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Previously...

+ A proof theory for (definite) logic programs is given by SLD resolution.

« A query is resolved with a (variant of a) program clause to another query.

* There are choices to be made (renaming of clause, mgu of query atom
and clause, selected atom in query, program clause) with consequences.

+ The search space can be visualized by (selection ruIe—induced) SLD trees.

(1) happy :- sun, holidays. ) )

(2) happy :- snow, holidays. / \ _

(3) snow :- cold, precipitation. sun, holidays (37)5'10‘” holidays

(4) cold :- winter. /

(5) precipitation :- holidays. cold, precipitation, holidays

(6) winter. (4)|

(7) holidays. winter, precipitation, holidays

Gl

| ?- happy. precipitation, holidays
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Model Theory: Algebras, Interpretations, and
Models
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Algebras (Semantics of Terms)

Definition

Let V be a set of variables, F be a ranked alphabet of function symbols.
An algebra J for F (or F-algebra or pre-interpretation for F) consists of:
1. A domain, a non-empty set D;

2. the assignment of a mapping fj: D" — D to every f € F™ with n > 0.

For f € FO, the constant function f; : D° — D maps () to some d € D.
Definition

A state o over D is a mapping o: V — D.

The extension of o to TUg,y by algebra J is the function 0;: TUry — D such

that for every f € F",
Ofitr,....tn) == flO(t1) .., O(tn)

For first-order logic, a state is typically called a variable assignment.
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Interpretations (Semantics of Programs)

Definition

Let F be a ranked alphabet of function symbols, /7 be a ranked alphabet of
predicate symbols.

An interpretation / for F and /7 consists of :

1. An algebra J for F (with domain D);
2. the assignment of a relation

prCDx---xD
n

to every p € M1 with n > 0.

For p € 119, we have p, C {()}, that is, either p; = # (false) or p; = {()} (true).

~ Standard definition of first-order logic interpretations.
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Interpretations (Example)

add(x, 0, x) <

add(x, s(y), s(z add(x,y,z
Consider the addition program, Pyqq: (X, S(y), s(2)) « .y, 2)

I1, I, I3, 14, Is, and I are interpretations for {s, 0} and {add}:
li: D, =N,0, =0,5, ={n—n+1|neN}, add, = {(mnm+n)| mne N}
l: D, =N,0, =0,5, ={n—n+1|neN}, add, = {(mnmxn)| mne N}

l3: Dy, = HU{Syo}, 0;,=0,5,= {tl—> s(t) | t e HU{Slo}},
add;, = {(s"(0),s"(0),s™"(0)) | m,n € N}

I4: D/4 = HU{s,O}: 0/4 =0, Sy, = {t — S(t) | t e HU{S,O}}: Cldd/4 =0
Is: D/5 = HU{s,O}: 0/5 =0, Sl = {t — S(t) | t e HU{S,O}}: Gdd/5 = (HU{S,O})3

/6: D/6:{O,1},0/6=O,S/6:{OI—>O,1 i—>1},
add,, = {(m,n,m) | m,n € {0,1}}

TECHNISCHE Correctness of SLD Resolution (Lecture 4) r'Y .
UNIVERSITAT Computational Logic Group // Hannes Strass Slide 7of33 E:;?gg_"g‘:’:‘:
DRESDEN Foundations of Logic Programming, WS 2023/24 [



Logical Truth (1)

Definition
An expression £ is an atom, a query, a clause, or a resultant.

Definition
Let £ be an expression, / be an interpretation, o be a state.
We say that £ is true in / under o and write | =, E
=
by case analysis on E:

I o p(ty, ..., tn) & (0/(ty),...,0(tn) € p;

I Eo A1,...,An “—= IfsAforevery1<i<n
=
=

= —
= = -
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Logical Truth (2)

Definition

Let £ be an expression and / be an interpretation.

Furthermore, let x;, ..., x, be the variables occuring in E.

* VXq,...,Yx, E is the universal closure of £ (abbreviated VE)

« dxq,...,3x, E is the existential closure of £ (abbreviated 3E)

* | |E VE = |}=¢ E foreverystateo

* | E JF .= |} E for some state o

* Eistruein/(or:/is a model of E), written: | | £ <= | = VE

~» Standard first-order logic definition of logical truth (for expressions).
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Logical Truth (111)
Definition
Let S and T be sets of expressions and / be an interpretation.

