be easily extended in order to consider
pairs of numbers described with valgs and valq, instead of a single number described with val),
we conclude that wy and wy keep encoding the same two pairs of numbers when 9t is modified to
I’. Then, since by hypothesis n¢/(wy) = ng(wy) + 1 and ny (wy) = nq (wy), by Lemmata 4.23
and 4.24 we conclude that M, w E [y Zx+1]x A [xZy]x. Then, by hypothesis M, w = horg-(k),
we conclude that M, w = V¢, ¢,)en(@xC1 A @;CZ). Thus, there must be a pair (cy, cz) € H such
that M, w E @Lc; A @§c2. Since wy (resp. wy) corresponds to the nominal (for the depth 1) x (resp.
y), we conclude that MM, wy |= c; and M, wy |= c,. By definition, this implies that (M, w) satisfies
(horgr).

(<): This direction is rather straightforward and, analogously to the left-to-right direction, relies
on Lemmata 4.13, 4.23 and 4.24. Briefly, suppose that (9, w) satisfies (horg) and, ad absurdum,
assume that M, w | horg-(k). Therefore,

Mw T (Forkp(x,y) A [y Ex+1]k A [xZylk A=V ey e (@hC1 A @)C2)).
Then, there is a submodel M’ = (W,R, V) of M such that M’,w | f"ork}((x, Y) A [yEx+1]i A
[XZYTk A=V (e, cnen(@xct A @ycz). By M, w [ fork,(x,y) we conclude that there are two
worlds wy and wy corresponding to two nominals (depth 1) x and y, respectively. Moreover, by
Lemma 4.13, these worlds encode the same two numbers w.r.t. (IR, w) and (', w). From M’, w |
[y Zx+1]x A [x X y], and the fact that (I, w) satisfies (horg), together with Lemmata 4.23 and 4.24
we conclude that there is a pair (cy, cz) € H such that wy € V(c;) and wy € V(cz). However, this
contradicts M, w £ =V (¢, ,)en(@%c1 A @}cz). Thus, M, w = horg-(k). m|

H PROOF OF LEMMA 4.33

PROOF. (=): Suppose that (77, c) has a solution 7 : [0,t(k,n) —1]2 — 7. Let M = (W, R, V) and
w € W be such that M, w |= gridg-(k) (such a pointed forest exists by Corollary 4.29). We slightly
modify V so that the resulting model still satisfies gridg-(k), but also satisfies (oneq), (firstgc),
(horgr) and (verty). This can be done rather straightforwardly. Indeed, since M, w |= gridg-(k), by
Lemma 4.28 every t-node w’ € R(w) encodes a pair of numbers (ng/(w’), ny(w")) € [0,1(k,n)—1].
Then, let us consider the model M’ = (W, R, V') such that

(1) for every p € AP\ 7, V'(p) = V(p). This property leads to ', w [ gridg(k), since
gridg-(k) is written with propositional symbols not appearing in 7.

(2) for every c € 7 and w’ € R(w), w’ € V(c) if and only if 7(ng(w’), nq (w")) = c.
The second condition allows us to conclude that (I, w) satisfies (oneqr), (firstgc), (horg) and
(verty). Indeed, (oneq) holds as 7 is functional; (firstg.) holds as 7 satisfies (first); whereas
(horg) and (vertg) hold as 7 satisfies (hor&vert). Thus, (I', w) | tilingg (k) and therefore
tilingg-. (k) is satisfiable.

(<): Suppose tilingg- (k) satisfiable and let MM = (W,R, V) and w € W such that M, w |
tilingg-. (k). Let us consider the relation r C [0,1(k,n) — 1] X [0,t(k,n) — 1] X 7 defined as

(i, j,c’) € rif and only if there is w’ € R(w) such that ng(w’) = i, nq(w’) = jand w’ € V(c’).

Directly by Lemma 4.32 we have that:

I. from (uniqgx) and (oneqr), 7 is (possibly weakly) functional in its first two components, i.e.
for every (i, j) € [0,t(k, n) — 1]? there is at most one ¢’ such that (i, j,¢’) € r;

II. from (zerog () and (comply k), 7 is total (hence not weakly functional), i.e. cannot be that
there is (i, j) € [0,t(k, n) — 1]% such that for every ¢’ € T, (i, j, ¢’) ¢ 7. Together with I, this
means that 7 is a map;
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On Composing Finite Forests with Modal Logics 9

M. from (firstg¢), (0,0,¢) € t;
IV. from (horg) and (vertqr), for all i € [0,t(k,n)—1] and j € [0,t(k,n)—2], (z(j,i),z(j+1,i)) €
H and (z(i, j),z(i,j+1)) € V.

Therefore, we conclude that 7 is a solution for Tileg. ]

I REMINDER ABOUT G-BISIMULATION
Let M = (W,R, V) and M’ = (W', R, V’) be two finite forests. Let m € N, k € N>® and P Cg,
AP. A g-bisimulation up to (m, k, P) between I and M’ is a sequence of m + 1 k-uples Z° =
(Z).2),....Z)), ... 2" =(Z" 2y ..., Z) satisfying:

init: Z? is not empty and for every i € [1,k] and j € [0, m], Zl.j CP(W)xP(W);

refine: for every i € [1,k] and j € [1,m], Zij c Zl.j_l;

size: if XZ/Y then |X| = |Y| = ;

atoms: if {w}Z{w’} then for every p € P, w € V(p) if and only if w’ € V' (p);

m-forth: 1f{w}.ZjJrl {w’} and XCR(w) with |X|€[1, k], then there is YCR’ (w’) such that X Z/.

m-back: 1f{w}ZJ+l{w } and YCR'(w’) with |Y|€[1, k], then there is X CR(w) such that X Z”

g-forth: le.ZjY and w € X, then there is w’ € Y such that {W}.ZJ {w'};

g-back: 1fXZJY and w’ € Y, then there is w € X such that {W}Z]{W 1.
We write I, w _>m,k P, w’ and we say that the two models are g-bisimilar whenever there is
a g-bisimulation up to (m, k, P) between M and M, say Z°, ..., Z™, such that {w}Z"{w’}. We
write T' (I, w)f;’k to denote the set of formulae in GML of rank (m, k) and with propositional
symbols from P that are satisfied in I, w, i.e. T(IM, W)fn,k e () € GML[m, k,P] | M, w [ ¢).
We write 7" (m, k) to denote the quotient set induced by the equivalence relation an’k. Let us
summarise the main results from [22].

IXI

IYI

ProrosiTioN L1 ([22]). (1) T (M, w)fn ¢ contains finitely many non-equivalent formulae.
2)Mws <—P o DV, w' if and only if T(IM, W)P =T(M,w)P

mk*
B s <—P L 1S aﬁnzte index equivalence relation. ‘7'P(m k) is finite.

So, = k and S k are identical relations (see the definitions for =/ , and GML[m, k, P] in Sec-
tion 5. 1) and there is a finite set {x1,..-> xo} € GML[m,k, P] such that
® x1V---V yois valid, and each y; is satisfiable,
e forall i ¢j € [L,Ql, xi A x;j is unsatisfiable,
e (M, w) = k (MM, w”) iff there is i such that (M, w) |= y; and (M, W) |= yi.

Hence, y; characterises one equivalence class of = :1 (or equivalently of &P mi)-
In what follows, recall that R|,, % {(w’, w”’) € R | w’ C R*(w)}.

LEMMAL2. Letm € N, k € N*° and P C, AP. Let It = (W, R, V) be a finite forest and let w € W.
Then, I, w S;k (W,R|, V), w.

Proor. As P mk is an equivalence relation (Proposition I.1.3), it is reflexive and hence I, w ‘:,fn k
I, w. There is therefore a g-bisimulation up to (m, k, P) between M and itself, say zZ°....z"
where Z' = (Z},..., Z;) for every i € [0, m], such that {w}Z{"{w}. Consider now the restriction

of Z ]i., where i € [0,m] and j € [1,k], to those sets where every element is reachable from w.