+ lisamodel of S, written: /| = S <= [}=EforeveryE€S

+ Tis alogical consequence of S, written: S = T
< every model of Sis a model of T

We sometimes refer to logical consequences as semantic consequences to
stress their model-theoretic definition.

Definition

Let P be a program, Qg be a query, and 8 be a substitution.

* B|varqy) is a correct answer substitution of Qy <= P |= Qo0

* Qofis a correct instance of Qy <= P = Qo6

~» Model-theoretic counterparts to computed answer substitutions/instances.
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Models (Example)

Consider again Pgqq:

Gdd(X, 0, x) «
add(x, s(y), s(z)) « add(x, y, z)

Furthermore, let Iy, I, I3, 14, Is, and Ig be the interpretations from Slide 7.
* |1 = Pyqq, Since I =g c for every clause ¢ € Pyyq and stateo: V — N:
1. (a(x), 0(0), o(x)) € add,, and
2. if (a(x), a(y), 0(2)) € add,, then (a(x), o(y)+ 1,0(z) + 1) € add, .
* 12 ¥ Pogg:
(E.g. let a(x) = 1, then /; =5 add(x, 0, x) since (o(x), 0(0), a(x)) = (1,0, 1) ¢ add,,.)
* I3 = Pyqq (like for I4; we call /3 a (least) Herbrand model)
* Iy i Py (e.8. let o(x) = s(0), then /4 =g add(x, 0, x) since
(a(x), 0(0), a(x)) = (s(0), 0, s(0)) ¢ add,,)
* Is = Pgqq (like for I1; we call Is a Herbrand model)
 Ig |: Podd (like for 1)

l1:D;, =N, 0, =0,s, = {n—n+1|ne N}, add),=n0n, g 8,9,| m{n N} 1 |n

TECHNISCHE Correctness of SLD Resolution (Lecture 4) r'Y .
UNIVERSITAT Computational Logic Group // Hannes Strass Slide 11 of 33 E:;?gg_"g‘:;“g
DRESDEN Foundations of Logic Programming, WS 2023/24 [



Semantic Consequences (Example)

Consider again the addition program P,qy.

* Padd |: Gdd(X, O,X)
(For every interpretation /I if | = Pyqq then | = add(x, 0, x), since
add(x,0,x) € Payq.)

* Poaa = add(x, s(0), s(x))
(For every interpretation /: if | = P,qq then I |= add(x, 0, x) and
I = add(x, s(0), s(x)) « add(x, 0, x) (instance of clause), thus
I = add(x, s(0), s(x)).)

° Padd I# Gdd(O,X,X)
(Consider interpretation /g from Slide 7 with I = Pyqq;
le = add(0, x, x), since e.g. lg F=¢ add(0, x, x) for o(x) = 1, since
(0(0), a(x), a(x)) = (0, 1,1) ¢ add,,.)
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Quiz: Models and Consequences

Consider the following logic program P where only x is a variable: ...

TECHNISCHE Correctness of SLD Resolution (Lecture 4) r'Y .
@ UNIVERSITAT Computational Logic Group // Hannes Strass Slide 13 of 33 E:g?g:‘g‘::g
DRESDEN Foundations of Logic Programming, WS 2023/24 [



Soundness of SLD Resolution
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Towards Soundness of SLD Resolution (1)
Lemma 4.3 (i)

Let Q —f» Q' be an SLD derivation step and Q8 « Q’ the resultant
associated with it. Then

CFQ<Q

Proof.

Let Q = A, B, C with selected atom B. Let H «— B be the input clause and
Q' = (A B, C)8. Then:

CE=H<B (variant of c)
implies ¢ = HB — B8 (instance)
implies ¢ = B9 « B8 (6 is a unifier of B and H)
implies c= (48,08« (AB,0)0  (“context” unchanged) O

Intuitively: The resultant is a logical consequence of the program clause.
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Towards Soundness of SLD Resolution (2)

Lemma 4.3 (ii)

Let ¢ be an SLD derivation of PU {Qo}. For i > O, let R; be the resultant of
level i of £. Then

P E R
Proof.
Leté = Qo—f11> Q- Qn%’ Qn+1 - --. We use inductiononj > 0:
i=0: Ry=Qp« Qqisequivalent to true, thus P = Ry
i=1: Ry =Qpb1 « Qq;byLemma4.3(i): P = R,
i~ i+1:By Lemma 4.3 (i), ¢i+1 | QiBi+1 « Qi+1, thus P = Qi8is1 « Qix1.