Formally, we define 2:’ ={(X,Y) € Z} | X UY C R*(w)}. It is easy to show that 2\0, . Zm,
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10 Bednarczyk, Demri, Fervari & Mansutti

where Z = (’Z\’, e, Z’C) for every i € [0, m], is a g-bisimulation up to (m, k, P) between M and
(W,R|,,, V). As {w}ﬁ{w} by definition, we conclude that I, w Srpn r W.R[, V), w. O

J PROOF OF LEMMA 5.1

In the following, we denote with .7"(m, k) the set 7" (m, f(m, k)). Then, notice that 7 F (m, k) =
7°(0,k) for m = 0, and otherwise (m > 1) I (m,k) = 77 (m k- (|.7"(m - 1,k)| + 1)). Since
VL (m’, k") is finite for all m’, k¥’ and finite P’, 7 P(m, k) is well-defined and finite. Lemma 5.1 can
be reformulated using .7" (m, k) as follows.

Lemma Letm,k € N andP Cg, AP. Let (I, w), (I, W) be pointed forests such that M = (W, R, V)
and M’ = (W', R, V') If { (M, w), (EIR’ w)} C TforsomeT € TP(m, k), then for everyR; C R there
is Rj C R’ such that (W,Ry,V),w) = k ((W',R,V’),w’), and if Ry(w) = R(w) then R{(w') =
R'(w').

Proor. In the case k = 0, any formula in GML[m, 0, P] is equivalent to a formula in the proposi-
tional calculus built over propositional variables in P as $5¢ ¢ is logically equivalent to T. Hence,
the lemma trivially holds.

Otherwise (k > 1), we prove semantically the lemma as ="

mk k
The proof is by induction on the modal depth m. The 1nduct10n step is artlculated in three steps:

and &' | are identical relations.

(I) definition and proof of various properties of the two models,

(IT) definition of a strategy to reduce R’ to R; that closely follows the relationship between R and
Ry with respect to the children of w and,

(IT) a proof that the relation R} is such that (W,R;, V), w S k (W’,R;, V'), w'. By construction,
we also obtain that if R;(w) = R(w) then R} (w’) = R’(w ).

Let us begin with the base case.

Base case: m = 0. The base case is straightforward from the following property of g-bisimulations.

Whenm—Oglven‘JJI (WRV)R1CRWGWandkerehaveEIRwSPk

(W, I’Q\l, 17) w. This statement holds as it can be easily shown that the set of relations Z° =
(Z9,.. ZA) where Z? = {(w,w)} and ZO 0 for j € [2, k] satisfies all the requirements
for being a g -bisimulation.

Then, with respect to the statement of the lemma, by definition, we have (W, Ry, V), w Sg’k

M, w. Now, by definition .77 (0, k) = 7 (0, k) and by hypothesis there is T € 77 (0, k) such
that {(M, w), (M, w')} C T. By definition of 77 (0, k), we have
M, w <:>g,k M, w'.

As S _>0 « is an equivalence relation, we conclude (W, Ry, V), w _> « DV, w’ and therefore it is

sufficient to take R} = 4f R’ to end the proof. Note that in this case, R 1(w") = R"(w’) holds too.
Induction case. In partlcular we have m > 1 and 7" (m, k) = TP (m, k (7P (m—-1,k)| +1)).

Moreover, by hypothesis there exists T € 7" (m, k - (|.77(m — 1,k)| + 1)) such that

{(M, w), (W, w)} CT.
By definition, we have
P ’ ’
Wow S, (170 iy o1) DU W'
Let us explain the main idea of the proof. Let us pick one child w; of w in 9. Obviously, the
pointed forest (9, w;) belongs to a specific equivalence class T € 7P (m — 1, k). The effect of
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On Composing Finite Forests with Modal Logics 11

reducing R to R; is that w1, together with the updated model, “jumps™ to an equivalence class
TieTP(m-1,k). Obviously, (I, wy) already belongs to a class in 7P(m - 1,k). However
(from the statement of the lemma), we are only interested in 7" (m — 1, k) when considering
R, whereas we focus on yp(m — 1, k) when studying R. To prove the result, we have to
show that there is a child w] of w’ in IR’ so that (', w) is in the same equivalence class T
of (M, wy) and to show that it is possible to update R’ to make w; (together with the updated
model) “jump” to the equivalence class T;. However, we need to do this for all the children
of w and w’, respecting the constraints of being a g-bisimulation. The key step is to show
that the graded rank k - (|.7F(m — 1,k)| + 1) is all we need to find enough children in R’ (w’)
and to be able to construct a relation R so that the resulting models are g-bisimilar up to
(m, k, P). Let us now formalise the proof, which requires some intermediate steps that are

below .

We start by considering a single equivalence class T € .7F(m — 1,k) (in fact, our proof is
done modularly on these classes). We introduce the two following sets:
o R(w)|r % {wi € R(w) | (M, w1) € T},
o R(W)lt & {w] e R(w) | (W, w)]) €T}
It is fairly simple to see that the following property holds:

(*): min(|[R(w)lrl,k - (|77 (m = 1,k)| + 1)) = min(|R' (w)|1l.k - (|7 (m = 1,k)| + 1))
Indeed, ad absurdum, suppose that

(7): IR(wW)lrl < k- (7P (m —1,k)| + 1) and [R(w) || < [R'(w)|7]

The other case |[R'(w')|1| < k- (|77 (m - 1,k)| + 1) and |R"(w’)|1| < |[R(w)|7| is analogous
and therefore its treatment is omitted below. Since it holds by hypothesis that

P oL
(—
M, w “mk-(| 7P (m-1k)|+1) W, w',

there is a g-bisimulation up to (m,k - (|.7°(m - 1,k)| + 1), P) between M and M’, say
Z° ..., Z™ such that {wiZmH{w'}.
o From (m-back), by taking Y as a subset of R'(w’)|r such that

Y] = min(|[R" (W) |t].k - (|77 (m = 1, k)| + 1)),
it must hold that there is a subset X € R(w) such that XZ";;I_IY.

e From (size), |X| = |Y|. Hence, by () there must be a world w; € X such that (I, w,) ¢ T.
e From (g-forth), there is wj, € Y such that {w,}Z""{w}}.
o As {w2}Z" *{w}}, from the definition of g-bisimulation it holds that

«P roa

Mows S (172 (merfo) 1) D> W
e Again by definition of g-bisimulation, it is easy to see that if two models are in the same
equivalence class w.r.t. an, o then they are in the same equivalence class w.r.t. an, e
for every k” < k’. Therefore I, w, P ', w;. Notice that the set of

m—1,k-(|7P(m-2,k)|+1)
equivalence classes induced by <:>fn_1’k'(‘gp(m_2’k)‘+l) is yp(m — 1, k). We conclude that
(M, wz) and (I, w;) belong to the same class in TP (m -1, k). However, this leads to a
contradiction as we have w, ¢ Tand w;, € T (where T € TP(m - 1,k)).
This concludes the proof of (x).

Given an equivalence class T’ in ‘TP(m — 1, k), we define the set below
Ry(w)lror & R(w) It N Ry (W)l

2We always put the word “jump” in quotes as it is used in an informal way.
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Following the proof idea presented above, a world w; € Ry(w)|r»7 is a child of w such
that (M, wy) is in the class T and “jumps” to the class T when updating the accessibility
relation from R to R;. In what follows, we denote with R|,,, the restriction of R to those
worlds reachable from wy, i.e. the set {(wy, w3) € R | {wa, w3} C R*(wy)}, as defined in the
statement of Lemma 1.2. We also consider similar restrictions for R” and R]. We are interested
in the following key property:

(k%) for all w; € Ry(w)|re1 and w; € R'(w")|7 there is Ri,w{ CR|w

such that (W, Ry|.,,, V), w1 S _>m Lk w’, R1 W V'), wy

Let us prove (xx). By definition, we have w; € R(w)|t and w; € R'(w’)|r. Therefore,
{PM,wy), M, w)}CTe ﬂp(m —1,k). By Lemma 1.2, it follows that (W, R|,,,, V), w; and
(w’, R’|Wlf, V'), w] are also in T. Moreover, by definition R;[,, C R|.,,. Then, we can use the
induction hypothesis (notice that the modal degree is now m — 1) to conclude that there
is R’ , € R'|,y such that (W, Ry|., V), w1 <:> L1k (w’, R’ W V’), w{, concluding the proof
of (**) This intermediate result gives us an important 1nformatlon every single “jump”
(as informally expressed above) done while updating the accessibility relation of It can
be mimicked by updating IM’. An important missing piece is proving that all jumps can
be simultaneously mimicked. In order to prove this, we start by considering the following
partition of R(w)|:
R(w)[ g € ARy (W)|or | T/ € TP(m = 1,k)} U{R(w)|1 \ Ry (w)}.