By (IH), P = Rj, thatis, P = Qp61 - - - 6; < Q; and in particular
PE= Qob; - -0i6i+1 < QiBi+1. In combination,

P IZ 0091 .- -9,‘9,‘+1 — Q,‘+1, that IS, P ): R,’+1. ]
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Soundness of SLD Resolution

If there exists a successful SLD derivation of PU {Qo} with cas 6, then
P = Qof

Proof.

Leté = Qg s .. "% Obe a successful SLD derivation.

Lemma 4.3 (ii) applied to the resultant of level n of £ implies P = Qo601 --- 6,
and Qb1 ---6n = Qo(61 - - - Bn | var(qy)) = Qob. O
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Comparison to Intuitive Meaning of Queries

If there exists a successful SLD derivation of PU {Qo}, then P = 3Qq.

Proof.

Theorem 4.4 implies P = Qq0 for some cas 6. Then,
P = Qob
implies for every interpretation /: if | = P, then | = Q0
implies for every interpretation /: if / = P, then | = V(Qo0)
implies for every interpretation /: if / = P, then | = 3Qg

implies P = 3Qo O
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Completeness of SLD Resolution
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Towards Completeness of SLD Resolution

To show completeness of SLD resolution we need to syntactically
characterize the set of semantically derivable queries.

The concepts of term models and implication trees serve this purpose.
Definition

Let £ be an expression and S be a set of expressions.

*+ inst(E) <= set of all instances of £

« inst(S) < set of all instances of elements £ € S

+ ground(E) <= set of all ground instances of £

+ ground(S) < setof all ground instances of elements E € S
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Term Models
Definition
Let V be a set of variables, F function symbols, /7T predicate symbols.
The term algebra J for F is defined as follows:
1. domain D = TUgy,
2. mapping fj: (TUry)" — TUgy assigned to every f € F with
ftr, .. t) == f(t1, ..., th)
Definition
A term interpretation / for F and /1 consists of:
1. term algebra for F,
2. | C TBpry (set of atoms that are true;
equivalently: assignment of a relation p; C (TUry)" to every p € 1),

l'is a term model of a set S of expressions
< [term interpretation and model of S.
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Herbrand Models

Definition

The Herbrand algebra J for F is defined as follows:

1. domain D = HUE

2. mapping fj : (HUg)" — HUF assigned to every f € F™ with
jj(t1, coatn)i=f(t, . )

Definition

A Herbrand interpretation / for F and /1 consists of:

1. Herbrand algebra for F,

2. | C HBpr (set of ground atoms that are true).

l'is a Herbrand model of a set S of expressions
<= [ Herbrand interpretation and model of S
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Implication Trees

Definition

T implication tree w.r.t. program P
=

« tree T is finite

* nodes are atoms

« if Ais a node with the direct descendants By, ..., B, then
A« Bq,...,B, € inst(P)

¢ ifAis aleaf, then A« & inst(P)

T ground implication tree w.r.t. program P
<= T implication tree w.r.t. P and all nodes are ground atoms
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Implication Trees (Example)

Let Pyqq be the addition program, n € N, V set of variables, t € TUs0},v.
Consider the tree T given by

add(t, s"(0), s"(t))
|
add(t, s"1(0), s"(¢))

add(t, s(0), s(t))

|
add(t, 0, t)

T is an implication tree w.r.t. Pyqg.
If additionally t € HUys03, then T is a ground implication tree w.r.t. Pyqq.
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Implication Trees Constitute Term Models

Consider term interpretation /, atom A, program P.
« [ E=Aiffinst(A) C |
* | = Piff for every A < By, ..., By € inst(P),

{B1,...,Bp} ClimpliesA e |
The term interpretation
C(P):= {A | Ais the root of some implication tree w.r.t. P}

is a model of P.
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Ground Implication Trees Constitute
Herbrand Models