Informally, R(w)] g, Partitions the children of w in R(w)ly in different sets depending on
what is the set T € 77 (m — 1,k) they “jump” to. One additional set, i.e. R(w)|t \ Ry (w),
contains all the children of w in R(w)|t that are lost when updating R to R;. To be com-
pletely formal, let us first prove that R(w)IR1 is a partition of R(w)|y. Indeed, R(w)|y can
be written as (R(w)|t N Ry (w)) U (R(w)|t \ Ri(w)). Moreover, by definition of 7 (m — 1, k)
as the quotient set of _>P TG have R (w) = Ureq?(m-1k) Ri(w)|r. Lastly, R(w)[r N
Urer?(m-16) Ri(w)|r is equlvalent to Ut er? (m-14) (R(W)[r N Ri(w)|1/), which leads to
the definition of the partition R(w)> R from the definition of R; (w)|1»1 together with the
remaining component R(w) |1\ Ry (w). The figure below presents schematically the results we
have shown so far, only considering the children of w in R(w)|r (on the left) and the children
of w” in R"(w") |1 (on the right).To work towards the definition of R{ (as in the statement of the

w w’

T T

[TP (m-1,k)|

™T, ‘T»Tz ~‘T’T

(x):if [R(w) 7| < k- (| TP (m = 1,k)| +1) then
there are |[R(w)|t| children, otherwise there
are at least k - (|77 (m — 1,k)| + 1) children.

{Ri(W)ler | T € TP (m - 1,k)}

R(w) |\ Ry (w)

lemma), we now deal with the children in R’(w’)|y and find suitable subsets of R} in order to
define a partition of R’ (w”)|y that is similar to R( W)I R, (where “similar” here means that, later,
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On Composing Finite Forests with Modal Logics 13

we will be able to construct a g-bisimulation using this partition). More precisely, we show that:

(* % %): it is possible to construct a family of sets
R'(W)|rut for every T € 77 (m — 1,k)
Gr
satisfying the following properties.
(1) Forevery T’ € TP (m — 1,k), R"(w') |t 1 isaset of pairs (R;,w,, w))st.w; € R"(w')lr,
R;,W{ CR’, ((W,’R;,w{’ V'), wi) € T’, and for all (wj, wj) € RL;{, {w), wi} € R (wy).
(2) Gr SR (W)l
(3) Every w; € R'(w')|r appears in exactly one set among R'(w’)|rw.1 (for all T" €
7P(m—-1,k)) and Gr. Then, these sets underlie a partition of R’ (w’)|r.
(4) For every T' € 77 (m — 1,k), min(|Ry (W) |ts 7|, k) = min(|R" (W) |t |, k).
(5) min(|R(w) |t \ Ri(w)l, k) = min(|Gr|, k).

Let us informally explain these properties (apart from the second and third properties, which
are self-explanatory). The first property basically requires us to modify R’ so that the children
of R"(w’)|1 “jumps” to specific sets in 77 (m — 1, k), in line with the developments that lead
to the proof of (x*). Instead, the set Gt is dedicated to those worlds that should be made
unaccessible from w’. The updates to R’ cannot be arbitrary, and this is where the fourth and
fifth properties come into play. These properties impose cardinality constraints on the sets
we construct, in line with the graded rank k that is used in the equivalence relation ‘:>rPn o
For example, suppose that for a given set T" we have |R;(w)|r»1| < k. Then, we need to
select exactly |R; (w)|r»1/| children in R’ (w’)|r and modify R’ so that all of them can be used
to define the set R'(w’) |t 1. If instead |R; (w)|1»1/| = k, it is possible to select an arbitrary
amount of children from R’ (w’)|r, as long as they are at least k. Again, after selecting these
children we need to modify R’ so that they define the set R’ (w’)|r.,1. To comply with these
two last properties we rely on (x). The proof of (x * %) distinguishes two cases (which are
very similar in substance):

o |[R(w)|7| < k- (|.7P(m - 1,k)| + 1). By (x) it follows that |[R’(w’)|t| = |[R(w)|1|. This case
is the easiest one. Consider a bijection f : R(w)|r — R’(w’)|r. Then define Gt as the set
{f(w1) | w1 € R(w)|r \ Ri(w)}. By doing this, trivially the second and fifth properties
required by (x % x) are satisfied. In order to define the sets of the form R’ (w’) |11/, we start
by an initialisation to the empty set () and then we populate them. Iteratively, for every T’ €
TP(m — 1,k) and every w; € Ry(w)|1»1, consider f(w;). By (x*), there is R;,f(wl) C R'l§(w)

such that (W, Ry|,, V), w; an_l)k (W”Ri,f(wl)’ V’),f(w1). By Lemma 1.2, it follows that
(W,R1, V), wy an_l’k (W’,Rif(wl),V’),f(Wl) and therefore ((W’, RLT(WO,V’),f(wl)) €
T’. Then, add to R’ (w")|r1 the pair (R;,f(wl)’ f(w1)). Notice that this pair satisfies the
constraints required in the first property of (% x %). After the iterations over all T' €
7P(m—1,k) and over all w; € R;(w)|1»1/, the construction is completed. As we are
guided by the bijection f, we obtain that every w; € R’(w’)|r appears in exactly one
set among R’ (w’)|t1 for some T € 7"(m— 1,k) or in Gr (condition 3 of (x * x)).
Moreover (again thanks to the bijection f) it holds that for every T € 7 (m - 1,k),
|[R" (W) |1tw1 | = |R1(W)|1e1 |, which implies condition 4 of (% % %). Hence, (x % %) is proved.
o |[R(w)|7t| = k- (|.77(m - 1,k)| + 1). By (%), it follows that |[R (w)|t]| = k-(|.7"(m - 1,k)|+
1) too. For this case, it is easy to show that there is a set in the partition R(W)I R of R(w)|t

that has cardinality at least k. Indeed, ad absurdum, suppose all the sets in R(W)I R, are
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of cardinality less than k. As R(W)IR1 partitions R(w)|t and it contains |7F(m — 1,)| + 1
sets (where the +1 refers to the set R(w)|r \ Ry(w)) this would imply that |[R(w)|7| <
(k—=1)- (|77 (m - 1,k)| +1). This leads to a contradiction as by definition |77 (m — 1,k)| <
|.7P(m — 1,k)| and we are in the case where |[R(w)|1| > k - (|77 (m —1,k)| + 1). Hence,
let Q be a set in R(W)IR1 that has at least k elements.
For the construction, we initialise all the sets R’ (w’)|r~.1 and Gy to the empty set () and we
show how to populate them. Moreover, we introduce an auxiliary set A which is initially
equal to R’ (w’)|r and keeps track of which elements of this latter set have not been already
used in the construction (and are hence available). The set A can be understood as a copy
of R’(w’)|r with unmarked elements and marked elements. Unmarked elements are the
worlds yet to be handled by the algorithm. Iteratively,

(1) consider some T/ € 7F(m — 1,k) s.t. Ry (w)|1»1- # Q and that was not already treated;

(2) select B = min(|Ry(w)|r»1|, k) worlds wi,.. ., W}s from the pool of available worlds A.

(3) As in the previous case of the proof, by (x*) we have that for each i € [1, §] there is

R;’W; - Rllwl{ such that for every w; € R;(w)|r»1 it holds that

(Wa Rl |W1’ V)’ w1 <:)7Pn*1,k (W/’ R;,W;’ V/)’ W{'

By Lemma 1.2, it follows also that (W, Ry, V), wy S;A A w’, R; w V’), w] and therefore
((W',R] . ,,V’),w]) € T". Then, define the set R'(w’)|r_1 as

(R, w) i € 1,61
Notice that by construction this set satisfies the first and fourth properties of (% x *).
(4) Remove wy, ..., w’ﬁ from A (they will not be used in the successive iterations).
After this iterative construction, only two sets still need to be handled: Q and R(w) |1\ Ry (w).
In the case these two sets are different, we proceed as follows.
(1) We start by considering R(w)|r \ Ri(w), and we select § = min(|R(w)|1 \ Ri(w)|, k)

worlds, say wy, ..., w% from the pool of available worlds A.

(2) We define Gr as {wy,..., w%} and remove these worlds from A. By construction, Gt
satisfies the second and fifth properties of (x x %).
(3) We consider Q. A few things should be noted now.

e Thereis T” € 7" (m — 1,k) such that Q = R;(w)|1»7, and by definition of Q, we have
[Ry (W) |mw1 | 2 k.

e At this point of the construction, we dealt with |7°(m — 1,k)| of the |77 (m - 1,k)| +1
sets needed for the construction. For each of these sets we used at most k new worlds
of R'(w’)|1. Hence, as |R"(w)|7| = k- (|77 (m-1,k)| +1) and |7 (m - 1,k)| >
|77P(m - 1,k)|, we conclude that A has at least k elements.

(4) Consider the set A. By (xx) we have that for each w] € A there is R;,W{ C R'|,; such that
for every wi € Ri(w)|t» it holds that

(W, Rilw, V), w1 Sp (WL R V), wy
By Lemma 1.2, it follows that (W, Ry, V), w; <:>’Pn_1 A (w’, R{ ' V’),w; and therefore
((w’, R;,W{’ V’),w;) € T'. Then, define the set R'(w’) |11 as {(R;,W{, w;) | w] € A}. By
construction, this set satisfies the first and fourth properties of (x x x) (recall that both
R’ (W")|rw1 and Ry (w)|1»1 have at least k elements, see the previous point).

(5) Empty A as every remaining world in it is now used. We completed the construction in
the case of Q # R(w)|1 \ Ry (w).
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In the case Q = R(w)|r \ Ry(w), the construction is trivially completed by adding to Gt
every world in A. Notice that for the same considerations done before (point 3 of the
construction for Q # R(w)|t \ Ri(w)) it holds that A has at least k elements. Hence, Gr
satisfies both the second and the fifth properties of (x % x). Again, as a last step, we empty
A as every remaining world is now used.
During the definition of the construction, we already detailed why the first, second, fourth
and fifth properties of (x x %) are satisfied. The same holds true for the third one, as we
relied on the set A to never use twice the same world, and at the end of the construction A
was always empty.
Therefore (x x x) holds. A last note about this construction: from the first and third properties
of (% % x), in particular that “for all (w}, w}) € R;’Wl,, {w), wi} € R (wy)}”, it is easy to see
that for all (R{’wl,, w;) € R'(w')|1T, and (R;,wé’ w;) € R'(w')|1T1, With w] # w}, we have
R;)W{ N Ri,wg = (. Keeping this in mind, we are now ready to construct R].

We consider every T € .77 (m — 1,k) and apply (* * %) to construct the sets R’ (w’) |11 (for
every T/ € 77 (m — 1,k)) and Gr. We then define R} as

def
R & U {(W, W)Y UR] .
Te 7P (m-1k)
TeT?(m-1,k)

(R;W{ W) ER (W) lrorr

Clearly. we have that R} C R;. Moreover, from the properties of (x % %), it holds that for every
wi € R{(w), R{|.v = R] - In order to conclude the proof, we need to show that
(e

(1) (W,R, V), w P (W, R, V), w's
(2) if R{(w) = R(w) then R{(w’) = R'(w').

Let us first prove (2) by using the fifth property of (x x x). Suppose R; (w) = R(w) and hence R(w) \
Ry (w) = 0.1t is easy to see that R(w) \ R;(w) can also be written as Ure ¢ (m—1) (R(W)[1 \ R1(w)).
We conclude that |[R(w)|t \ Ri(w)| = 0 for every T € .7F(m - 1,k). Similarly, R (w’) \ R (w')
can be shown to be equivalent to Ure 77 (m-14) (R (W) \ R{(w’)). Notice that for every T €
TP(m-1,k), aworld w] € R'(w')|1 \ R{(w’) cannot be inside a pair of R'(w’)|r-.7- (for any T’ €
7P(m — 1,k)). Indeed, if this was the case, then (w’, w}) € R (see definition of R]) in contradiction
with w; € R'(w’)|1 \ R{(w’). Then w] € Gr and we conclude that R'(w’)|7 \ R{(w’) = Gr and
R' (W) \ R{(W') = Ure 2°(m-1k) G- By construction, every world w; € R’(w) can appear in at
most one setin {Gr | T/ € 7"(m - 1,k)} and hence |R’ (w") \ R{(W)| = Xrez?(m-1k)|GT]- We
can now apply the fifth property of (x x %), i.e.
min(|R(w)|r \ Ri(w)l, k) = min(|Grl, k)

so that together with k > 1 (see the beginning of the proof) and |R(w)|r \ R;(w)| = 0 leads to
[R"(w’) \ R{(w")| = 0. As by definition R](w’) C R’(w’), this ends the proof of (2).

In order to conclude the proof, let us prove (1) and this is done by constructing a g-bisimulation
Z°...,Z™ up to (m,k,P) between (W, Ry, V) and (W', R}, V') such that {w}Z"{w’}. Here, we
iteratively construct the g-bisimulation starting from the sets Z{ = {(w,w)} (for every j € [0, m]).
During the construction we make sure to always preserve the satisfaction of the conditions (init),
(refine), (size) and (atoms). Notice that these conditions hold for our initial sequence of relations. In
particular, (atoms) holds as by hypothesis there is T € 7 (m,k - (|].77(m - 1,k)| + 1)) such that
{(I, w), (P, w)} € Tand hence M, w S P, w’. The construction can be split
into four steps:

P
mk-(| 7P (m-1,k)|+1)
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16 Bednarczyk, Demri, Fervari & Mansutti

m-forth-step: Let X C R;(w) be a set such that |X| € [1,k]. As required by the condition (m-
forth), we want to pair this set with a suitable subset Y C R} (w) of cardinality |X| so that it is
possible to then satisfy the conditions (g-forth) and (g-back). Let us consider the partition of X
defined as {X,7 | T€ TP (m—-1,k) and T € 7" (m — 1,k)} where X1p1: = X N Ry (W)|1o 1.
We consider the set R’(w’)|t1 and select |Xt,1/| worlds appearing in one of its pairs
(which are of the form (R;’W{, w})). Let Yr_1 be the set of these selected worlds. By (x x x)
this set is guaranteed to exist and is such that every world wj in it is also in R{(w’). Let
Y = Urea?(m-1k), TeT? (m-1k) Yr 1. It is easy to see that |X| = |Y|. For every j € [0,m — 1]
we add (X,Y) to ZIXI

m-back-step: Let Y C Rj(w) be a set such that |Y| € [1,k]. Let us follow the condition
(m-back) symmetrically to what was done for the condition (m-forth) in the previous
step of the construction. Let us first consider the partition of Y defined as {Yr.v | T €
FP(m-1,k)and T' € 7P (m - 1,k)} where

Yior =Y N {w] | (Ri,wl” w;) € R'(w') |71 for some Ri,wl’}'

We select a subset X7, of R;(w)|1»1 having cardinality | Y, 1|, which is guaranteed to
exist by (% * x). Let X = Ure 7° (m-1,6), TeT? (m-1k) Xte1. It is easy to see that |Y| = |X]. For

every j € [0,m — 1] we add (X, Y) to 'ZIYI

g-forth-step: From the first two steps of the construction, the set Z;/ was updated with new
pairs (X,Y) where every element in X is from R;(w) and every element of Y is from R; (w).
Consider then one of these pairs (X,Y) and let w; € X. Thereis T € TP(m-1,k) and
T’ € 7P(m - 1,k) such that w; € R;(w)|7»1. By construction (first and second steps above),

there is w; € Y such that for some R’ , C R itholds that (R1 2 w]) € R"(w')|rw1. Again, by

applying (x x *) we obtain that (W, Rl, V), wy <:> ik (w’, R1 w> V), wi. Since by definition
R’ = R{|.w; and from Lemma I.2 we obtain (W, Rl, Viw &S, Lk (W’,R;, V'), wi. Then, let

7(0 ., K™~ be the g-bisimulation up to (m — 1, k, P) between (W, R;, V) and (W',R}, V')
such that {w1}K™{w]}.Forevery i € [1,k] and every j € [0, m—1], update Z] to Z] U‘KJ
g-back-step: Symmetrically to the previous point of the construction, let us COHSIdeI‘ again a
pair (X,Y) introduced by one of the two steps (m-forth-step) and (m-back-step). Let w] € Y.
Then thereis T € 7" (m - 1,k) and T" € 77 (m - 1,k) and RLW, C R] such that (R;’W,, wi) €
R (w")|r~71. By construction (steps (m-forth-step) and (m- bac11< step)) there is w; EIX such
that w; € R'(w)|1»1 . Then by (x%%), we obtain that (W, Ry, V), wy _> L1k (W', Ry, V'), Wy