Consider Herbrand interpretation /, atom A, program P.
« [ = Aiff ground(A) C |
* | = Piff for every A < By, ..., B, € ground(P),

{B1,...,Bp} ClimpliessA e |

The Herbrand interpretation
M(P) := {A | Ais the root of some ground implication tree w.r.t. P}

is a model of P.
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Constituted Models (Example)

Consider again the addition program P,y the a set V of variables.
The term interpretation

C(Pqdq) = {add(t,s"(0),s"(t)) | n € N, t € TUs0y,v}
= {add(s™(v),s"(0),s""(v)) | m,n € N,v € VU {0}}

and the Herbrand interpretation

M(Pagq) = {add(t,s(0),s"(t) | n € N, t € HUs0 }
= {add(s™(0),5"(0),s"""(0)) | m,n € N}

are models of Pygy.
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Correct vs. Computed Answer Substitutions

Consider P,y
Gdd(X, 0,X) <
add(x, s(y), s(2)) « add(x, y, 2)

along with the query Q = add(u, s(0), s(u)).
+ 0= {u/s?(v)} is a correct answer substitution of Q,

since Pyyy = QB = add(s%(v), s(0), s3(v)) (in analogy to Slide 12 with x = s%(v))
+ SLD derivation of Pagg U {Q}: add(u, s(0), s(u)) —=» add(u, 0, u) — O

M
with 81 = {x/u,y/0,z/u} and 6, = {x/u},
thus n = (6162)] (s} = € is a computed answer substitution of Q.
* We observe that n is strictly more general than 6.
* Infact, no SLD derivation of P,y4 U {Q} can deliver 6.
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Completeness for Implication Trees (1)

Definition
Query Q is n-deep

=

every atom in Q is the root of an implication tree, and n is the total number
of nodes in these trees.

Example

Consider P = {p(a) <, p(c) « p(a), p(b) < p(c), p(a)}. Then the query
Q = p(b), p(c) is 6-deep, as witnessed by these implication trees:

p(b) p(c)
7\ |
p(c) p(a) p(a)
|
p(a)
e e




Completeness for Implication Trees (2)

Suppose that query Q8 is n-deep for some n > 0, where 8 is a correct answer
substitution of Q.

Then for every selection rule R, there exists a successful SLD derivation of
P U {Q} with cas n such that Qn is more general than Q6.

Consider P = {p(a) <, p(c) < p(a), p(b) < p(c), p(a)} and implication trees

p(b) p(c)
p(c) p(a) p(a)
p(a)
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Completeness of SLD Resolution (1)

Theorem 4.13

Suppose that 8 is a correct answer substitution of Q.
Then for every selection rule R, there exists a successful SLD derivation of
P U {Q} with cas n such that Qn is more general than Q6.

Proof.

LetQ =A;,...,An. Then:

6 correct answer substitution of A1, ..., Am

Logic -~ Group

implies Pl A+08,...,Anb
implies for every interpretation /: if | = P, then | = A6, ...,An0
implies  C(P) = A16,...,AnB (since C(P) = P by Lemma 4.12)
implies inst(A;8) C C(P) for every 1 <i < m (by Lemma 4.7)
implies A;6 € ¢(P)forevery1<i<m
implies A0, ...,An0 is n-deep for some n > 0 (by def. of C(P))
implies claim (by Lemma 4.15) O
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Completeness of SLD Resolution (2)

Suppose P = 3Q.
Then there exists a successful SLD derivation of PU {Q}.

Proof.

Pl=3Q
implies P = Q8 for some substitution 8
implies 6 correct answer substitution of Q

implies claim (by Theorem 4.13) O
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Conclusion

Summary

« The semantics of (definite) logic programs is given by a standard
first-order model theory.

* SLD resolution is sound: For every successful SLD derivation of P U {Qo}
with computed answer substitution 6, we have P = Q0.

« SLD resolution is complete: If 6 is a correct answer substitution of Q, then
- for every selection rule

- there exists a successful SLD derivation of PU {Q} with cas n
- such that Qn is more general than Q6.

Suggested action points:

« Compare implication trees to SLD trees
+ Clarify the distinction between computed and correct answer substitutions
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