Again, by definition R| , = R{|.; and from Lemma 1.2 we obtaln (W,R, V), wy an_lk
tids | ’

(W', R}, V"), w]. Then, let K?,...,K™! be the g-bisimulation up to (m — 1,k, P) between

(W,Ry,V) and (W', R}, V’) such that {w;}X]" *{w]}. For every i € [1,k] and every j €

[0,m — 1], update Zij to Zij U 7({
It is simple to see that this construction leads to a sequence of relations Z° ..., Z™ that is a
g-bisimulation up to (m, k, P) between (W, Ry, V) and (W', R}, V') such that {w}Z"{w’}. Indeed,
the conditions (init), (refine), (size) and (atoms) hold at any point during the construction. For the
other condition, let (X, Y) be a pair in some Zij . If it was not introduced by the first two steps of the
construction, then (X, Y) is a member of some set 7(l] - Zij that is used in a g-bisimulation whose
elements are all used to construct Z°, ..., Z™ (third and fourth point of the proof). Hence, w.r.t.
(X,Y) no condition can be violated. If instead (X, Y) is added to the g-bisimulation during the first
and second point of the construction, then by construction it is easy to check that it satisfies all the
conditions. Therefore (W, Ry, V), w SP mk (W', R}, V'), w’, which ends the proof of the lemma. O
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K PROOF OF LEMMA 5.2

Proor. If k = 0, then the proof is by an easy verification as the formula ¢ from the statement
is logically equivalent to a formula from the propositional calculus (each subformula ¢ ¥ is
logically equivalent to T). Otherwise (k > 1), let k* = kx (|.7F(m — 1,k)|+1). As, EIPTL + and ‘;; o
are identical relations, there is a finite set { x1,..., Yo} € GML[m, k*, P] such that ’ ’

® x1V---V yoisvalid, and each y; is satisfiable,
e foralli # je [1,Q], xi A y; is unsatisfiable,
o (M, w) Efn o (DU, w’) iff there is i such that (M, w) F y; and (WM, w') ;.

This is a direct consequence of Proposition 1.1 containing results established in [22]. Let ¢ be the
formula \/{y; | 3M, w s.t. M, w = y; A ®¢}. An empty disjunction is understood as L.

Now, we show that ¢/ is logically equivalent to ®¢. Suppose that I, w |= ®p. As y; V ---V xp is
valid, there is i € [1, Q] such that M, w = y;. Therefore y; occurs in ¢ and consequently, M, w |= .

Conversely, suppose that MM, w |= ¢ with M = (W, R, V). So, there is y; occuring in ¢ such that
M, w = yx; and there exist a model M’ = (W', R, V') and w’ € W’ such that ', w’ = y; A ®¢. So,
(M, w) Erpn o (DU, w). By the definition of the satisfaction relation |, there is R{ € R’ such that
Ri(w') = Ii’(w’) and (W', R, V'), w’ | ¢. All the assumptions of Lemma 5.1 apply and therefore,
there is R; C R such that Ry (w) = R(w), (W,R, V), w an’k (W',R;,V’),w" and (W,R;, V), w =P

mk
(W',R,V’),w’. As ¢ belongs to GML[m, k, P], we also get that (W,R;,V),w = ¢. But then by
definition of |-, we conclude that I, w = ®¢. ]

L PROOF OF (A) FOR LEMMA 5.5

Let us start by stating a few properties. Let us consider two models M; = (W,R;, V) and M, =
(W, R,, V) such that I, + M, = M. We pinpoint three important properties of the models we are
considering.

S$1: Every world in R(w)= is either in Ry (w)=g or Ry(w)=;

$2: Every world w; € R(w)= is in Ry (W)=, Ra(w)=9, R1(w)=; or in Ry(w)=;. Indeed, suppose
(w,w;1) € R; (for some i € {1,2}). If w; is in the domain of the same relation R; then
w1 € R;j(w)=1. Otherwise (wy is in the domain of R;_;) then w; € R;(w)—.

$3: Every world in R(w)=; is in Ry (w)=g, Ro(W)=¢, Ri(w)=1, Ro(w)=1, Ri (W)= or Ry(w)=,. The
justification is similar to the one given above for R(w)=;.

First, as worlds in our models do not satisfy any propositional symbol, the spoiler cannot win
because of distinct propositional valuations. The proof is by cases on m and on the moves done by
the spoiler, and by induction on s. First, suppose m = 0. Then it is easy to see that the duplicator
has a winning strategy. Indeed, as m = 0, the spoiler cannot play the modal move and therefore
cannot change the current worlds w and w’. Then, after s spatial moves the game will be in the
state (M, w) and (M, w’) w.r.t. the rank (0, 0, P). From I we conclude that the duplicator wins.

Suppose now m > 1 and the spoiler decides to perform a modal move. Notice that, in particular,
this case also takes care of the case where s = 0 and the spoiler is forced to play a modal move.
Moreover, suppose that the spoiler chooses (I, w) (the case where it picks (I, w’) is analogous).
We have to distinguish the following situations.

e Suppose that the spoiler chooses a world w; € R(w)=¢. Then |R(w)=9| > 1 and by hypothesis
min(|R(w)=l, 2°) = min(|R’ (W)=, 2°%), it follows that |[R’(w’)=9| > 1. It is then sufficient
for the duplicator to choose w; € R’(w’)= to guarantee him a victory, as the subtrees rooted
in w; and wj are isomorphic.

o Suppose that the spoiler chooses a world w; € R(w)=;. Then |R(w)=;| > 1 and by hypothesis
min(|R(w)=1],2%(s + 1)) = min(|R’(w’)=1|,2%(s + 1)), it follows that |[R’(w’)=;| > 1. Then
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18 Bednarczyk, Demri, Fervari & Mansutti

again, it is sufficient for the duplicator to choose w; € R’(w’)=; to guarantee him a victory,
as the subtrees rooted in w; and w] are isomorphic.

e Suppose that the spoiler chooses a world w; € R(w)=;. Then |R(w)=;| > 1 and by hypoth-
esis min(|R(w)=z|,2°71(s + 1)(s + 2)) = min(|R" (w')=z|, 2°71(s + 1)(s + 2)), it follows that
IR’ (w")=z| > 1 (notice here that 2°71(s + 1)(s + 2) = 1 for s = 0). Then again, it is sufficient
for the duplicator to choose w; € R’(w’)=, to guarantee him a victory, as the subtrees rooted
in wy and wj are isomorphic.

As stated before, the case where the spoiler decides to perform a modal move also captures the
base case of the induction on s. Then, it remains to show the case where s > 1 and the spoiler
decides to do a spatial move. Again suppose that the spoiler chooses (I, w) (the case where it picks
(', w’) is analogous). It then picks two structures M; = (W, Ry, V) and M, = (W, Ry, V) such that
My + P, = M. Notice that these two structures are such that both (M;, w) and (M, w) satisty I,
IT and III, as it is easy to see that these three properties are all preserved when taking submodels.
The duplicator has now to pick two structures I = (W', R}, V') and M, = (W', R, V') such that
N + M7 = M’ while guaranteeing him a victory. It does so by constructing R] and R} as follows
(from the empty set):

Split of R’ (w)=¢. We introduce the sets
Ry(w)lowo € Ry (w)=o N R(w)=o
Ry(w)or0 & Ry (w)=p N R(w)=.
It is easy to see that these sets are pairwise disjoint. From (S1) it follows that
R(w)=0 = (Ri(w)=0 N R(w)=0) U (Rz(w)=o N R(w)=o).

The duplicator starts by partitioning R’ (w)=y into two sets Z; and Z; according to the

cardinalities of the two components of R(w)=¢ highlighted above, namely the two sets

Ry (w)=0 N R(w)=g and Ry(w)=o N R(w)=o.

e Suppose that |R;(w)|owo| < 2571 and |Ry(w)|owo| < 2571 Hence, |R(w)=o| < 2° and by
hypothesis |R'(w’)=| = |R(w)=¢|. Then the split of R’ (w)=¢ into Z; and Z, is made so that
|Z1| = |Ri(w)|owol and [ Zz] = [Rz(w)]omol-

e Suppose that there is i € {1, 2} such that |R;(w)|owo| < 2°7! and |Rj(w)|owo| > 2°7%, where
J =3 —iis the index of the other set. Then the split of R’(w)—¢ into Z; and Z; is made so
that |Z;| = |R;(w)]|owo|. Notice that by hypothesis on the cardinality of R’ (w)= it holds that
|Z;| > 257! (otherwise min(|R(w)=[, 2°) # min(|R’ (W)=, 2°)).

e Suppose that [Ry(w)|oso| > 257! and |Ry(w)|owo| = 2571, Then the split of R’ (w)— into Z;
and Z, is made so that |Z;| = 2°1. Notice that by hypothesis on the cardinality of R’ (w)g
it holds that |Z;| > 2571,

For each w] € Z, the duplicator adds (w’, w}) to R]. For each w; € Z,, it adds (w’, w;) to R;.

Notice that by construction the two sets introduced are always such that

Z1: min(|Ry(w)lowol, 2°71) = min(|Z;],2°7")
Z2: min(|Ry(W)|owol, 2°71) = min(|Zy|, 2571).
Split of R’ (w)=;. We introduce the following sets:
Ry(W)l1mo € Ry(w)=o N R(w)= Ry(W)l1mo € Ry(w)=o N R(w)=

Ri(w)|1m1 € Ry(w)=1 N R(w)= Ry(W)l1o1 & Ry(w)=1 N R(w)=1.
It is easy to see that these sets are pairwise disjoint. From (S2) it follows that
R(w)=1 = Ri(wW)|1w0 U R2(W)|1w0 U Ry (W)[ 191 U Rz (W) 11
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Split

The duplicator starts by partitioning R’ (w)-; into four sets Z], Z;, O and O; according to the

cardinalities of the four sets above (‘Z’ for ‘zero’, ‘O’ for ’one’). In order to shorten the presenta-
tion, instead of concretely make explicit all the cases as we did in the previous point of the con-
struction, we treat them “schematically”. Let X = {R; (W) |1»0, Ro(W)| 100, R1 (W) | 101, R2(W) | 151}
and let f be the bijection

FRiW)liwo) €2, F(R(Wliwo) €2 F(RI(W)|1w1) €01, F(Re(W)]ip1) & 0,
Moreover, we define (8 stands for “bound”)

B(Ri(W)|1p0) € B(Ry(w)|1pg) % 2571
BR(Wir1) & B(Ro(w)|1p1) L€ 2°7s.

So, these definitions (actually notations) are helpful at the metalevel. Besides, notice that,

from s > 1, it holds that 257! and 2°~'s are both at least 1.

e Suppose that for every set S € X it holds that |S| < B(S). Then, since it holds that

IR(W)=1] = [Ri(W)|1wo| + [Ra(W)[1w0] + [Ri (W) |1m1] + [R2 (W) [101]
it holds that [R(w)=;| < 2571 + 2571 + 25715 + 25715 = 25(s + 1) and therefore by hypothesis
we conclude that |[R(w)=;| = |R"(w")=1|. Then, the split of R'(w’)- into Z], Z;, O; and O
is made so that for every S € X, |f(S)| = |S|.

e Suppose instead that there is S € X such that |§| > B(g) Then, the split of R’ (w’)=; into
Z{, Z,, 01 and O can be made so that for every S € X'\ {§} I§(S)| = min(|S|, B(S)). From
the hypothesis

min(|R(w)=1], 2°(s + 1)) = min(|R" (w’)=1], 2°(s + 1))
we conclude that this construction can be effectively made and it is such that |f(§)| > B(g)

For each w{ € Z], the duplicator adds (w’, w{) to R and the only element of R'|,; to R}. For

each w;, € Z;, it adds (w’, w;) to R, and the only element of R’|W£ to R]. For each w] € Oy, it

adds (w’, w) and the only element of R'|,; to R;. Lastly, for each wj, € Oy, it adds (w’, w;)

and the only element of R’|,,; to Rj. Notice that by construction the four sets introduced are

always such that
Z11: min(|R;(w)|1»0l, 2°7") = min(|Z]], 2°71)
Z21: min(|Ry(w)|1»ol, 2°71) = min(|Z}], 2°71)
01: min(|Ry(W)|1»1],2°71s) = min(|Oy], 2°71s)
02: min(|Ry(w)|1»1],2°7's) = min(|O,], 2°7's)
or, more schematically, for every S € X, min(|S|, B(S)) = min(|f(S)], B(S)).

of R’(w)=;. Similarly to the previous steps, we introduce the following sets:
Ry (w)l2ro & Ry (w)=o N R(w)= Ry (w)laro & Rp(w)=o N R(w)=
Ry (w)lor1 & Ry (w)=1 N R(w)= Ry(w)lar1 & Rp(w)=1 N R(w)=
Ry (w)lovz2 & Ry (W)= N R(w)= Ry (W) 2wz & Ra(w)=2 N R(w)=.

It is easy to see that these sets are pairwise disjoint. From (S3) it follows that

R(w)=2 = Ri(w)l2p0 U Ro(W)[2p0 U Ri(W) 201 U Ra(W) |21 U Ri (W) 22 U Ro(W)l2s2
The duplicator starts by partitioning R’ (w)=; into six sets Z}’, Z;/, O}, O3, T; and T, according
to the cardinalities of the six sets above (‘T" for ‘two’). Again, to shorten the presentation we
introduce the set

X = {R1(W)|2r0, Ro (W) 200, R1 (W) 201, R (W) |21, Rt (W) |2p-2, Ro (W) 202},
and the bijection f such that

F(RI(W)lz2wo) 21, F(Re(W)lwo) 2 F(Ri(W)2e1) & O,
F(Ro(W)low1) €05, F(RI(W)l2w2) €T, F(Ry(W)o2) ¥ T
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Moreover, we define
B(Ri(W)lzwo) £ B(Ra(w)lawo) & 257!
BR1(W)ze1) & B(Ro(w)lowr) & 25715
BR1(W)lze2) & B(Ro(w)low2) € 2°725(s +1)

Notice that, from s > 1, it holds that 2571, 25715 and 2°72s(s + 1) are all at least 1.
o Suppose that for every set S € X it holds that |S| < B(S). Then, since |[R(w)=;]| is

|R1 (W) |2wo| + [R2(W)[2mo| + [R1(W) |2m1] + [Re (W) [201] + [Ri (W) |2m2] + [Ra(W) 202
it holds that
|IR(w)=z| <2x 251 +2x 257 s +2%x 257 2s(s +1) =25 (s + 1) (s + 2)
and therefore by hypothesis we conclude that |R(w)=;| = |[R'(w’)=z]. Then, the split of
R'(w')=p into Z{', Z}/, O1, O;, T; and T; is made so that for every S € X, |[f(S)| = [S].

e Suppose instead that there is S € X such that |§| > B(g) Then, the split of R’ (w’)=; into
Z!',Z),01,0,, T, and T, is made so that for every S € X'\ S, [F(S)| = min(|S|, B(S)). From
the hypothesis

min(|R(w)=z|, 257 (s + 1) (s + 2)) = min(|R (w")=2, 2571 (s + 1) (s + 2))
we conclude that this construction can be effectively made and it is such that |f(§)| > B(g).

Then, the duplicator updates R] and R; as follows:

e For each w{ € Z{’, the duplicator adds (w’, w{) to R and the two elements of R'[,; to R}.

e For each w; € Z/, it adds (w’, w;) to R, and the two elements 0fR'|w£ to R;.

e For each wi € O}, it adds (w’, wj) and one of the two elements of R'[,; to R]. The other
element of R'|,,/ is assigned to R;.

e For each w; € Oy, it adds (w’, w;) and one of the two elements of R’|Wé to R;. The other
element of R'|,,; is assigned to Ry.

e For each w] € Tj, it adds (w’, w{) to R] and the two elements of R’[,; to R].

e For each w) € T, it adds (w’, w;) to R} and the two elements of R'[,,; to R;.

Notice that by construction the six sets introduced are always such that

Z12: min(|Ry(w)|2mol, 2°71) = min(|Z}'[, 2°71)

Z22: min(|Ry(w)lzwol, 2°7") = min(|Z}'],2°71)

011: min(|R; (w)|2»1],257s) = min(|O}],2°s)

021: min(|Ry(w)|2»1],257s) = min(|O}], 2°1s)

T1: min(|R; (W) |awzl, 2°72s(s + 1)) = min(|T; ], 2°"2s(s + 1))
T2: min(|Ry (W) |am2l, 2°72s(s + 1)) = min(| Tz, 25 2s(s + 1))

or, more schematically, for every S € X, min(|S|, B(S)) = min(|f(S)], B(S)).

After these steps, since (', w’) satisfies II and III, every element (wj], w;) € R’ such that w] €
R’*(w) has been assigned to either R or R;,. Duplicator then concludes the construction of ] and
M, by assigning the remaining elements of R’ (i.e. the pairs (w;, w;) € R” such that w] ¢ R"*(w))
to either R} or R; (for example, it can put all these elements in R}). The two models ] and I,
are now defined and they trivially satisfy I, Il and III (as they are submodels of M”). Moreover, by
construction it is easy to verify that:

o R;(W’):o =71+ Z{ + Z{, L] R;(W’)=0 =7Z)+ Zé + Zé/

® Ri(W)=1 =0, +0; o R (W)= =02+ 05

e R(W)p=T, e R(W) =T,

e for every n > 2, Rj(w')=p =0 o for every n > 2, R)(w')=, =0
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Indeed, we specifically built R] and R so that these properties (which we later refer to with (7):)
hold. Now, we end the proof of (A) by showing that for all i € {1, 2},
zero: min(|R;(w)=ol,2°7") = min(|R](w’)=ol, 2°71);
one: min(|R;(w)=1],2°"'s) = min(|R}(w)=1],2°7's);
two: min(|R;(w)=z|, 2°s(s + 1)) = min(|R}(w’)=5], 25 %s(s + 1)).
Indeed, once these three properties are shown we can apply the induction hypothesis to con-
clude that (3, w) zfn’sfl (M, w’) and (M5, w) zfn,sfl (M), w’) and therefore, the play de-
scribed with the construction above leads to a winning strategy for the duplicator on the game
(M, w), (W, w), (m,s, P)), i.e. (M, w) zfn’s (', w”). The proof of these three properties is quite
easy (each case is similar to the others). Let i € {1, 2}. By using the definitions given during the
construction of R} and R}, it holds that
® Ri(w)= = Ri(W)|oro U Ri(W)|1»0 U R;(W)|2s0, and by definition for all j, k € [0, 2] such that
Jj # kit holds that R;(w)|j»o N Ri(W) ko = 0.
e Ri(w)=1 = Ri(w)|1p1 U Ri(W)]2»1, and by definition R;(w)|1p1 N Rj(W)|2p1 = 0.
® Ri(w)|=2 = Ri(W)l2»2-
In what follows, we refer to these three properties with ():.
proof of (zero). By (i), it holds that |R; (w)=o| = |R;(W)|owo| + |Ri (W) |1»0| + |Ri (W) |2»0|. We divide
the proof into two cases. For the first case, suppose |R;(w)|owo| < 2571, |R;(W)|1mo] < 2571
and |R;(w)|aso| < 2571 Then,
(1) 1Zi] = |Ri(w)|owo| (by (Z1) or (Z2), depending on whether i = 1 or i = 2)
(2) 1Z{| = |Ri(w)l1»ol (by (Z11)/(Z21))
©3) 1Z]'] = [Ri(w)]1wol (by (Z12)/(Z22))
(4) IR;(W")=0l = [Ri(w)lowol + [Ri(w)|1so| + |Ri(W)]1»o| (from (1), (2) and (3), by (7))
(5) IR{(W')=0l = [Ri(w)=ol (from 4, by (¥)).
Otherwise, suppose that there is a set among R;(w)|o»0, Ri(W)|1»0 and R;(w)|2»¢ Whose
cardinality is at least 25”1, Then from (Z1)/(Z2), (Z11)/(Z21) or (Z12)/(Z22) (depending on
whether i = 1 or i = 2 and on which set has at least 257! elements) there is a set among Z;,
Z! and Z!’ that has cardinality 2°~'. Then, by (f) and (f) we have that R;(w)=o and R}(w’)g
have both more than 257! elements.
proof of (one). By (%), it holds that |R;(w)=1| = |R;(W)|1»1] + |Ri(W)|2»1|. We divide the proof into
two cases. First, suppose [R;(w)|1p1] < 257!s and |R;(w)|2p1| < 257 1s. Then,
(1) 10i] = |Ri(w)|1»1] (by (O1) or (O2), depending on whether i = 1 or i = 2)
(2) 10;] = [Ri(w)l2»1] (by (O11)/(021))
(3) IR;(W')=1] = [Ri(w) |1p1] + |Ri(w)|2»1] (from (1) and (2), by (7))
(4) [R{(W')=1] = [Ri(w)=1] (from 3, by (%)).
Otherwise, suppose that there is a set among R;(w)|1,1 and R;(w)|2»1 whose cardinality is at
least 25~ 1s. Then from (01)/(02) or (011)/(021) (depending on whether i = 1 or i = 2 and on
which set has at least 257's elements) there is a set among O;, O that has cardinality 2°~'s.
Then, by (1) and () we have that R;(w)-; and R}(w’)-; have both more than 2°~s elements.
proof of (two). By (&), it holds that |R;(w)=z| = |Ri(w)|2»2|. Again we divide the proof into two
cases. First, suppose |R;(w)|z2»2| < 2572s(s + 1). Then,
(1) |T;| = |Ri(w)]|2»2| (by (T1) or (T2), depending on whether i = 1 or i = 2)
(2) IR{(W')=z| = [Ri(w)l2»2| (from (1), by (7))
(3) IR{(W')=2| = [Ri(w)=2| (from 2, by (¥)).
Otherwise, suppose that |R;(w)|2»2|, and hence |R;(w)=;|, is at least 2°72s(s + 1). Then,
(1) ITi] = 2°7%s(s + 1) (by (T1)/(T2))
(2) R (W)=2| = 257%s(s + 1) (from (1), by ().

, Vol. 1, No. 1, Article . Publication date: May 2023.



22 Bednarczyk, Demri, Fervari & Mansutti

M  PROOF OF (B) FOR LEMMA 5.5

The two finite forests of the statement are schematically represented below, with (9%, w) on the
left and (', w’) on the right.

i

>25+1 > 257N (s+1)(s+2) +1 >25+1 > 2571 (s+1)(s+2) +1

The proof of (B) is shown by cases on m, s and on the moves done by the spoiler. As in the proof
of (A), if m = 0 then the duplicator has a winning strategy as after s spatial moves the game will be
in the state (M, w) and (W], w’) (notice that w and w’ do not change, since m = 0) w.r.t. the rank
(0,0, P). From I, we conclude that the duplicator wins.

Now, suppose m > 1 and the spoiler decides to perform a modal move. Notice that, in particular,
this case also takes care of the case where s = 0 and the spoiler is forced to play a modal move.
Moreover, suppose that the spoiler chooses (I, w) (the case where it picks (I, w’) is analogous).
Then, suppose that the spoiler chooses a world w; € R(w)=, for some n € {0,1,2}. It is then
sufficient for the duplicator to choose w € R’(w’)=, (which is a non-empty set by hypothesis) to
guarantee him a victory, as the subtrees rooted in w; and wj are isomorphic.

It remains to show the strategy for the duplicator when the spoiler decides to perform a spatial
move (and therefore s > 1). The proof distinguishes several cases depending on the structure
choosen by the spoiler.

The spoiler picks (9, w). Notice that then the spoiler chooses the structure such that [R(w)=| =
2 and the duplicator has to reply in the structure (', w”), where we recall that |R’ (w")=| = 1.
The idea is to make up for this discrepancy by using an element of R’ (w’)=,. Let us see how.
For a moment, consider the model obtained from I’ by removing from R’ exactly one

1 is a world of R’ (w’)—,. Formally, we are interested in a model MW =

(W’,R’, V") such that R = R’\ {(w}, w})} where (w/,w}) € R’ and w/| € R'(w’)_,. If the game

was played on (M, w) and (Sﬁ\i’, w’) w.r.t. (m, s, P) then it is clear that the duplicator would

have a winning strategy. Indeed, both (I, w) and (iI/R\' w’) satisfy I, II and III. Moreover,

® |R(w)—o| and |R’(w’) o| are both at least 2°. Notice that by definition R’(w’) -0 = R'(W)=.

e |[R(w)=1| =2and |R’(w’) 1| = 2. Here, by definition R'(w') 1 =R (W)= U{wi}.

e |R(w)=| and |I/3\'(w')=2| are both at least 257!(s + 1) (s + 2). Here, by definition I?’(w’)=2 =

R'(w)=2 \ {w}.

These properties allow us to apply (A) and conclude that (M, w) ~ (im’ w’). In particular,

in this game, if the spoiler picks (M, w) and chooses M; = (W, Rl, V) and M, = (W, Ry, V)

such that M; +IM, = M, then the duphcator can apply the strategy described in (A) in order to

construct two structures EIR’ (w’, R’ V’) and EIR’ (wW’, R’ V’) such that EUE' + SIR’ m’

and for every i € {1, 2}:

o min(|Ri(w)=ol. 2°™") = min(|R] (w')=o|, 2°7);

o min(|R;(w)=1|,2°~'s) = min(|R) (w')=i].2°71s);

o min(|R;(w)=z,2°72s(s + 1)) = min(|§;(w’)=z|, 25725(s + 1)).

Notice that these properties, which we later refer to with (f7): are exactly (zero), (one) and

(two) in the proof of (A).

pair (w;, wy) where w;
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Let us see how to use these pieces of information to derive a strategy for the duplicator

in the original game ((M, w), (W', w’), (m, s, P)). As the spoiler chooses (I, w) it selects

M, and M, such that PW; + M, = IN. Consider the two structures 5))?' = (W, R’ V’) and

ﬁ\lg = (W, Ig V’) choosen by the duplicator following the strategy, discussed above, for the

game ((IM, w), (Eﬁ\i’ w’), (m, s, P)) in the case when the spoiler chooses (I, w) and again
selects My and M;. In particular these structures satisfy (7). Moreover, the two forests Efl\i;
and ﬂj\t; are such that iﬁ\ii + Eﬁ\i; = 9 and therefore I’?\; U I’Q\; =R =F \ {(w], w;)} where

(w], w;) € R" and w] € R'(w’)=,. We distinguish two cases.

o Ifw] € I’?\’(w’) then in the original game ((M, w), (Em’ w’), (m, s, P)), the duplicator replies
to iIRl and M, with the two forests M; = (W', R}, V') and M;, = (W', R}, V’) such that
Rl = R; and R} = R; U {(w], wy)}.

o Otherwise w; € Ii\g(w’) and in the game ((M, w), (W', w’), (m, s, P)) the duplicator replies
to M, and M, with the two forests M| = (W', R{,V’) and M, = (W', R, V') such that
R, =R, U {(w},w})} and R, = R},

In both cases, as the pair (w’, w;) is in one relation between R} and R, whereas (wj, w;)

is in the other relation, the world wi effectively behaves like if it was a member of the set

R’(w')=; instead of R’ (w”)=,, exactly as in the case of R.In particular, it is easy to see that

fori € {1,2}:

[R; (W")=0| = R} (W)=l IR} (W')=1] = [R{(w')=1] IR} (W")=2| = |R}(W')=|

Hence, by (1) we have that

o min(|R;(w)=l, 2°7") = min(|R] (W)=, 2°71);

o min(|R;(w)=1],2°7s) = min(|R} (W)=, 2°7"s);

e min(|R;(w)=z, 25 %s(s + 1)) = min(|R}(w’)=z|, 2°"%s(s + 1)).

Moreover, My, My, M7 and M, all satisfy I, I and III (as they are submodels of I or M),

we can apply (A) and conclude that (M1, w) = ~ _; (M1, w') and (My, w) =~ ~ _ (W, w).

Therefore, the play we just described leads to a wmmng strategy for the duphcator on the

game (P, w), (W', w’), (m, s, P)), under the hypothesis that the spoiler chooses (I, w).

The spoiler picks (', w’). Then, the spoiler chooses the structure such that |R'(w’)=1| = 1 and
the duplicator has to reply in the structure (M, w) where |R(w)=1| = 2. The proof is very
similar to the previous case, but instead of choosing an element of R’ (w”)=; to make up for
the discrepancy between |R(w)=;| and |R’(w’)=;|, the duplicator manipulates the additional
element in R(w)-; so that it becomes a member of R; (w)—y or R;(w)—g. Let us formalise this
strategy.

For a moment, consider the model obtained from 9t by removing from R exactly one pa1r

(w1, wy) where wy is a world of R(w)=;. Formally, we are interested in a model M= (W, R V)

such that R = R \ {(w1, wz)} where (wq, wy) € Rand w; € R(w)=;. If the game was played on

(STJ\E, w) and (', w’) w.r.t. (m, s, P) then it is clear than the duplicator would have a winning

strategy. Indeed, both (gﬁ\ w) and (MM, w’) satisfy I, Il and II. Moreover,

. |R(w) ol and |R’(w")=¢| are both at least 2°. Here, by definition, R(w)—q = =R(w)=g U {wy}.

. |R(w) 1] = 1 and |R’(w")=1| = 1. Here, by definition R(w) 1=R(w)=1 \ {w1}.

° |R(w) »| and |R’(w")=z| are both at least 2571(s + 1)(s + 2). Here, by definiton R(w) - =
R(W)_z.

These properties allow us to apply (A) and conclude that (9}, w) zpm,s (W', w’). In par-

ticular, in this game, if the spoiler picks (M’,w’) and chooses M; = (W', R}, V') and

= (W’,R}, V') such that M] + M, = M’, then the duplicator can apply the strategy
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described in (A). Two structures ﬁfl = (W,Ry, V) and ifr\iz = (W, R, V) are constructed such

that 93?\1 +§T’J\ig =9 and for every i € {1,2}:

o min(|R;(w)=ol.2°~") = min(|R} (w)=ol. 271);

o min(|R;(w)=1],2°71s) = min(|R] (w')=y], 2°71s);

o min(|R;(w)=s), 25 2s(s + 1)) = min(|R,(w)=z|, 2°2s(s + 1)).

Again, notice that these properties, which we later refer to with (f), are exactly (zero),

(one) and (two) in the proof of (A). Let us see how to use these pieces of information to

derive a strategy for the duplicator in the original game ((9, w), (MM’, w’), (m, s, P)). As the

spoiler chooses (', ’) it selects M] and M, such that M] + M, = M’. Consider the two
structures EIRI = (W, Rl, V) and SIRZ = (W, Rz, V) choosen by the duplicator following the
strategy, discussed above, for the game ((9]{ w), (I, w’), (m, s, P)) in the case when the
spoiler chooses (IM’, w’) and agam select M| and P;. In part1cular these structures satisfy

(1%). Moreover, the two forests iml and ‘.Uiz are such that ‘Jﬁl + EIRZ = M and therefore

RIUR,=R=R \ {(w1, w2)} where (w1, w2) € Rand w; € R(w)=;. We distinguish two cases.

o Ifw, € R, (w) then in the original game ((M, w), (W', w’), (m, s, P)), the duplicator replies
to MM and M, with the two structures My = (W, Ry, V) and M, = (W, Ry, V) such that
Ry =Ry and Ry = Ry U {(wy, wy)}.

e Otherwise w; € I’Q\g(w) and in the game (M, w), (W', w’), (m, s, P)) the duplicator replies
to M and M, with the two structures M; = (W, Ry, V) and M, = (W, Ry, V) such that
Ry = Ry U {(wy, wz)} and R, = Ry.

In both cases, as the pair (w, w;) is in one relation between R; and R, whereas (wy, w;) is in

the other relation, the world w; effectively behaves as if it was a member of the set R(w)=o

instead of R(w)=1, exactly as in the case of R.In particular, it is easy to see that for i € {1, 2}:

|Ri(w)=0| = |Ri(w)=ol |Ri (W)=1] = |Ri(w)=1] |R; (w)=2| = |Ri(w)=|

Hence, by (}1) we have

o min(|R;(w)=ol, 2°7") = min(|R] (W)=, 2°71);

o min(|R;(w)=1],2°7's) = min(|R](w')=1],2°7's);

e min(|R;(w)=z, 25 %s(s + 1)) = min(|R}(w')=z|, 2°%s(s + 1)).

Moreover, My, Wi, M, and M, all satisfy I, I and III (as they are submodels of Mt or '),

we can apply (A) and conclude that (0i;, w) zfn’s_l (M7, w') and (M,, w) zfn’s_l (W, w').

Therefore, the play we just described leads to a winning strategy for the duplicator on the

game (P, w), (P, w’), (m, s, P)), under the hypothesis that the spoiler chooses (', w”).

As we constructed a strategy for the duplicator in both cases where the spoiler picks (M, w) and
(M’, w"), we have that (I, w) ~ ms (M’, w”) and therefore (B) holds.
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